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Abstract. We solve the problem of a Bose or Fermi gas in d-dimensions trapped by § < d mutually
perpendicular harmonic oscillator potentials. From the grand potential we derive their thermodynamic
functions (internal energy, specific heat, etc.) as well as a generalized density of states. The Bose gas
exhibits Bose-Einstein condensation at a nonzero critical temperature 7. if and only if d +§ > 2, along
with a jump in the specific heat at Tt if and only if d + § > 4. Specific heats for both gas types precisely
coincide as functions of temperature when d+§ = 2. The trapped system behaves like an ideal free quantum
gas in d 4 § dimensions. For § = 0 we recover all known thermodynamic properties of ideal quantum gases
in d dimensions, while in 3D for § = 1, 2 and 3 one simulates behavior reminiscent of quantum wells,
wires and dots, respectively. Good agreement is found between experimental critical temperatures for the
trapped boson gases §:Rb, iLi, 32Rb, 3He, 13K and the known theoretical expression which is a special
case for d = § = 3, but only moderate agreement for 2]Na and H.

PACS. 05.30.Fk Fermion systems and electron gas — 05.30.Jp Boson systems — 03.75.Fi Phase coherent
atomic ensembles; quantum condensation phenomena — 05.70.Ce Thermodynamic functions and equations

of state

1 Introduction

Ultra-cooled bosonic clouds trapped in a harmonic os-
cillator (HO) external potential mimic the behavior of
bosons confined by realistic potentials as in opto-magnetic
traps in the region of small oscillations. Bose-Einstein con-
densation (BEC) has been now observed with 5/ Rb [1],
%IN& [2]7 ng [3]7 %H [4]7 g?Rb [5]7 %He [6] and AI%K [7] heu-
tral bosonic atoms, the upper and lower prefixes being
the nuclear mass (number of nucleons in the nucleus) and
proton numbers, respectively.

BEC has also been observed in lower dimensions.
Gorlitz et al. [8] report BEC of 23Na atoms in 1D or 2D;
Schreck et al. [9] observe it withiLi atoms in 1D; and
Burger et al. [10] study the phase transition in a cloud of
8TRb atoms in quasi-2D.

Trapped quantum gases have been discussed in gen-
eral by several authors [11-20]. The first calculation of
the properties of a Bose gas in an isotropic harmonic trap
was reported by de Groot et al. [11]; Bagnato et al. [12] re-
ported theoretical thermodynamic properties of a Bose gas
confined by a generic power-law potential trap; Ketterle
et al. [13] and Pathria [16] considered the BEC of a fi-
nite number (~10°) of particles confined in a 3D HO and
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concluded that the thermodynamic-limit approximation
is good; Petrov et al. [17,18] discuss BEC in quasi-2D
trapped gases and study phase-coherence properties in 3D.
For a review of BEC in trapped dilute Bose gases, see ref-
erence [20].

Trapped Fermi gases have also gained interest as pos-
sible precursors of a paired-fermion condensate at lower
temperatures [21-23], and have been studied experimen-
tally in ultracold fermionic clouds, e.g., with 13K neutral
atoms in opto-magnetic traps [24-27].

Finally, the discovery of the quasi-2D superconduc-
tors such as the cuprates [28-30] or the quasi-1D super-
conductors such as the organo-metallics (or Bechgaard
salts) [31-33] have also motivated studying confinement
of quantum gases.

In this paper we describe boson or fermion HO trap-
ping in order to better understand these lower-dimensional
structures. Since the system dimensionality modifies the
nature of BEC, or even precludes it, we seek an exact and
complete solution in the thermodynamic limit to the non-
interacting Bose or Fermi gas problem in d-dimensions
constrained by a number § of mutually-perpendicular HO
external potentials. We show that it is possible to map this
problem into that of a free gas but in a higher d+§ dimen-
sionality. For example, confinement [34-37] in 3D by a 1D
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HO potential collapses the system to a quasi-2D “slab”
reminiscent of a quantum well. Confinement by a 2D (or
3D) HO potential leads to a quantum wire-like quasi-1D
(or quantum dot-like quasi-0D) system.

