
PHYSICS OF FLUIDS VOLUME 15, NUMBER 11 NOVEMBER 2003
Dilute granular flow around an immersed cylinder
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In this paper we investigate a two-dimensional dilute granular flow around an immersed cylinder
using discrete element computer simulations. Simulation measurements of the drag force acting on
the cylinder, Fd , are expressed in terms of a dimensionless drag coefficient,Cd

5Fd /@ 1
2rn`U`

2 (D1d)#, wherer is the upstream particle mass density,n` is the upstream solid
fraction, U` is the upstream velocity, and (D1d) is the sum of the cylinder diameter,D, and
surrounding particle diameter,d. The drag coefficient increases rapidly with decreasing Mach
number for subsonic Mach numbers, but remains insensitive to Mach number for supersonic values.
The drag coefficient is also a strong function of the flow Knudsen number, with the drag coefficient
increasing with increasing Knudsen number and approaching an asymptotic value for very large
Knudsen numbers. The drag coefficient decreases with decreasing normal coefficient of restitution
and is relatively insensitive to the friction coefficient. Bow shock structures and expansion fans are
also observed in the simulations and are compared to similar structures observed in compressible
gas flows. ©2003 American Institute of Physics.@DOI: 10.1063/1.1608937#
a
nu
n
t
o
o
i

ar
ch

u
om
ob

nd

flo
th

-

so

e

es
n
.

in
le
ers
at-
un-

a
p-

w
eri-

m-
nular
en
r-
sed
and
are-
rea-
fact
by
a

ert
I. INTRODUCTION

A granular material consists of an assembly of solid p
ticles dispersed in a surrounding fluid or vacuum. In a gra
lar flow, the momentum transport due to particle motion a
particle–particle interactions is a significant component
the overall momentum transport. Granular flows are comm
in a number of industries including those that manufacture
process chemicals, pharmaceuticals, powdered ceram
food stuffs, ores, and building materials. Granular flows
also observed in many natural processes such as avalan
landslides, dune formation, and planetary ring formation.

Of particular interest in this paper is the flow of a gran
lar material around an immersed object. Such flows are c
monly observed in devices used to store, handle, or pr
granular materials. For example:

~1! Agitating blades or bars are routinely used in mixing a
granulating devices.1

~2! Inserts are often used as structural supports and
deflection devices for reducing the dynamic stresses
occur during filling and emptying of grain bins.2,3

~3! Agricultural tilling and earth-moving construction equip
ment push or drag surfaces through granular soils.

~4! Impact probes have been used to determine
characteristics.4

~5! Fluidized beds and chute flows often contain immers
pipes that serve as heat transfer surfaces.5

a!Author to whom correspondence should be addressed.
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~6! Size segregation of particulate materials often involv
the relative motion of a large immersed impurity in a
otherwise homogeneous bed of surrounding particles6

Having a better understanding of the flow dynamics
these and other applications is critical for improving partic
handling and processing equipment. In particular, design
are interested in predicting the forces, wear, and flow p
terns around immersed objects. Clearly, having a better
derstanding of the dynamics of an object immersed in
granular flow will have ramifications in a wide range of a
plications.

Background

Wieghardt7 was one of the first to study granular flo
around an immersed object. He performed a series of exp
ments in dense granular flows consisting of partially i
mersed rods dragged through beds of sand. A dense gra
flow is defined as one in which momentum transfer betwe
grains occurs primarily through long-lasting, multiple pa
ticle contacts. Wieghardt found that the drag on an immer
rod has a weak dependence on the translational velocity
cross-sectional shape of the rod, although there is a squ
root dependence on the rod’s projected diameter. He
soned that the weak velocity dependence is due to the
that the drag acting on the rod at slow velocities is caused
sliding friction interactions with the surrounding particles,
mechanism that is independent of velocity. Recently, Alb
8 © 2003 American Institute of Physics
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et al.8 revisited this problem but used much slower velo
ties, on the order of 1 mm/s rather than the 1–100 cm/s u
by Wieghardt, and found similar results although they o
served a linear dependence on the object’s projected diam
rather than the square-root dependence observed
Wieghardt.

Atkinsonet al.9 also investigated the drag on objects im
mersed in a slow moving, dense granular flow. Their exp
ments focused primarily on the force on long surfaces
ented parallel to the flow in a vertical chute. They also fou
that the drag force is insensitive to the flow velocity a
again attributed this to frictional interactions. Atkinsonet al.
compared their measurements with models based on J
sen’s method of differential slices10 and found reasonabl
agreement for very long surfaces in which the leading e
of the surface is not immersed in the flow. However, wh
the leading edge of the object is immersed in the flow,
model under-predicts the drag force by an order of mag
tude. They attributed the large discrepancy to the forma
of a stagnant zone and stress discontinuity upstream of
object, a feature similar to the bow shock that forms in fro
of a blunt object in a supersonic gas flow.11

Tüzün and Nedderman2,12 studied the flow patterns
around silo inserts and the wall stresses resulting from t
presence. They conducted experiments in a dense, ve
channel flow with square and triangular obstacles. Th
found that stagnant zones of material form on the upstre
side of the insert and a large void region forms downstre
of the object. Similar observations have been made
Pearce and Sabersky5 in their investigations of heat transfe
from an immersed cylinder. Tu¨zün and Nedderman als
found that ‘‘switch’’ stresses, a phenomenon associated w
transition from an active to a passive failure state in a Moh
Coulomb material,10 occur in the surrounding material as
result of the inserts. Hernandez-Corderoet al.3 also investi-
gated the use of inserts in grain silos. They found that gr
losses due to crushing are significantly reduced when ins
are used since the inserts carry most of dynamic stress du
hopper discharge.

