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A corotating two-roll mill for studies of two-dimensional elongational
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A closed-form analytical solution for the Stokes flow generated by a corotating two-roll mill is used

to generate two-dimensional elongational flows with well-defined amounts of vorticity. These flow
devices can generate conditions found between simple shear and purely elongational flows, and are
among the few systems that can take into account the presence of nearby boundaries. In the
laboratory, these devices have been used for studies of the microstructural dynamics of complex
fluids such as polymeric solutions, colloids, bubbles and drops, etc., and allow pointwise optical
studies of the flow parameters. Hence, a comparison is presented of available experimental and
numerical results for the stagnation point versus the analytical solution presented here. Based upon
this solution, a new design for the two-roll mill is presented for the purpose of minimizing the
disadvantages of current mills. @000 American Institute of PhysidsS1070-663(00)00510-9

I. INTRODUCTION a new configuration for experimental two-roll mills that
should be useful for experimental studies of complex fluids.
For studies in fluid mechanics of non-Newtonian
fluids,"2 chaotic advectior;* drop and bubble dynamis, || STOKES' SOLUTION FOR THE TWO-ROLL MILL
and many industrial applicatiorisee, e.g., Stofig the use ) ) ) .
of laminar flows capable of inducing significant deformation "€ two-roll mill consists of two cylinders of equal radii,
on the fluid or the embedded objects are a necessary tool. i§ith collinear axes, and separated by a small distance. This

general, these flows are needed to study fluid systems thflpw cell is based on a new analytical solution that assumes a

show a marked nonlinear, hysteretic behavior due to it$t€2dy, two-dimensional flow as if generated by rollers of

microstructure Simple viscometric flows and purely exten- INfinite length and rotating with equal angular velocittes.
sional flows(see, e.g., Ref.)7are among the two most fre- Inertial terms are considered negligible. For corotating two-
quently used flow fields that are kinematically different. OnrOII mills, there exists &tagnation poinobn the line between

the one hand, viscometric flows have significant amounts ofhe cylinders’ axes, with local kinematic conditions charac-

vorticity, and are not expected to produce large deformationiE"istic of elongational flow with some vorticify Hence,
on an embedded object; thus, they are classifietveak SOMe of the features of the elongational flow field generated

flows The observed behavior in viscometric steady flows iy these mills are as follow$. (a) The flow parameters are

understood by parcels of fluid that at any given time separatd€fined only by the mill's geometry, with the shear rate and
linearly in time (at most, the separation can only grow alge-the ratio of magnitudes of the rate of deformation tensor to

braically; hence, these flows produce only a moderatéts vorticity prescribed independentlyb) Although these

change on the fluid structure. On the other hand, for stead{j°WS Pelong to the family ofstrong flows simple shear
extensional flows there is no vorticity and two neighboring ows can be approac;h.ed as closely as needeq, increasing
elements of fluid separate in timexponentially given monotonically the vorticity(c) The analytical solution takes

enough time, the flow induces significant changes on thdhto account the presence of the cylinders’ boundaries, in

microstructure of the fluid regardless of its relaxation mechaontrast with other strong flows used to study long-term ef-
nisms: therefore, these astrong flows® fects in embedded objects, such as four-roll nfills.

The purpose of this paper is to present a flow device BiPolar 1cylindrical _ coordinates (a,8) have been
capable of significant modification of the microstructure oftheoretically” and experimentally used to study other mills.

the fluid: thetwo-roll mill. First, the Fourier series expansion In 1922, Jeffery” presented a solution for the Stokes flow

for the Stokes solution is presented, followed by the analytiiNSide the annular region of eccentric cylinders, where the

cal results for the two most important flow parameters. ThenStream function satisfies the biharmonic equation. Two-roll

a comparison of the theoretical predictions of this modelMills with identical cylinders are described by constant val-

versus the experimental and numerical results, available fd/€S ofa=* ag, with @ being the tangential coordinate, and
the region about the stagnation point, is given. Finally, the® P€ing the normal coordinate to the cylinders. The geomet-

exact solution is used to propose and predict the behavior df¢ @SPects are defined by
g

-5 =coshag—1, d=Rsinhag, 1
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whereg is the gap between rollerB the cylinders’ radii, and

2d the distance between pointds= =. The stream function —=A,cosha+Dya sinha+K| by+ b, cosp

used here is the Fourier series expansion proposed by

Jeffery’? for a bounded domain, but supplemented with a w w

logarithmic term so that the flow at infinity is stationary, and + 2 b,cosng |+ E [A,cosiin+ 1)«

the vortices coincide with the center of the roll&fsFor n=2 n=1

two-roll mills with equal cylinders rotating at equal speeds +B, cosiin—1)a]cosng, @)