In Section 2 we calculate the thermodynamic (or
grand) potential for the non-interacting Bose or Fermi
gas in d-dimensions with ¢ mutually-perpendicular HO
traps. In Section 3 we deduce the thermodynamic proper-
ties of these systems and extract a generalized density of
states, find their thermodynamic limit, and exhibit their
mapping to free gases in higher dimensions. In Section 4
we specialize to a trapped boson gas and obtain its criti-
cal BEC temperature, its condensate fraction and specific
heat cusp or jump singularity. We also summarize findings
for a 3D boson gas trapped by 1, 2 or 3 HO’s. In Section 5
we specialize to a trapped fermion gas. Section 6 contains
our conclusions.

2 A d-dimensional quantum gas trapped
by 6 < d HOs

We consider a d-dimensional noninteracting boson or
fermion gas trapped by & = 2,...,d mutually-
perpendicular harmonic-oscillator potentials, the particles
otherwise moving freely in the remaining d — § directions.
The Hamiltonian for a single boson or fermion of mass m

is H=>" L P7/2m A+ 5 mw? Z] d_s41 77 and its eigen-
values are

on2h2 42

mL? 4
=1

5
ng+hwd (v +1/2) (1)

Jj=1

E{nivs} =

where L is the size of the “box” associated with the d — ¢
free dimensions and where n; = 0, £1, £2, ... while v; =
0, 1, 2, ... Since k; = (2n/L)n; and defining the variable
l; = hwvj, (1) can then be rewritten as

h? e
ek} = 5 Zkz2+2l+hw5/2 (2)

The grand potential £2(T, V, i) can then be written in gen-
eralized form (see p. 134 of [38]) as

AT, V, ) =U —TS — uN
kT . .
= (5a —IQO — BT In |:1 + ae ﬁ(E{ki,lj} ©) ) (3)

{ki,l;}

where the primed summation sign excludes the k; = 0 = [;
terms in the boson case. Here V = L?7922% is a con-
finement volume with xg = y/i/mw the oscillator length
parameter, U the internal energy, 7' the absolute tem-
perature, S the entropy, p the chemical potential, N the
number of particles, a = —1 for bosons, a = 1 for fermions
and a — 0 in the classical case, § is the Kronecker delta
function, and f = 1/kgT. In the case of a Bose gas it
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is convenient to separate out in the sum (3), the low-
est energy state from the excited states. We thus defined
20 = — (kT /a)n[1 +aeA("3/2=1)] corresponding to the
ground state contribution to the grand potential. Using

the logarithm expansion In(1 +z) = — 372, (—z)!/l valid
for |x| < 1, (3) becomes

k’BT E{k % #))

(Tvﬂ)*5a—190+—zz ;
{kil;} 1=1
kT = (—ae’H)!
= 0g,—112
1400 + u ; ]

—BI(R?/2m) T {2 kE4+Y 0, 1j+hwd /2]
« Y e ]
{ki,l;}
(4)

In the continuous limit where h?/mL? < kT and hw <
kT (level spacing negligible compared to temperature),
the summations over k; and [; can be approximated by
integrals, namely >, — (2s+1)(L/27)%° [ d?%k; and
>y, — (28 + 1)(hw)~° [ d°l;. Thus

kgT(2s + 1)(L/27)% 0 (hw)°

% Z aeﬁ# /oo dky efﬁl(h2/2m)kf
y /OO Ay oL /2m)k§m/°° gy o~ B [2m)K3 s

/OO dls e Pls+1/2), (5)
0

AT, Vi) = G012 +

x /OO dly e AULi+1/2)
0

where s is the particle spin, with fermions having s = 1/2
and bosons s = 0. The integrals are elementary and give

2T, V,p) =

2 (@-9)/2
bu 102+ 2 15 [(@+8)/2+1] (ﬁ)

2mh?
TEDM
=1

B(n— 5ﬁw/2)]
—ae

[d+oy/2+1 (6)
The infinite sum is expressible in terms of the polylog-
arithm function Li,(z) (designated by PolyLog|o,z] in

Ref. [39]), since
1 e o] xa—l
—aLi, =_ dp—o
aLiy(—az) = F(o)/o Iz*1e1+a
1 oo
7
- )

=1

For ¢ > 1 this reduces to Bose-Einstein (BE) integrals
9go(z) when a = —1 and to Fermi-Dirac (FD) integrals
fo(z) when a = 1, as defined in Appendices D and E of
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reference [38], and z = eP* is the fugacity. Using (7) in (6)
leaves

1 Agts )
Q(T, V) = a,-1520 — ale(dM)/ﬂl(*azl)

(8)

where 98 + 1

_ <8 2 2\ (d=8)/2
Ad+§ = (ﬁuj—)‘s (mL /2’/Th ) (9)
and

21 = 2o POMw/2 — (Blu—dhw/2) (10)

For d > 2 the problem with different frequencies w in
different directions will be treated elsewhere, as well as
inclusion of interaction effects.