Recently Chehataet al.13 investigated dense, frictiona
granular flow around a cylinder in a quasi-two-dimensio
vertical chute. They observed stagnant and void regi
similar to those reported by Tu¨zün and Nedderman2,12 and
Pearce and Sabersky.5 In addition, Chehataet al. found that
the drag coefficient for the cylinder decays inversely with
square of the flow Froude number based on the chute’s
draulic diameter. They also observed that the granular t
perature and vorticity of the granular flow are non-zero o
in the vicinity of the cylinder surface.

The drag force acting on a sphere dragged horizont
through a vibro-fluidized granular bed was investigated
Zik et al.14 They found that the drag force acting on th
sphere is proportional to the sphere’s velocity; an obse
tion in contrast to the previously discussed observati
where the drag force is independent of the flow velocity. T
discrepancy can be attributed to the fact that the surroun
granular material in the experiments of Ziket al. was in a
fluidized state and thus there is expected to be a veloc
dependent inertial component to the drag in addition t
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velocity-independent Coulomb sliding friction componen
However, this explanation is not entirely satisfactory sin
simple analyses and recent computer simulations~to be dis-
cussed in Sec. III! indicate that the inertial drag force shou
be proportional to the square of the flow velocity.

More recently, Buchholtz and Po¨schel15 and Zenit and
Karion16 used discrete element computer simulations to
amine the interaction of two-dimensional, dilute granu
flows with immersed obstacles. A dilute granular flow is o
in which momentum transfer between grains occurs prim
rily through near-instantaneous, binary collisions. Bo
groups of researchers found that the drag force on an ob
Fd , is proportional to the square of the upstream flow velo
ity, U` , the object’s projected diameter,D, and the upstream
bulk density,rn` :

Fd}rn`U`
2 D, ~1!

wherer is the surrounding particle mass density andn` is
the upstream solid fraction. Buchholtz and Po¨schel also re-
ported that for slow, but still dilute, flows the drag force
proportional toU`

3/2 rather thanU`
2 . This trend was not ob-

served in Zenit and Karion’s simulations despite using
wide range of velocities.

Both Buchholtz and Po¨schel and Zenit and Karion, in
addition to Rerichaet al.,17 have observed the formation o
bow shock waves forming upstream of immersed objects
dilute flows ~refer to Fig. 1!. These structures are analogo
to shock waves found in supersonic flows of gases~see, for
example, Shapiro11!. Indeed, a typical speed of sound in
dilute granular flow18 is of the order 0.1–1 m/s; thus, mo
dilute granular flows are in the supersonic regime. Measu
ments in the experiments of Rerichaet al. indicated granular
Mach numbers of 43 just upstream of the object while Bu

FIG. 1. A snapshot from a soft-particle, periodic boundary simulation w
d51 mm, D520 mm, r52500 kg/m3, U`51.0 m/s, n`50.26, T` /U`

2

50.022, W5H5100 mm, eN50.95, andm50. Velocity vectors are also
shown. The flow field is similar to those reported in Buchholtz and Po¨schel
~Ref. 15!.
P license or copyright, see http://pof.aip.org/pof/copyright.jsp
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holtz and Po¨schel’s simulations had infinite upstream Ma
numbers due to a zero upstream granular temperature.
evolution and propagation of a granular shock has also b
studied previously by Kamenetskyet al.19 and by Hørlu¨ck
and Dimon.20 Relations for the flow conditions across
granular shock in a rapid granular flow have been propo
by Goldshteinet al.21 and by Ocone and Astarita;22 however,
these relations have not been applied to the study of fl
conditions around an immersed object.

Despite the previously discussed investigations, there
mains a lack of fundamental understanding on the dynam
of granular flows around immersed objects. In particular,
parameters governing the transition from a velocity indep
dent drag force to one that is velocity dependent are po
understood. This paper examines granular flow around a
inder in the velocity dependent, dilute flow regime while
companion paper13 investigates flow in the velocity indepen
dent regime.

II. SIMULATION METHODOLOGY

Two-dimensional discrete element~DE!, soft- and hard-
particle computer simulations were used to investigate
drag force and flow past a cylinder in a dilute granular flo
Details on the soft- and hard-particle DE techniques can
found in a number of papers such as those by Cundall
Strack,23 Campbell and Brennen,24 and Walton and Braun.25

Two different simulation approaches were used to ensure
the results presented here are independent of the simul
details.

