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in oil pipeline systems. AIChE J. 39(8):1377-1388) and with
experimental flow data for a binary mixture reported by Cordoba
and Schall (Cordoba A. J., Schall C. A. Application of a heat
method to determine wax deposition in a hydrocarbon binary
mixture. Fuel 2001 80:1285-1291). Good agreement in both cases is
found.

Key Words: Wax deposition; Modelling; Multicomponent mixture;
Non-Newtonian fluids.

INTRODUCTION

Under conditions of constant cooling of pipe walls (i.e., typically
in offshore producing platforms), crystal formation and deposition may
occur along pipes carrying waxy oil fluids. These solids build up inside
the flow-lines and significantly decrease production rates. As crude oils
are cooled along the production tubings, a drastic change in the
rheological properties of the oil occurs, since hydrocarbon liquids
above their cloud point (or wax appearance temperature) behave as
Newtonian fluids (Wardhaugh et al., 1988), but below those temperatures
they become a shear-thinning and time-dependent suspension (Pedersen
and Ronningsen, 2000). The precipitated wax may adhere to cold
surfaces and give rise to wax deposition on the walls of the wells.

Some wax will deposit at the inner side of the wall as a consequence of
wax precipitation in the bulk oil phase as solid hydrocarbons (Wardhaugh
et al., 1988). As the solid fraction increases further to 4-5% near the pour
point, the oil turns into a gel with yield stresses, including time-dependent
effects and large dependence on the thermal and mechanical history.

Models that incorporate the conservation equations of mass,
momentum, and energy have been proposed to predict the wax deposition
profile of full-scale pipelines (Burger et al., 1981; Elphingstone et al., 1999;
Hsu and Santamaria, 1994; Majeed et al., 1990; Ribeiro et al., 1997; Singh
et al., 2000, 2001a, 2001b). A few compositional (i.e., multicomponent)
models combining theories of phase-equilibria of multi-component
mixtures and fluid mechanics have also been proposed (Goyon et al,,
1988; Lindeloff and Krejbjerg, 2002; Ramirez-Jaramillo et al., 2001;
Svendsen, 1993).

A number of different assumptions in the calculation of the deposi-
ted mass of wax in pipe has been considered in these models, namely
molecular diffusion, shear removal, and aging of the wax awing to particle
diffusion in the wax gel. Also, different approaches for calculating oil-wax
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equilibria and rheological properties of the fluids have been assumed in
these models.

The results on the application of these models are highly dependent
on the assumptions and calculation approaches so considered.

In this work, we describe a compositional flow model for wax
deposition in pipelines which incorporates phase equilibria, a rheological
equation of state and a description of wax adherence to the pipeline walls
as a result of the contribution of molecular diffusion, shear removal,
and diffusion in the wax gel. As compared to previous models, the present
approach incorporates a multicomponent, full non-Newtonian fluid
behavior which depends on solid concentration and shear rate, a
thermodynamic approach based on a multisolid-phase concept of wax
precipitation and a dependence of the radial mass flux of the mixture on
the mass density of each liquid fraction, resulted from the equilibrium
state at each point of the numerical grid.

In first section, a description of the model is given together with the
calculation scheme. In second section, we show the results of the model in
three parts: in part (I) the model is first applied to a model mixture. In
part (IT) a comparison with predictions from a previous model (Svendsen,
1993) is made. Part (I1I) deals with comparisons between model predic-
tions and experimental flow data. Finally, in third section, a discussion of
the model results is given and some concluding remarks are outlined.

MODEL DESCRIPTION

Figure la depicts the computational domain, consisting in a model
pipe of length L and radius r along which a mixture of hydrocarbons flows.
The pipe is divided to form a computational mesh, with boundary
conditions applied at the ends and along the exterior surface of the pipe.
Finite differences are used in the solution of the differential equations. The
model fluid consists of # hydrocarbon components in thermodynamic
equilibrium, and therefore their mole fractions in both the liquid and solid
phases are functions of pressure and temperature. Since temperature at the
external wall of the pipe (which may be assumed to be a vertical oil well)
changes axially along the pipe, the forced convection heat transfer process
induces a change in the liquid temperature. Convection is included in the
heat equation and, in the range of flow rates explored, the diffusion
approach from mass transfer is reasonable.