3 Thermodynamic properties

From (8) it is possible to find the thermodynamic proper-
ties for a monatomic gas using the relation
d? = -5dT — PdV — Ndgu. (11)

In this representation the grand potential 2(T,V,u) =
—PV is the fundamental relation leading to all the ther-
modynamic properties of the system since

v () s ()
ou TV oT Vi

of? (9]
P(aﬁruv

Next, consider only the excited states as the ground state
will be treated separately for the boson gas. Using (8)
and (12) the particle number is given by

(12)

Agys .
N = *WLZ(H&)/Q(*GZQ’ (13)
where we used the relation
oLi d+6 (—azl) X
( ( + )ngl = ﬁ L’L(dJrg)/Q(—a,Zl). (14)
K TV

The entropy follows on substituting (8) in the first equa-
tion of (12), giving

S/kg = —[(d+0)/2+1]
Adts

+
APV (15)

Li(d+5)/2+1(7(121) — N ln 21,

where we used the number equation (13) and the relation

(5Li(d+5)/2+1(—a21))
Vip

oT

1 [0z ,
(a—zf)v’#u(m)/g(—azl). (16)

Z1
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Thus (15) becomes

[(d+6)/2 + 1]Li(g+s)/241(—az1)

S/Nkp = -
/ B Lz(d+5)/2(fazl)

—In z;. (17)

The internal energy is obtained from (see p. 159 of
Ref. [38])

0 N
T.V)=—kpT? | — | — . 1
e 1| I
Substituting (8) here we find that
hwéd  d+9
urv) =N -0, (19)
2 2
and since 2 = —PV then
2
PV =—(U-N 2). 2
14 d+5(U hwd /2) (20)

Using (9) and (13) the internal energy (19) can be rewrit-
ten as
U(T, V) _ [ﬁM + d + (5 Li(d+§)/2+1(—a21)
NkBT 2 2 Li(d+5)/2(—az1)

| e

The specific heat at constant volume C'y then follows from

0
Cy=|==U0(1T,V 22
o=l (22)
and gives
Cy d+6 [(d—i—é N 1) Litats)/241(—az1)
NkB 2 2 Li(d+5)/2(7a21)
~d+9d Li(ays)/2(—az1) } (23)
2 Li(d+5)/2_1(—az1)
where we have used the relation
1 d+6 Li -
_<%ﬁ _ 0 LiaenpCon)
21 \0T ) v 2 Ligys)/2—1(—az1)

which can be extracted from the (vanishing) derivative
with respect to T' of the number equation (13). Since

2, = ePlu—0hw/2) » 0,
T—o0

equation (7) then implies that —aLi,(—az1) — 21, with
o=(d+9)/2—-1,(d+0)/2 or (d+J)/2+ 1. Then (23)

reduces to
Cy d+6 21 d+46
Nkp T—oo 2 L+ e mm ( Ty )} , (25)

which for d = ¢ = 3 gives the classical Dulong-Petit law for
crystals when T — oo or z; = 0, while for § = 0 we obtain
the classical limit for ideal gases of bosons or fermions.
The first correction to unity in (25) for d+ ¢ < 2 is clearly
negative for @ = —1 (bosons) and positive for a = +1
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(fermions), while for 4§ > 2 it is precisely the opposite.
Thus we obtain known results obtained for ideal gases for
0 =0 (bosons [40], fermions [41]).