A. Soft-particle simulations

The soft-particle simulations consist of a rectangu
workspace of width,W, and height,H, containing a fixed
cylinder of diameter,D. Moving through the workspace ar
N cylindrical particles with diameter,d, and mass density,r.
Two different boundary conditions are considered. The fi
consists of periodic upper and lower boundaries~Fig. 1!.
When particles leave the workspace downstream of the
inder, they are ‘‘recycled’’ to the upstream entrance of t
workspace where they are given a random vertical loca
and random horizontal and vertical velocity componentsu
andv, respectively, superimposed on a mean horizontal
locity of U` ~the mean vertical velocity is zero!. In order to
avoid large overlaps between particles in this entrance
gion, particles are given a diameter that is 1% of their fi
diameter when placed at the upstream boundary. The
ticles then ‘‘grow’’ to their final diameter within ten particl
diameters downstream of the boundary. Several test sim
tions, where the initial particle size was halved to 0.5%
the final particle diameter and the entrance length was
creased to 15 particle diameters, were conducted to ve
that this particle recycling algorithm did not affect the sim
lation results. The second boundary condition consists o
free jet of particles similar to the system investigated
Buchholtz and Po¨schel15 where particles are randoml
placed in a rectangular jet of height,H, with a horizontal
velocity, U` , and no velocity fluctuations.
Downloaded 16 Feb 2004 to 132.248.12.227. Redistribution subject to AI
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The forces acting on particles in the simulation cons
only of normal and tangential contact forces; gravity is n
considered. The normal contact model consists of a latch
linear spring giving a constant coefficient of restitution
described by Walton and Braun,25 while the tangential con-
tact model consists of a linear spring in series with a slid
friction element.23 The time step used in the simulations w
determined using the approach described in Corkum
Ting.26 Halving the time step from the nominal valu
changed the simulation results by less than 2%. Table I l
the range of parameters used in the baseline soft-par
simulations.

Several quantities were measured in the simulations
cluding the drag force acting on the fixed cylinder and t
surrounding particle velocity, solid fraction, and temperatu
fields. The drag force was found by averaging the horizon
force acting on the fixed cylinder over a long period of tim
typically for more time than it takes a particle to travel 10
cylinder diameters, i.e., 1000D/U` . These measurement
were started after approximately 100D/U` in order to elimi-
nate initial transients. A plot of a typical drag force tim
history is shown in Fig. 2. The surrounding particle fiel
were found by dividing the workspace into square cells w
a side length of at least 2d, within which the various mea-
sured parameters were averaged. A test simulation was
ducted in which the averaging cell size was increased fr
2d to 5d. The upstream velocity, solid fraction, and tempe
ture results varied by less than 4% from the 2d cell size
values.

Measurements of the contact duration periods for
particle/particle and particle/cylinder collisions were made
three simulations with upstream solid fractions of 0.15, 0.
and 0.39 and a normal coefficient of restitution of 0.95. F
each of these cases more than 95% of the contacts h
duration equal to that of a binary collision. Hence, the
flows have few long-lasting and multiple-particle contacts

TABLE I. Baseline soft-particle simulation parameters.

Parameter Value

Number of particles~periodic boundaries/free jet!, N 1000/11111
Particle diameter,d 1 mm
Particle density,r 1000 kg/m3

Cylinder diameter,D 5 mm
Upstream velocity,U` 100 mm/s
Workspace width~periodic boundaries only!, W 100 mm
Workspace height,H 100 mm
Upstream solid fraction,n` 0.079
Normal coefficient of restitution,eN 0.95
Particle/particle loading spring constant,kLpp 1.053104 N/m2

Particle/cylinder loading spring constant,kLpc 2.093104 N/m2

Particle/particle tangential spring
constant ratio,kSpp/kNpp

1

Particle/cylinder tangential spring
constant ratio,kSpc/kNpc

1

Friction coefficient,m 0.0
Simulation time step,Dt 2.6631026 s
Knudsen number, Kn 1.0
Mach number, Ma `
P license or copyright, see http://pof.aip.org/pof/copyright.jsp
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B. Hard-particle simulations

In order to ensure that the flow measurements are in
pendent of the simulation technique, a hard-particle simu
tion was also used to investigate dilute granular flow arou
an immersed cylinder. The hard-particle method is gener
more efficient than the soft-particle method for very dilu
granular flows where the time between particle collisions
large. It is an event-based algorithm and, hence, is typic
applied to granular flows in which only binary, nearly insta
taneous collisions occur. The current hard-particle algorit
follows the general approach described by Campbell
Brennen.24 Additional details can be found in Wassgre
et al.27 Table II lists the baseline parameters used in the ha
particle simulations.

The algorithm is implemented here in two dimensio
and without gravity. The workspace consists of a fixed c
inder of diameter,D, immersed in a free jet of circular pa
ticles ~infinitely long cylinders! of uniform diameter,d, and
density,r. The workspace geometry is identical to the so
particle free jet simulation discussed previously. The d

TABLE II. Parameters used in the baseline hard-particle simulation.

Parameter Value

Number of particles,N 30000
Particle diameter,d 1 mm
Particle density,r 1000 kg/m3

Cylinder diameter,D 5 mm
Upstream velocity,U` 100 mm/s
Workspace height,H 100 mm
Upstream solid fraction,n` 0.079
Normal coefficient of restitution,eN 0.95
Friction coefficient,m 0
Rolling tangential coefficient of restitution,eS0 21
Upstream granular temperature,T` 0
Knudsen number, Kn 1.0
Mach number, Ma `

FIG. 2. The drag force acting on the cylinder~per unit depth!, Fd , plotted
against time,t, from a soft-particle, periodic boundary simulation. The dr
force is averaged over a period of 2 ms. The simulation parameters ad
51 mm, D55 mm, r52500 kg/m3, N54000, U`51.0 m/s, n`50.30,
T` /U`

2 50.024,eN50.9, andm50.
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presented here are collected after the first 100 parti
cylinder impacts and continue for more than 500 impa
with many of the simulations including more than 1000 im
pacts. Note that the force acting on the cylinder,F, over time
T is related to the momentum impulse acting on the cylin
due to particle impacts,J, by

F5
1

T (
t

t1T

J. ~2!

III. RESULTS AND DISCUSSION

A. Drag force and drag coefficient

First we discuss how the cylinder drag force varies w
the flow parameters. It is helpful to consider the followin
simple two-dimensional analysis of a horizontal stream
non-interactingparticles colliding with a fixed cylinder. The
magnitude of the momentum impulse,J, for an impact be-
tween a single particle and the cylinder is given by

J5m~ ẋ12 ẋ2!5r
pd2

4
~ ẋ12U` î !, ~3!

where m is the mass of the particle per unit depth (m
5r (pd2/4) for a cylinder!, ẋ1 and ẋ2 are the particle ve-
locities immediately after and before contact with the cyl
der, respectively, andẋ25U` î is the particle velocity just
before impact~equal to the upstream velocity since the r
flected and incoming particles do not interact!. The particle
velocity after the collision is related to the incoming veloci
by a normal and tangential coefficient of restitution,eN and
eS , respectively:

ẋc
1
•n̂52eNẋc

2
•n̂, ~4!