(and located over thg axis), the dynamic no-slip tangential h
velocity component on cylinders implies,(* ag) = oR, where
and the normal velocity component being zero requugs a; a

(= ag)=0. At infinity the fluid must remain at rest and bo=ao cosha =77, by=a, cosha—a,— 7, (33
i a—0,—0)=0. The number of unknowns is always A, a1
greater by one than the number of equations; therefore, an b,=a,cosha — 5 o (3b)
arbitrary value for the stream function on the cylinders is set, 4
by the computation defining a relative value for the rollers’
angular speed. A closed-form solution is obtained once the 20=a~IN2, a,=-2exg—na)/n. (4)
latter constraints are usddee Ref. 10 The remaining coefficient&,, A;, B;, Dg, A,, andB,,
The solution for this Stokes flow is given by are given, respectively, by
|
A 2Rwag sinhagr— 2K[bg(sinhag+ ag coshag) — (1+ag) ag sint? ag] 5
0 2aR+Sinh 20(R ’ ( a)
|
Ka, sechag guarantees a value offor the desired level of precision on
Ar=— 2 (5b) the stream function. Wheneverg values are small—large
cylinders’ radii VS gap—the number of terms required for
Ka; coth 2ag sinhag the summatiodEq. (7)] increases. All parameters presented
B,=—Kby+ 2 ' (50 here were obtained with 125 terms assuring good accuracy
over the complete flow domain.
Ag coshar+ Kby
0= o sha (5d)
agSinhag
A, (n+ 1)_e—2naR_ne—2aR Ill. THE FIELD PARAMETER AND THE SHEAR RATE
—= - - , 5¢ . . . . o
K n(n+1)[nsinh2ag+sinh ag] ®9 Despite the flow field being linear, it is not homoge-
B, (n—1)+ e~ 2Mar— pePe neous. Four-roll m!II§ sho_w that purgly hyperpohc stream
_n_ : i ) (5f)  lines at the stagnation point are possible only if four vortices
K n(n—=1)[nsinh 2ag+sinh 2nag] are present at points along the cardinal directions. Conse-
And quently, for the two-roll mill with two vortices explicitly

associated with the cylinders, the remaining nonassociated
K= —4Rwagsinhag[ 2S(2ag+sinh 2ag) vortices are located along theaxis. In order to characterize
those features, the two most important observables of the
strong flow field are the flow-type paramelerand the shear
—2b;(2ag+ sinh 2ag) +a;(2ag coth 2ag sinhag rate y. In particular, these parameters are most useful for
studies of polymeric solutions, embedded objects, etc., over
the extended stagnation region, where a well-characterized

+4ag(ag+ 1)sint? ag— 4bg(sinhag+ ag coshag)

— agsechag— 2sinhag+ isinh 3ag)] 7, (6)

with all coefficientsa;, andb; being evaluated atr; and  €longational flow exists. Fox, it is necessary to evaluate the

magnitude of the rate of deformatidid||=+/Tr(DD") and

__AotAtB, the vorticity |[W/| as a function of position, taking into con-
K sideration an objective measure of vorticity. Fgrthe mag-
o —ona 24 2N 2 nitude of the velocity gradient is needed. The flow-type pa-
_ (—2n)e R+(N—n°)e ““R+(N+n“)e R rameter is

i=2 n(n—1)(n+1)(nsinh2ar+sinh 2nag)

_IDI+IWI_ lal A

(7) _ - ,
IDf—w]  [al+[A]

The accuracy of the solution depends on the summation

®

S and implicitly on the numbers of terms considered, whichfor «=0 (the line between the cylinders
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@) (b) consequently, the maximum shear rate depends on the gap
‘ width. Figures 1b) and Xd) present the typical spatial de-
os /\ pendence along the line joining the centers of the cylinders
N (B=m). For\ the profile is almost parabolic. The values)of
) across the gap have a flatter profile, especially for the smaller
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gaps.

For studies of complex fluids subjected to strong flows,
the extent of the stagnation region can be defined up to the
point where\ changes sign. The shear rate provides a second
criterion for such a region based upon material points which
separate at a constant rate. For smaller gaps the length of
these regions is about 4.8 gap units regardless of the criteria,
while for the largest gapsgE 1.16R) the extent of the re-
gion is smaller for an—than ay—criterion: 0.72 and 0.86
gap units, respectively.