We now generalize the results obtained in refer-
ences [42-44] dealing with the identity of specific heats
as a function of T of ideal Bose and Fermi gases in two
dimensions. This identity is obtained here more gener-
ally for d + 0 = 2. If both gases are at the same tem-
perature and have the same number density ng = ng,
where ng = Np/V is the Bose and np = Np/V is the
Fermi density, taking d + 6 = 2 in (13) gives

_ As Lin(zig) Az Lian(—21p)

=—=—"= = 26

nB v ﬁ % ﬁ ng, ( )
where as before V' was defined just below (3), zip =
ePlus—hwd/2) and zp = ePr—hwi/2) are the fugacities

with pup and pp the chemical potentials for bosons and
fermions, respectively. Using Landen’s relations [43] the
polylogarithm functions Li,(z) satisfy Liy(z) = —Lii(y)
and Lis(z) = —Lia(y) — 1/2[Liy(y)]?, where z — y sat-
isfy the Euler transformation y = —2/(1 — ) with x real
<1. Substituting these relations in (26), we obtain

21p = 2’1]3/ (1 — 21B) - (27)
The energy of the Bose gas U(T,V)p taking a = —1
n (21) with d+0 =2, is
U(T, V)B hwé Lig(le)
75 | g, ZPEEIB 2
NkgT [5 > " Lii(z1B) (28)

Substituting (27) in (28) we obtain

U(T, V)B 1 Lig(lep)

T o)
% 4 1/251Li1(21F)} ;

+ 1/25—1Li1(le)]

I
[ T |

(29)

where U(T, V)g is the Fermi gas energy. Substituting (26)
in (29) the last term in (29) is proportional to ny. Hence,
the energies of the Bose and Fermi gases differ only by a
T-independent term and so, from (22), the specific heats
for boson and fermion gases precisely coincide when d +
6=2,or

[Cv(N,T)]g = [Cv(N, T)]g - (30)

3.1 Mapping to higher-d and equivalent mass
Using (7) and (10), equation (13) can be rewritten as
A o0 (d+6)/2—1

]V:___Jﬁi__/ ki
TTd+0/2 Jo “oier ta
(E _ M5/2)(d+6)/271
eBle—n) 4+ ¢

B Adgts o
= T([d+9]/2) /M/g a

/oo deN (e)n(e),
hws /2

(31)
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where n(g) = [efE~) + a}71 is the BE (a = —1) or FD
(a = 41) distribution, and N (¢) is the density of states
(DOS). Substituting Agys from (9) into (31) we identify
this generalized DOS N (¢) as

omh \® / mI?2 (d+6)/2
N(e) = (25 +1) (_meQ) (m)
(E _ M5/2)(d+6)/271
rd+e/2

(32)

If 6 = 0 we recover the DOS for a free gas confined in a
“box” of sides L

mL2\ Y2 cd/2-1
MNo(e) = (2s+1) (27rﬁ2) T2 (33)
Comparing (32) with (33) in (d + §)-dimensions
mL2\ T2 (d+e)/2-1

we observe that except for the (negligible) zero-point en-
ergy of hwd/2, (32) and (34) are identical if in (32) an
equivalent particle mass m™ defined by

m* = (h/sz)%/(dJré) m(d—08)/(d+6) (35)
is introduced. Then
% 2 24 (d+5)/2 gldto)/2-1
=(2 1 *L*/2mh — . (36
(€)= (28 4+ 1) (" L2 f20h) 02 2o (36)

In general, therefore, the effect of trapping a quantum gas
renormalizes the particle mass m — m* in accordance
with (35) and increases the dimensionality d — d + ¢ by
the number of oscillators.

3.2 Thermodynamic limit

Substituting the coefficient Ag4s from (9) into (31) gives

m N\ (@+8)/2 27k °
N=(s+1)(55) (m)

(5 _ M5/2)(d+6)/271
eBle—n) 4+ ¢

—25
gV

“T(d+0]/2) /M/g ©

(37)

the volume V' being defined just below (3). The proper
thermodynamic limit then holds if N — oo, L — oo,
w — 0 while keeping the ratio N/V = N/L?7%22° o
Nw®/L%% = constant. This result was obtained for d = 3
and ¢ = 3 in reference [20]. For a free gas, i.e., 6 = 0, we
recover the usual thermodynamic limit N — oo, L — oo
with N/L? = constant.
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4 Trapped bosons

In this section we study a system of N noninteracting
bosons in d dimensions trapped by ¢ (< d) mutually-
perpendicular harmonic oscillators, and otherwise free in
the remaining d — § directions. Let the boson number be

N = No(T') + Nx>o(T) (38)

were No(T') = — (9420/0p) 7y, is the number of bosons in
the lowest energy state, with {29 defined just below (3),
while Nyso(T) is given by (13) with a = —1. Thus
A

N = No(T) + ﬁgwwm (39)
where from (7) we introduce the Bose function g, (z) which
for z = 1 and o > 1 is identical to the Riemann Zeta
function ¢(o).