ẋc
1
• ŝ52eSẋc

2
• ŝ, ~5!

whereẋc is the particle surface velocity at the point of co
tact, n̂52cosuî1sinuĵ and ŝ52sinuî2cosuĵ are the unit
vectors normal and tangential to the cylinder at the con
point (n̂3 ŝ5 k̂), respectively, andu is the angle measure
with respect to the upstream horizontal to the collision co
tact point. The particle surface velocity at the contact poin
given by

ẋc5 ẋ2 1
2 dv ŝ. ~6!

Note that the incident particles are assumed to have a h
zontal velocityẋ25U` î and no rotation,v250.

Following the approach described in Walton,28 the tan-
gential coefficient of restitution is given by

eS5H 211
3m~11eN!

tanu
foruuu.uc

eS0 foruuu<uc

, ~7!

wherem is a sliding friction coefficient andeS0 is a constant
corresponding to the rolling tangential coefficient of resti
tion. Note that for a frictionless contacteS0521 ~or m
50), for a pure rolling contacteS050, and for a perfectly
elastic tangential reboundeS051. The critical angleuc is

:

P license or copyright, see http://pof.aip.org/pof/copyright.jsp
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tanuc53m
11eN

11eS0
. ~8!

The rate at which collisions occur with a small arc leng
of the cylinder,dṅ, is equal to the number flow rate of pa
ticles sweeping through the projected vertical width of t
arc length:

dṅ5

n`U`S D1d

2 Ddu

pd2

4

, ~9!

where n` is the upstream solid fraction,D is the cylinder
diameter, andd is the particle diameter.

The drag force acting on the cylinder is equal to t
collision rate multiplied by the horizontal component of t
collision impulse integrated over the upstream side of
cylinder ~collisions do not occur on the downstream side!:

Fd5E
u52p/2

u5p/2

J"îdṅ

5
1

2
rn`U`

2 ~D1d!F4

3
~eN11!1

2

9
~eS011!sin3 ucG .

~10!

This analysis demonstrates that for a cylinder of negligi
diameter but finite particle diameter, the drag does not
proach zero; an observation also noted in the computati
study by Buchholtz and Po¨schel.15 In practical terms, this
result shows that even a very small probe immersed i
granular flow will have a non-negligible effect on the flow.15

Based on Eq.~10! it is natural to define a drag coeffi
cient,Cd , for the cylinder as

Cd[
Fd

1
2 rn`U`

2 ~D1d!
. ~11!

The coefficients of restitution are not included in the dr
coefficient in order to maintain similarity with the tradition
drag coefficient definition used in fluid mechanics.29 How-
ever, both the cylinder and particle diameter are included
the definition to form an effective cylinder diameter,D1d.
From Eq.~10! the drag coefficient for a cylinder immersed
a uniform, non-interacting stream of cylindrical particles
expected to be

Cd5 4
3 ~eN11!1 2

9 ~eS011!sin3 uc . ~12!

Note that the drag coefficient for a cylinder in a free molec
lar, rarefied gas flow approaches a value ofCd58/3 for very
large Mach numbers and specular collisions,30 the same
value predicted by Eq.~12! for frictionless, non-dissipative
collisions.

Simulations performed using both soft- and hard-parti
simulations indicate that the drag force does indeed incre
with the square of the flow velocity and is proportional
both the solid fraction and particle density. The depende
on cylinder and particle diameter has a more complex dep
dence as will be discussed later. The soft- and hard-par
Downloaded 16 Feb 2004 to 132.248.12.227. Redistribution subject to AI
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simulation techniques gave essentially identical results in
cating that the data are independent of the simulation mo
details. Identical trends were also reported by Buchholtz
Pöschel15 although they reported that the drag force is p
portional to the cylinder diameter. Buchholtz and Po¨schel
also report that the drag force scales with the velocity to
3/2 power for small velocities and small cylinder diamete
However, the soft- and hard-particle simulations conduc
here do not show such a trend as shown in Fig. 3 wh
parameters similar to those used in the work by Buchho
and Po¨schel15 show theU`

3/2 scaling. ~Note that Buchholtz
and Po¨schel did not report the range of solid fractions f
these conditions.! A dimensional analysis of the problem in
dicates that in order for the drag force to scale withU`

3/2,
some additional time scale must be significant in the pr
lem. Since Buchholtz and Po¨schel had no upstream granul
temperature in their simulations, the simulation results m
have been sensitive to the contact model properties in
regime which have the only remaining time scales in
simulations.

Since a dilute granular flow has similarities with a com
pressible, rarefied gas flow,17 it is natural to consider the
functional dependence of the drag coefficient on parame
appearing in the analysis of rarefied gas dynamics such a
Mach and Knudsen numbers.