Also, the impact of nonassociated vortices on the flow
field depends on the geometry, being most relevant when the

FIG. 1. Plots of flow-t tor (solid line§ and the sh ’ shear rate of the vortex is largest. Figurés) and 1c) show
.1 Ots Of Tflow-type parame solld lineg an € shear ratg . . - . . .
(dashed linesalong thex axis and they axis normalized by half the gap that the relative magthde qf at the VOI"[IC§§ IS hlghel’ for
distance. For rollers Da) along thex axis and(c) for they axis. For rollers ~ the largest\ values. Furthermore, the position along the
| equivalent plots(b) and (d), respectively. axis of the nonassociated vorticeghereA=—1) varies ac-
cording to the\ value of the flow device. For the smallest
gaps, the vortices are driven away to about twice the distance
(B+C) Ju Ju sing than that along the/ axis to the center of rotation of the
- __a _’7B _>P . ) .
I +D, B = a D= d Uy, cylinder, and simultaneously their strength decreases. For the
(99) largest\’s available, the vortex position is about 5/3 the
distance to the center of the cylinders; only i close to 1

1 23456738
x/g

_(B— C) U, dp do the vortices’ positions approach the distance to the cylin-
- D -t (9b) h
h hq da ders axes:
ap 1(du, Pug| sing  u,
Ja hldaZ dasg)” d "7’ (99 |v. EXPERIMENTAL, NUMERICAL, AND STOKES’
SOLUTION RESULTS
and for 8= m—the line joining the axes of the cylinders—the
coefficients are given by Two-roll mill flow devices have been used in the past,
) especially to study polymeric fluide.g., Refs. 1, 2, and 15
_(C+B) +D _9ug _ 9 _ Sinha y In these studies, the centers of the cylinders are fixed 0.0170
h ' da’ B’ d & m apart(on they axis and measured from the cenfemd\
(108 s varied using eight different sets of rollers. Columns 1-3 of
(C—B) s Ip Table | list the rollers’ identificatiorifrom A to 1), the cyl-
== D- h—ﬂ 5 (10b) inders’ diameters, and the calculated value dpassociated
qap with the origins of the radial vector of the bipolar coordinate
ap 1/ éu, (72“3 sinha Ug system. Columns 4—6 of Table | present the values\of
98 hlaasg” 92 d ta (100 determined first by Eqs(2)—(7), then the numerical value

. _ . ) . reported by Singh and Lealand finally the experimental
The magnitude of the velocity gradient tensgr:||Vul is  yalues by Wangt al® Entries without values in the numeri-

given by cal and experimental columns imply that these are not avail-
1 \2 2 able. The magnitude of the velocity gradient at the stagnation
y= \/<HB + HC+D (11  point is also a function of its geometry via the tangential

speed and the gap between rollers. Columns 7 and 8 provide
Based on Eqs8) and(11), Fig. 1 showsy and\ along  information abouty/ w by theoretical and experimental val-
the x andy axes normalized with respect to the gap, for twoues ['y/w]expt).
geometries that correspond to rollers D and | of Table I. The = The experimental values are slightly higher than the nu-
behavior is the same for all geometries, up to rollers with a merical and theoretical predictions farand y, because dif-
value as high as 0.801. While (dashed linesdecays mono- ferent models of the flow field were used. As shown in Fig.
tonically, A (solid lineg has a positive value at the origin, 2(a), the numerical and experimental results have used a two-
decreases to a value close tdl (due to a nonassociated roll mill contained inside a third stationary, circular cylinder;
vortex), sharply increases up to a value near one, followed by distortion of the unbounded fluid domain. However for
a slow monotonic decay to a value fo(x— =) close to—1.  rollers C to G, the theoretical values farand y appear at
In Fig. 1, the rotational speed of the cylinders is the samepdds with the experimental values but less with the numeri-
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TABLE |. Dimensions for the two-roll mill with different diameters for the cylinders and their associated flow
parameters. The cylinders’ radii and the correspondirglues for the calculation of the Fourier series expan-
sions are given in columns 2 and 3. For all cases, the distance between rollers’ axes is fixed at 17.0 mm. The
values ofA, evaluated at the stagnation point, are carried out usingZEquith n=125. X\, and\ ¢, are the
corresponding numerical and experimental results reported in Refs. 2 and 15, respectively. The right-most
columns present the magnitude of the principal eigenvalue of the velocity gradient tensor, normalized with
respect to the angular speed of the cylindgsgw] is the theoretical value for the shear rate; @lﬁrﬂw]exm is

the reported result of Wanet al. (Ref. 15.