Since for T' > T, No(T) is negligible compared with N,
while for T < T, No(T) is a sizeable fraction of N, at
T =T., No(T¢) ~ 0. The critical temperature T, of BEC
is found from the condition Nyxso(T¢, 21 = 1) =~ N, so that
(39) leads to

N 2/(d+6)
] S ()

hpTo = |——
b |:Ad+69(d+6)/2(1)

From (39) and (40) one obtains for the condensate frac-
tion,

No(T)/N =1 — Niso(T)/N (Tp)
=1—(T/T.)\ /2. (41)

From (7) the infinite series g,(1) diverges for o < 1 im-
plying from (40) that BEC will occur with critical tem-
perature T, # 0 if and only if (d 4+ J)/2 > 1. For 6 = 0
and d = 3 with n = N/L? (40) reduces to the familiar
formula T, ~ 3.31h2n2/3/ka of “ordinary” BEC, since
g3/2(1) = ¢(3/2) ~ 2.612. On the other hand, substitut-
ing =3 and d = 3 in (40) and (9) we recover the result
obtained in [20], since ((3) ~ 1.202,

kpT. ~ 0.94hwN/3, (42)

An apparent counterexample of our no-BEC result for d =
0 = 1 is reported in [13], but can be explained by taking
d=2and é=1.

The specific heat follows from (23) for a = —1 and
from —aLis(—az) [0, z1] = g-(21). We obtain for T' > T,

Ov _d+d [<d+5 N 1) 9(a+s)/2+1(21)
Nkg 2 2 9(a+s)/2(21)
_d+d 9(d+s)/2(21)
2 ga+s)/2—1(21)

while for T < T,, z1 = 1 so that it follows directly
from (21) and (22) that

Cy d+d(d+3s
= 1
Nkg 2 ( > " )

, (43)

< (T/T.) 472 9a+e)/2+1(1) (44)
9(d+6)/2(1)

121

1.0

5=1 8=3
=3
Z s/ 8=2
Z
0.0 :
0.0 0.5 1.0
T/Tes

Fig. 1. Condensate fraction for a 3D boson gas trapped by
6 =1, 2 or 3 harmonic oscillators.

The specific heat jump at T is then

ACy _ Cv(T;7) —Cy(T)
Nkgp Nkg
_ (d+ 6)2 9(a+s)/2(1)
2 9a+s)/2—1(1)’
which is nonzero if and only if (d + 6) > 4, since g,(1)
diverges for ¢ < 1.
The entropy for the boson case a = —1 follows

from (15). Since —alLi,(—az)[o,z1] = g-(z1) and using
(13), in terms of the critical temperature T, it becomes

(45)

S/Nkg = [(d+6)/2+ 1]
< (T/T,) 472 9(d+s)/2+1(21)

— In 2. (46)
9(a+s)/2(1)
For T' < T,, z1 =1, so that this becomes
S/Nkg = [(d+8)/2 + 1] (T/T,) /2
1
% 9(d+6)/2+1( ) 0
9(arey/2(l) 10

which complies with the third law of thermodynamics.

For 3D bosons trapped by 1, 2 or 3 harmonic oscillators
we summarize our results in Table 1. Since for z; = 1 the
series g, (z1) for o > 1 coincides with ((¢), we require the
following values: ((3/2) ~ 2.612, ((2) = m2/6 ~ 1.645,
¢(5/2) ~1.341, ¢(3) ~ 1.202, ¢(3/2) ~ 1.127, and ((4) =
7%/90 ~ 1.082.

In Figure 1 we show the condensate fraction for
0 = 1,2 and 3. In Figure 2 shows their internal energy;
specific heat at constant volume (having a jump discon-
tinuity if and only if d + § > 4); entropy and chemical
potential.

An ideal Bose gas in d-dimensional space trapped by
0 < d harmonic oscillators has its geometric dimension-
ality effectively reduced. The BEC temperature expres-
sion (40) for a trapped noninteracting Bose gas shows that
BEC can occur if and only if (d+ ¢) /2 > 1 as otherwise
the term g(q1s)/2(1) diverges, forcing 7t to vanish. Thus
BEC is possible in 2D provided § > 1.