The upstream Mach number, Ma` , is defined as

Ma`[
U`

c`
, ~13!

where the upstream speed of sound,c` , for a granular flow
is given by Ocone and Astarita22 as

c`
2 5T`F f 8~n`!1S f ~n`!

n`
D 2G , ~14!

FIG. 3. The drag force acting on the cylinder~per unit depth!, Fd , plotted
against the upstream velocity,U` . Data are for soft-particle, periodic
boundary simulations with d51 mm, D510 mm, n`50.14, r
51000 kg/m3, eN50.95, m50, andT` /U`

2 50. A best fit quadratic trend
line to the data is also shown.
P license or copyright, see http://pof.aip.org/pof/copyright.jsp
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where T` is the upstream granular temperature (T5 1
2@ ẋ82

1 ẏ82#, whereẋ8 and ẏ8 are the fluctuating velocities in th
x and y directions! and the distribution function,f (n), is
given by Jenkins and Savage31 as

f ~n!5
1627n

16~12n!2 . ~15!

The upstream Mach number in the present simulations va
from 0.10 to`, ranging from subsonic to supersonic flow. A
infinite Mach number corresponds to the case where the
stream granular temperature, and hence the speed of so
is zero.

The Knudsen number is defined as the ratio of the
croscopic length scale, here the mean free path of the
stream particles,l, to the macroscopic length scale, here t
cylinder diameter,D:

Kn[
l

D
. ~16!

In gas dynamics, four flow regimes are defined depending
the Knudsen number.32 When Kn,0.01 the surrounding flow
is considered to be in the ‘‘continuum regime’’ where t
fluid can be assumed continuous and there is no-slip betw
the fluid and boundaries. The ‘‘slip regime,’’ where the co
tinuum assumption is still reasonable but slip boundary c
ditions are used, occurs for 0.01,Kn,0.1. The ‘‘free mo-
lecular flow’’ regime, where the continuum assumpti
breaks down and molecular motion must be considered,
curs when Kn.3.0. A transition regime occurs for 0.1,Kn
,3.0 where the mean free path is of the same order as
macroscopic length.

Following the approach given in Liepmann an
Roshko,33 the mean free path of the upstream particles is

l5
pd

8n`
. ~17!

Consequently the Knudsen number for the flow is

Kn5
pd

8n`D
. ~18!

The Knudsen number in the present simulations varies f
0.05 to 10, ranging from the slip to the free molecular flo
regime.

The parameters affecting the drag coefficient for rarefi
gas flow around a cylinder depend on the flow regime.
slip flow, the drag coefficient depends on both the Reyno
number and Mach number.34 The drag coefficient for a cyl-
inder in the free molecular flow regime decreases appr
mately inversely with the Mach number.30 with Cd→8/3 as
Ma`→`, identical to what is predicted by Eq.~12! for fric-
tionless, non-dissipative collisions.

The drag coefficient is first plotted as a function of Ma
number for Knudsen numbers of Kn'0.56 and Kn'2.3
~Fig. 4!. The drag coefficient is insensitive to the Mach nu
ber when Mà.1. However, when Mà,1, the drag coeffi-
cient increases rapidly with decreasing Mach number. N
that the granular temperature of the flow decays over t
due to particle collisions so that without an external sou
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of fluctuation energy, the flow will tend toward an infinit
Mach number. The soft-particle, periodic boundary simu
tions were used to investigate the Mach number depende
since there is only a slight decay in the initial granular te
perature from the upstream boundary to the cylinder.

Figure 5 plots the drag coefficient against Knudsen nu
ber for infinite Mach numbers so that the subsonic Ma
number dependence is avoided. The data follow a clear tr
with the drag coefficient increasing with increasing Knuds
number and appearing to approach the value predicted
the large Kn and Ma limit@Eq. ~12!#. The data shown in the
figure were calculated using various combinations of cyl

FIG. 4. The drag coefficient,Cd , plotted against the upstream Mach num
ber, Mà , for Kn50.6 (L) and Kn52.3 (l). The data are from soft-
particle, periodic boundary simulations.

FIG. 5. The drag coefficient,Cd , plotted against the Knudsen number, K
for infinite Mach numbers.n5variations in the cylinder diameter,D; L
5variations in the upstream solid fraction,n` ; h5variations in the particle
diameterd; 35variations in the particle density,r; s5variations in the
upstream velocity,U` . The black, gray, and white symbols are for th
soft-particle periodic boundary, soft-particle free jet, and hard-particle f
jet simulations, respectively. The baseline simulation parameters are
marized in Tables I and II. The dashed line corresponds to the predictio
Eq. ~12!.
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der diameter, particle diameter, and solid fraction to prod
a range of Knudsen numbers. The figure also includes da
Kn51 for simulations using different upstream velociti
and particle densities.

The effect of the normal coefficient of restitution on th
drag coefficient is shown in Fig. 6 for a flow with no up
stream granular temperature~infinite Mach number! and fric-
tionless particles. Note that the normal coefficient of rest

FIG. 7. The drag coefficient,Cd , plotted against the friction coefficient,m.
n5soft-particle, periodic boundaries~data only for Kn51); h

5soft-particle, free jet~data only for Kn51); L5hard-particle, free jet
with eS051.0; s5hard-particle, free jet witheS050.35. The closed and
open symbols are for Kn51 and Kn510, respectively. Note that the friction
coefficient is the same between the particles and the particles and the
inder. The dashed line corresponds to the prediction of Eq.~12!. The remain-
der of the simulation parameters is given in Tables I and II.