Y x
Rollers Radii(mm) d(mm) A (n=125 N hum Nexpt P @ lexpt
A 16.65 3.431 836 0.010437 s ‘e 47.239 90 R
B 16.35 4.655 910 0.019 620 e E 24.823 93 24.1
C 15.70 6.519 969 0.040 316 e 0.047 11.750 69 11.7
D 15.10 7.809 609 0.060 461 e 0.067 7.624 681 7.84
E 14.17 9.392 076 0.094 123 s 0.096 4.690 372 4.83
F 14.00 9.643 651 0.100 692 N 0.114 4.351 319 4.44
G 12.78 11.210334 0.152 789 0.153 0.160 2.727 231 2.80
H 11.69 12.342 767 0.207 191 s 0.196 1.919 587 1.84
| 10.75 13.169 567 0.259 108 v 1.457 431

cal results. The source of the discrepancy is not clear, bl¢. EXPERIMENTAL DEVICES FOR PLANAR,

perhaps these results can provide some insight into the accBLONGATIONAL FLOWS

racy of the experimental technique or can be used as a

benchmark to “fine-tune” the experimental measurements.  Fi9ure 2 shows a new flow cell based upon the calcu-
For rollers H, the marked drop of the measured valuedated streamlines, and the typical two-roll mill configuration

may be the result of significant three-dimensionality flow US€d to date witlil) region A representing a volume of fluid

effects due to a length-to-gap ratio of about two to one. Alson0t Used(2) region B a secondary elongational flow domain

the flow field on the layers next to the flat covers must beSinceu-Vu#0, and(3) region C where shear rates can be of

similar to that of simple shear flow, which implies that the th€ same order as those that occur at the stagnation point,

observed value of must depend upon the depth of the flow When the interior gap and that due to the presence of the

cell. Furthermore, the velocity field may also be weaker dudValls have about the same width. Figui@)2shows the new

to the proximity of the container walls generating a smallerllow cell exterior contour. AIthough the qptlmal location of

shear rate. This three-dimensional effect may also have oth&€ Poundary on the;3 plane may imply different effects on

consequences: in particular, at higlthe stability of the flow different flow properties, a general criterion is outlined
may be compromised. which reduces the most important disadvantages mentioned

above, and at the same time provide an estimate of the
boundary’s perturbation on the velocity field, y, and the
streamlines. The new contour for the container is based upon
the calculated streamlines, assuming that the cylinders re-
main fixed as shown in Fig.(B). First, the range of geom-
etries to be used defines the extreme variation on streamlines
generated by a complete set of pairs of cylinders; see Fig.
3(a). The streamlines shown correspond to those of the larg-
est and smallest diameters of cylinders in Table |I. Second,
the difference of areas—their absolute values along the
streamline—delimited by these two streamlines is evaluated
as a function of the distance away from the cylinders. For
large radial distances away from a cylinder, the contours are
very similar—at infinity, both streamlines are circles—but
the length of the curve increases; closest to the cylinders, the
FIG. 2. Configuration of two-roll mills(a) Mill reported in Refs. 1, 2, and ~ area difference increases. Hence, there is a radial distance
15: Region A represents a significant volume fraction of small relevance tayyhere the difference of the areas attains its minimum value.
thg flow field. Regl_on B presents a spurious elongational flow due to th_q:or a distance of 41.5 mm from a cylinder axis, the relative
existence of container walls. Region C can apply shear rates to the fluid | diff ith h | ined
microstructure as large as those generated in the central réfgiothe new ar_e‘r’? Ifference wit resp'ect to the tota areg Comam'e
container based on the streamlines calculated with the analytical solutionithin a closed streamline is less that 0.001. This curve will
The flow cell also considers a cooling loop to maintain the temperaturgnduce a small perturbation to all possible geometries of the
within 0.01 K. The top and bottom covers can be made of transparen.

crystal, allowing studies over the complete flow field. The rollers have coni-]t'WO-rOII mill and for the most relevant flow parameters.

cal ends to guarantee smaller shear rates for every fluid parcel than those Figures 3b) _and 3c) pres_ent isopleths for the m_agni'FUde
applied at the stagnation point. of the velocity field,|ul|, and y for the overall domain with

(a) (b
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FIG. 3. The new container for two-roll mills is defined
taking into account the distance at which the associated
streamlines for the smallest and largest two-roll mills
produce the minimum mismatcke) The optimum lo-
cation minimizes the difference of the areas delimited
by the streamlines associated to every mill. For rollers
I, isopleths of the magnitude of the velocity field),

and the velocity gradient) of the unboundedwo-roll

mill superposed by the contour—dashed line—of the
flow cell.
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