Experiments with dilute boson gases confined in the
realistic confining potentials of opto-magnetic traps in the



122

The European Physical Journal D

Table 1. Thermodynamic quantities, as defined in text, for a 3D boson gas trapped by § = 3,2,1 harmonic oscillators, with

the oscillator length parameter zo = (h/mw)/?.

) 3 2 1
3 23/2 L? 1
N(e) %(hw)_3(5 —ghe) () e ) ) e — i)
_ Z 3 _ r 5/2 _ T 5
No/N 1 (TC) 1 (T ) 1 (T )
T hw[ N e hw {(271')1/2Nm } 2 hw |:27TN mQ}l/Q
¢ ks ((3) ) ks | ¢(3/2) L (=) ks | C(2) L2 )
3ho g Lypglzn) w5 T yspgrelz) 1w o T ags(n
U/NksT 3mT T T 2(T)/ G2y 2meT AT )
T\* ¢(4) 35 2 ¢(7/2) T\*<¢(3))
Cv/Nkp (T < T¢) 12((?) (—?E) | 35Z ((T)) 25((3/22 | 6((T)) C(2() |
galz1)  g3(21 90 g7/2(21) 20 g5/2(21 gs(z1)  g2(2z1
Cv/Nkg (T > T¢) 1293?(3 92(21) 4 952 /5222(%)/2) 4 gs/2(21) g2(21)  g1(z1)
ACy/Nk 92222 ~ 6.57 = ~ 3.20 0
v/Nks @ 2 CG/2) oY
T\ ga(z1) 7T(T 97/2 Zl T\ gs(z1)
E 3 53 11 00 1 2 3 4
=4 ]
< 8=2 ’ & o 5=2
—~ 27 ‘Mm 71 _xéa -4 5=1 -
7 2 Z =
S S 5-3 A e of 8 s- NN
| 3] 21 I
=) 1 83=2 8=1 -121
0 . 0 T
0 1 2 3 4 0 1 2 3 4 0 1 2 3 4 16 ‘
T/Tes T/T.s T/Tes T/T.,

Fig. 2. Thermodynamic variables as functions of temperature 7', as defined in text, for a 3D boson gas trapped by § =1, 2 or

3 harmonic oscillators.

region of small oscillations where (BEC) has been ob-
served, can be viewed as a Bose gas in 3D with § = 3.
Table 2 shows some parameters in bosonic vapor systems
where BEC has thus far been observed. The ratio in last
row shows the kind of agreement obtained between the
experimental T and calculated T (42) where the good
agreement found by Ensher et al. [45] for §TRb is also ob-
tained in this paper for 7Li, $2Rb, 3He and 1§K. However,
for 27Na and {H we find only moderate agreement.

5 Trapped fermions

Finally, consider a system of N noninteracting fermions in
d dimensions trapped by § (< d) mutually perpendicular
harmonic oscillators, and otherwise free in the remaining
d — ¢ directions. Since

QBle—n(D)} 1} L 0(Bp—e),

T—0

with 4 (0) = Erp = h%k%/2m the Fermi energy, kr being
the Fermi wavenumber, we see from (31) with a = +1 that
N ——= 24445/ (d+6) I'([d + 6] /2)
x (Ep — hwé /2)4+0/2

~ 24415/ (d+0) I([d+ 6] /2)] By (a7)

where in the last step we neglected hiwd/2 compared
with Ep. The fermion number density with s = 1/2, if
d = 0 is obtained [41,46], substituting (9) in (47), as

N kd
= — = 48
"= Td T 2425424 (d)2)’ (48)

which reduces to the familiar results n = 2kg /7, k3 /27
and k3. /372 for d = 1, 2 and 3, respectively.

Recalling that —Li,(—2) = fo(2) which are the FD
integrals, the internal energy from (21) can be expressed as

U(T,v) _ 5M n d+ 6 fars)/2+1(21)
NkgT 2 2 flate)y/2(21)

(49)
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Table 2. Some experimental parameters associated with trapped bosonic gases in which BEC has been observed to date, N
and Ny being the number of atoms in the initial cloud and in the condensate, respectively; T, the BEC transition temperature;
n the boson number density, 7 an average trap frequency; and Ty the BEC critical temperature calculated with (42) for a

harmonically trapped ideal boson gas.