FIG. 6. The drag coefficient,Cd , plotted against the normal coefficient o
restitution, eN . n5soft-particle, periodic boundaries~data only for 0.6
<eN<0.95, Kn51); h5soft-particle, free jet~data only for Kn51);
L5hard-particle, free jet. The closed and open symbols are for Kn51 and
Kn510, respectively. Note that the normal coefficient of restitution is
same between the particles and the particles and the cylinder. The rema
of the simulation parameters are given in Tables I and II. The dashed
corresponds to the prediction of Eq.~12!.
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tion was the same for particle/particle and particle/cylind
collisions. At a Knudsen number of 10 the drag coefficie
closely follows the trend predicted by Eq.~12!. However, for
Kn51 the drag coefficient is less sensitive to the norm
coefficient of restitution, especially for small values ofeN .
The discrepancy with the analysis occurs because the an
sis assumes that reflected particles do not interact with i
dent particles, an assumption that is not satisfied for
given flow conditions. This assumption has even greater
ror at smalleN since reflected particles remain in the vicini

yl-

FIG. 8. The drag coefficient,Cd , plotted against the domain height,H,
normalized by the effective cylinder diameter, (D1d), for various system
aspect ratios,H/W (h5H/W50.5; l5H/W51.0; n5H/W52.0). The
center of the cylinder is located at a distance of 0.75W from the upstream
boundary. The data are from soft-particle, periodic boundary simulati
with D55 mm, d51 mm, eN50.95, m50, Kn50.35, and infinite Mach
number. The remainder of the simulation parameters are given in Table

FIG. 9. The drag coefficient,Cd , plotted against the jet height,H, normal-
ized by the effective cylinder diameter, (D1d), for the hard-particle, free
jet simulations. m5(D,d)5(5,1) mm; l5(D,d)5(10,1) mm; j

5(D,d)5(10,2) mm. The remainder of the simulation parameters is giv
in Table II.
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FIG. 10. The solid fraction field
around the cylinder for~top! Ma`

50.81 and~bottom! Ma`51.78. The
remaining parameters are Kn50.52,
n`50.15, D/d55, W/d5H/d5100,
m50, ande50.95. The center of the
cylinder is located at (x/W,y/H)
5(0.75,0.50). Note that the ‘‘particle
growth’’ region is located adjacent to
the upstream boundary.
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of the cylinder and interact more frequently with the inco
ing stream. Figure 6 also shows that the soft- and ha
particle free jet simulations give nearly identical results
smalleN , but give the largest discrepancies at the largesteN .
This trend is somewhat counter-intuitive. It is reasonable
expect that the difference between the drag coefficients
increase aseN decreases since the average collision con
duration in the soft-particle simulations increases linea
with decreasingeN while in the hard-particle simulations th
contact duration is instantaneous, by definition. The cause
the observed simulation trend remains unclear.

The simulations were also used to investigate the d
coefficient dependence on the friction coefficient,m, for
flows with no upstream granular temperature and a cons
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normal coefficient of restitution ofeN50.95. The particle/
particle and particle/cylinder friction coefficients were equ
in all of the simulations. The tangential spring constant
mained constant in all of the soft-particle simulations~the
value is given in Table I! while the hard particle simulation
used two different values of the rolling tangential coefficie
of restitution:eS050.35 andeS051. Note that Drake35 found
experimentally thateS0'0.35 for plastic sphere impacts
Equation~12! predicts that the drag coefficient with frictio
at the large Knudsen and Mach number limit will be, at mo
only 17% greater than the drag coefficient without frictio
Figure 7 demonstrates that the drag coefficient does ind
have only a weak dependence on the friction coefficient
both Kn510 and Kn51. Furthermore, there is little differ
P license or copyright, see http://pof.aip.org/pof/copyright.jsp
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FIG. 11. The dimensionless velocity
field, U/U` , around the cylinder for
the flow conditions given in Fig. 10.
Streamlines are superimposed.
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ence between theeS050.35 andeS051.0 cases in the hard
particle simulations. The analysis used to derive Eq.~12!
indicates that the weak tangential coefficient of restitut
dependence is due to particle rotation over the cylinder
face for large friction coefficients.

The effect of the workspace dimensions,W andH, was
also investigated. Figure 8 plots the drag coefficient a
function of the workspace height normalized by the effect
cylinder diameter,H/(D1d), for various domain aspect ra
tios, H/W. The cylinder was located along the centerline
the workspace a distance 0.75W from the upstream periodic
boundary. The data indicate that, for the conditions inve
gated, the drag coefficient increases with increasing dom
height and approaches a nearly constant value forH/(D
Downloaded 16 Feb 2004 to 132.248.12.227. Redistribution subject to AI
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1d).10. The trend appears independent of the domain
pect ratioH/W. Simulation animations show that when th
domain aspect ratio is too small, the bow shock structu
that form in front of the cylinder~to be discussed in Sec
III B ! interact across the periodic boundaries. For the ha
particle free jet simulations the drag coefficient remains
affected by the dimensionless jet width,H/(D1d), for
H/(D1d).1 as shown in Fig. 9. The effect of jet width wa
not studied for the soft-particle free jet simulations.

B. Flow fields

In addition to the drag force acting on the cylinder, t
solid fraction, velocity, and granular temperature fiel
P license or copyright, see http://pof.aip.org/pof/copyright.jsp
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FIG. 12. The dimensionless granula
temperature field,T/U`

2 , around the
cylinder for the flow conditions given
in Fig. 10.
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around the cylinder were also measured in the simulatio
The results discussed in the following were determined us
the soft-particle simulations.

A plot of the solid fraction field is shown in Fig. 10 fo
two flows with Kn50.52 and Mà50.81 and Mà51.78
~the remainder of the parameters are given in the figure c
tion!. Bow shock structures are observed upstream of
cylinder with expansion fan regions observed behind the
inders. Directly behind the cylinders is a wake region co
taining very few particles. Similar shock and expansi
structures have been observed in the dilute granular fl
simulations of Buchholtz and Po¨schel15 and the experiments
of Rerichaet al.17 and Amaroucheneet al.36

The corresponding velocity and granular temperat
Downloaded 16 Feb 2004 to 132.248.12.227. Redistribution subject to AI
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fields are shown in Figs. 11 and 12, respectively. A region
low velocity, high temperature particles occurs behind
shock wave in front of the cylinders; however, a stagn
region as described by Amaroucheneet al.36 is not observed.
This discrepancy is most likely due to the use of frictionle
particles in the simulations and the low simulation upstre
solid fractions~Amaroucheneet al. do not report the solid
fractions in their experiments!. Note that in most dilute
granular flows, the solid fraction and granular temperat
are typically inversely dependent.37 However, across the
shocks observed here both the solid fraction and gran
temperature increase. A ‘‘tail’’ of moderate temperature
observed in the wake region behind the cylinder. This reg
P license or copyright, see http://pof.aip.org/pof/copyright.jsp
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FIG. 13. The Mach number field
around the cylinder for Mà51.99
and n`50.21. Only the upper half of
the domain is shown for clarity. The
inclined line is a linear fit to the iso-
Mach number line (Ma51) and is
used to calculate the shock angle,b.
Measurements across the shock~Fig.
14! are taken along the horizontal line
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contains few particles so that fluctuations in the particle
locities can be significant.

Surprisingly, the solid fraction, velocity, and temperatu
fields look similar for both flows despite the Mach numb
difference. The angle of the ‘‘bow shock’’ with respect to th
horizontal appears to be roughly equal for both Mach nu
bers. The only significant observable difference between
two flows is that the temperature downstream of the b
shock decays more rapidly for Ma`51.78 than for Mà
50.81.

A typical Mach number field is shown in Fig. 13 for a
upstream Mach number, Knudsen number, and solid frac
of 1.99, 0.18, and 0.21, respectively. In contrast to typi
supersonic gas dynamics flows, the shock structure cann
considered as a discontinuity in the flow and instead chan
in flow properties occur over a distance comparable to
cylinder radius.

The angle the bow shock makes with respect to the
stream flow far from the cylinder was measured for fo
flows with (Mà ,n`)5(1.99,0.10),(1.07,0.10),(1.96,0.21)
and ~1.34,0.21!. The shock angle,b, was determined by fit-
ting a line to the Ma51 iso-Mach number line as shown i
Fig. 13. The shock angle is remarkably insensitive to
upstream flow Mach number, a situation very different fro
typical compressible fluid flows. The bow shock angle d
creases from 29°61° to 26°61.5° for an increase in Mach
number from Mà51.34 to Mà 51.96. For an identical in-
crease in Mach number in a compressible air flow, the
lique shock angle would decrease by, at the minimum, 1

Measurements of the flow Mach number, solid fractio
granular temperature, and velocity deflection angle w
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made along a horizontal line crossing the bow shock~refer to
Fig. 13! and are plotted in Fig. 14. The velocity deflectio
angle is defined as the angle by which the average velo
vector changes across the shock wave. The flow prope
change over a distance of approximately five to ten part
diameters, comparable to the cylinder diameter ofD/d
510. Downstream of the shock, the solid fraction and v
locity deflection angle remain nearly constant; however,
granular temperature decreases and, as a result, the M
number increases. The decrease in granular temperatur
curs presumably due to the energy dissipated in particle
lisions downstream of the shock. For all of the cases sho
the Mach number immediately downstream of the shock
subsonic. Because the normal velocity decreases while
tangential velocity remains constant, a compressible fl
turns toward the shock wave through an angleu. Note that
for compressible gas flows, the velocity deflection angleu,
can be determined if the upstream Mach number and sh
angle, b, are known ~see, for example, Liepmann an
Roshko33!. In air with Mà 51.96 andu510°, the oblique
wave angle isb540°, a value considerably different tha
the b529° measured in the granular flow for Ma`51.96,
n`50.21, andu'10°. The velocity deflection angle fo
Ma`51.34 andn`50.21 is alsou'10°. A solution for the
oblique shock wave angle does not exist for an identi
Mach number and velocity deflection angle for air, howev

IV. CONCLUSIONS

The present studies indicate that a cylinder immersed
a dilute granular flow has many similarities with rarefied g
P license or copyright, see http://pof.aip.org/pof/copyright.jsp
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FIG. 14. Flow properties along a horizontal line crossing a granular shock wave. The location of the line is shown in Fig. 13. The locationx/d50 corresponds
to the horizontal position of the cylinder center. The symbols correspond to:~1, n`50.10, Mà 51.99, Kn50.37),~“, 0.10, 1.07, 0.39!, ~s, 0.21, 1.34, 0.18!,
and ~* , 0.21, 1.96, 0.18!.
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flow. The drag coefficient for the cylinder~defined using the
effective cylinder diameter,D1d, and the upstream bulk
density,rn`) depends strongly on the flow Knudsen numb
with a secondary dependence on the upstream Mach num
The drag coefficient decreases with decreasing normal c
ficient of restitution and is relatively insensitive to the fri
tion coefficient. Shock and expansion fan structures, sim
to those observed in gas dynamics, are also observed in t
dilute granular flows. These structures appear to vary li
with the granular Mach number. Granular kinetic theor
~see, for example, Jenkins and Savage31! are applicable in
this flow regime and should provide greater insight into
flow dynamics.