Boson 8TRb 2"Na ILi 1H 8 Rb 4He 1K
Year/Ref. 1995 [45] 1995 [2] 1995 [3] 1998 [4] 2000 [5] 2001 [6] 2001 [7]
N 4 x 10* 5 x 10° 2 x 10° - - 8 x 106 -
N 2 x 10® - - 10° 104 5 x 10° 104
Te (uK) 0.28 2 0.4 50 0.015 4.7 0.16
n (cm™?) - 1.5 x 10" 2x10% 48 x10"® 1x102 38x10"® 6x 10"
7 (Hz) 186.5 345.62 145.94 786.97 12.8 515 232.17
To (uK) 0.29 1.4 0.4 36 0.012 4.6 0.12
T./To 0.97 1.4 1 1.4 1.25 1.02 1.33
. 16 3 8
F,;g 3=3 523 0
m = -
-24 1.4 5—2 v p 3=2 .
SN 21 Z 5=1 =
Q12 S=1 w2 'MCQ
E 44 ~ -4
< 1 1] 3
Z. &=1
L 0.8 21
2 ¢ o=
0.6 T T T T 0 T T 0 i i i =3
0 0.1 02 03 04 05 0 1 2 3 0 0.5 1 15 2 1 2
T/T, T/T; T/T, 0 T/T, .

Fig. 3. Same as Figure 2 but for a fermion gas.

Table 3. Thermodynamic quantities, as defined in text, for a 3D fermion gas trapped by 6 = 1, 2, 3 harmonic oscillators.

1) 3 2 1
N 2o trk S (2B e (1) ot
U/NksT zisz 3,{,4((;1)) zi—“T Z;%EZ; 2Z:T 2;;3((;11))
S vV il o B vl ey B e Yoy
PV/NkpT % % %
S/Nks 4;; 4((;11)) —Inz ;;%EZ; —Inz }EEZ; —Inz
Using (47) and the asymptotic expansion for fy/»(2) for T. makes 1 = (4 — hwd/2) — 0, so that z — 1,

T — 0 (Ref. [41], Appendix B), (49) becomes

U(T) — Nhwd/2
Nk‘BTF T—0
(d+6) ™ T\

— |1 d+06+2)— (=

Aoty |t TUHITIH T (50)
From (23) the specific heat as T — 0 is then

Cy(T) w2 (T
— Z(=). 1

Note that this is identical for (d + J) = 2 with the T'— 0
limit in the Bose expression (43), since there vanishing

while go(1) — o0, and (39) was used along with (47)
for ng = np. Clearly, this is a special case of the general
result (30). In the same 7" — 0 limit the fermion entropy

S = fOT dT'Cy (T7)/T’ using (51) immediately becomes

2T
S/Nks — (d+ 5 (T—)

5 (7 (52)

which again is in agreement with the third law of thermo-
dynamics. These results are displayed in Figure 3. Table 3
summarizes results for 3D fermions with § = 1,2, 3 har-
monic oscillators.
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6 Conclusions

After constructing the grand potential, thermodynamic
properties were determined along with the densities of
states for ideal boson and fermion gases in d dimensions
trapped by ¢ mutually perpendicular harmonic oscilla-
tors (HO). Trapping maps the system into a free gas with
a new dimensionality increased by the number of trapping
oscillators, specifically, d — d + 0, and renormalizes the
particle masses m — m* according to (35). In particu-
lar, we detailed how 3D boson and fermion gases trapped
by 1, 2 or 3 mutually-perpendicular HO wells map into a
free gas in 4, 5 and 6 dimensions, respectively. Also, it was
found that in a trapped boson gas Bose-Einstein conden-
sation with critical temperature T, # 0 occurs if and only
if d4+ 6 > 2 so that for § > 1, d need not be restricted
to d > 2. Finally, for d = § = 3 the critical temperature
formula reproduces the experimental values of §*Rb ILi,
85Rb, 3He and {JK quite well, but only moderately so for
{fNa and 1H.

We thank Sail Tapia for reading and correcting the
manuscript, and acknowledge partial support from UNAM-
DGAPA-PAPIIT (México) # IN106401 and CONACyT
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