A companion article by Chehataet al.13 investigates
granular flow around a cylinder immersed in a dense, f
tional granular flow. In these experiments the drag coeffici
is independent of the flow velocity. Future studies sho
investigate the drag force transition from the veloc
squared dependence for dilute granular flows to the velo
independence for dense granular flows.
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12U. Tüzün and R.M. Nedderman, ‘‘Gravity flow of granular materia
round obstacles—II,’’ Chem. Eng. Sci.40, 337 ~1985!.

13D. Chehata, R. Zenit, and C.R. Wassgren, ‘‘Dense granular flow arou
cylinder,’’ Phys. Fluids15, 1622~2003!.

14O. Zik, J. Stavans, and Y. Rabin, ‘‘Mobility of a sphere in vibrated gran
lar media,’’ Europhys. Lett.17, 315 ~1992!.

15V. Buchholtz and T. Po¨schel, ‘‘Interaction of a granular stream with a
obstacle,’’ Granular Matter1, 33 ~1998!.

16R. Zenit and A. Karion, ‘‘Granular flow around a cylinder,’’ Proceedin
of the 2000 AIChE Annual Fall Meeting, Los Angeles, CA, 2000.

17E.C. Rericha, C. Bizon, M.D. Shattuck, and H.L. Swinney, ‘‘Shocks
supersonic sand,’’ Phys. Rev. Lett.88, 014302~2002!.

18S.B. Savage, ‘‘Streaming motions in a bed of vibrationally fluidized d
granular material,’’ J. Fluid Mech.194, 457 ~1988!.

19V. Kamenetsky, A. Goldshtein, M. Shapiro, and D. Degani, ‘‘Evolution
a shock wave in a granular gas,’’ Phys. Fluids12, 3036~2000!.

20S. Hørlück and P. Dimon, ‘‘Grain dynamics in a two-dimensional granu
flow,’’ Phys. Rev. E63, 031301~2001!.

21A. Goldshtein, M. Shapiro, L. Moldavsky, and M. Fichman, ‘‘Mechani
of collisional motion of granular materials. Part 2. Wave propagat
through vibrofluidized granular layers,’’ J. Fluid Mech.287, 349 ~1995!.

22R. Ocone and G. Astarita, ‘‘Compression and rarefaction waves in gra
lar flow,’’ Powder Technol.82, 231 ~1995!.

23P.A. Cundall and O.D.L. Strack, ‘‘A discrete numerical model for granu
assemblies,’’ Geotechnique29, 47 ~1979!.
Downloaded 16 Feb 2004 to 132.248.12.227. Redistribution subject to AI
g.

d

a

-

u-

r

24C.S. Campbell and C.E. Brennen, ‘‘Chute flows of granular mater
Some computer simulations,’’ Trans. ASME, J. Appl. Mech.52, 172
~1985!.

25O.R. Walton and R.L. Braun, ‘‘Viscosity, granular-temperature, and str
calculations for shearing assemblies of inelastic, frictional disks,’’
Rheol.30, 949 ~1986!.

26B.T. Corkum and J.M. Ting, ‘‘The discrete element method in geotech
cal engineering,’’ Publication 86-11, University of Toronto, Toronto, 198

27C. Wassgren, J.A. Cordova, and R. Zenit, ‘‘The unsteady drag force o
cylinder immersed in a dilute granular flow,’’ Proceedings of the Six
Conference on Computer Simulation and Industrial Applications, ed
by S. Raczynski, Tijuana, Mexico, 2003.

28O.R. Walton, ‘‘Numerical simulation of inelastic, frictional particle
particle interactions,’’ inParticulate Two-Phase Flow, edited by M.C.
Roco ~Butterworth-Heinemann, Stoneham, MA, 1993!.

29R.W. Fox and A.M. McDonald,Introduction to Fluid Mechanics~Wiley,
New York, 1999!.

30S.A. Schaaf and P.L. Chambre´, Flow of Rarefied Gases~Princeton Uni-
versity Press, Princeton, NJ, 1961!.

31J.T. Jenkins and S.B. Savage, ‘‘A theory for the rapid flow of identic
smooth, nearly elastic, spherical particles,’’ J. Fluid Mech.130, 187
~1983!.

32M.J. Zucrow and J.D. Hoffman,Gas Dynamics~Wiley, New York, 1976!,
Vol. I.

33H.W. Liepmann and A. Roshko,Elements of Gasdynamics~Wiley, New
York, 1957!.

34H.S. Tsien, ‘‘Superaerodynamics, mechanics of rarefied gases,’’ J. A
naut. Sci.13, 653 ~1946!.

35T.G. Drake, ‘‘Experimental flows of granular materials,’’ Ph.D. disser
tion, UCLA, 1988.

36Y. Amarouchene, J.F. Boudet, and H. Kellay, ‘‘Dynamic sand dune
Phys. Rev. Lett.86, 4286~2001!.

37C.S. Campbell, ‘‘Rapid granular flows,’’ Annu. Rev. Fluid Mech.22, 57
~1990!.
P license or copyright, see http://pof.aip.org/pof/copyright.jsp