Since both viscosity and wax thickness may change along the
pipeline, it is assumed that the wax/oil boundary changes very slowly in
the axial direction, so that a quasi steady-state model is applicable for
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Figure 1. (a) Computational domain for a model pipe. (b) Sections of a model
pipe with concentric layers.
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all rate processes concerning energy and mass. Heat associated with
frictional heating, axial thermal diffusion and phase transitions are
supposed to be negligible compared to heat convection.

The wax deposition rate thus depends on oil composition, oil
temperature, external temperature around the pipe, flow conditions,
pipeline size and pressure. Wax deposition occurs when the temperature
of the deposition surface in the pipe (not the average oil temperature) is
below the oil’s cloud point temperature. Therefore, the analysis of
deposition must mainly include the region close to the inner surface of the
pipe, where the process of component radial diffusion, heat flux at the
surface, and flow in the boundary layer are linked. The model proposed
here incorporates the heat transfer process with constant heat flux at the
external wall of the pipe. The reason lies on the fact that the external
(geothermal) temperature is know and not the inner wall temperature.
The radial temperature gradient and the existing pressure, which drives
the flow, induce a radial concentration gradient, assuming that
thermodynamic equilibrium of the multicomponent system holds at
every stage. The model assumes that the molecules that diffuse to the wall
deposit and form a wax layer, which may be removed by shear forces
from the fluid. The removal of deposited mass from the layer is especially
significant at high Reynolds numbers. In addition, the model includes the
diffusion of wax into and within the gel-like deposit, implying that the
deposit composition is variable and affects its thickness. The mass flux is
calculated for all components in the system and the total flux is the sum
of the fluxes of each component.

Maodel Formulation

The mole fraction of component i in the bulk of the flowing mixture
is given by (Svendsen, 1993):

z,~=Lxx,-+Lss,- (121,2,,71) (1)

where L, and L, are the mole fractions of the liquid and solid phases,
respectively, such as:

Le+L;,=1 )]

and x; and s; are the mole fractions of the component i in the liquid and
solid phases respectively, such that:

Zn:xi = isi =1 3)
=1 i=1
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In terms of the weight fractions, Eq. (1) becomes:

ZiMW,' = Lxx,'MW,' + LSS,'MW,' (4)
The weight fraction of component i in the feed is:
z;MW;
Wi = i (5)
Z,;:l MW,

where the denominator in Eq. (5) is the total molar mass of the liquid
feed. The weight fraction of component i in the solid phase in the mixture
is wy;, where:

LsiMW;  wi(LsiMW,)
ZZ:I MW, zMW;

Wsi =

©)

The total weight fraction of wax in the mixture w; is:

Wsg = i Wsi (7)
i=1

and the total weight fraction of liquid in the mixture is:

wx=iwxi=2(wi—wsi):1—ws ®)
= =

If V is the volume occupied by 1 mol of solid/fluid mixture, w, can
be expressed as:

_ (3L LssiMWy)/ V _ps
(X zMW)/ V' pm

where p, and p,, are the mass densities of the solid phase and mixture,
respectively. The mass density of the liquid phase is:

Px = Pm — Ps (10)

Using the mass density of the mixture (Egs. (9) and (10)) and from the
mass balances, the conservation equations for the mixture are given by:

Wy

©®)

a
Mass —g’tﬂ+V-pm1:0 (11
av
Momentum pm(a—;Jf-g . Vg) =—-VP+V-1+png 12)
aT 2
Energy pomCy —87+3~VT =kV°T (13)
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where v is the average macroscopic velocity of the mixture, defined as:

v= Zi;l Pivi (14)

and P,  and g are the pressure, stress tensor, and gravitational constant,
and C,, k, and T stand for the heat capacity, thermal conductivity (which
is assumed constant), and temperature, respectively. It is necessary to
point out that the previous conservation equations may also be written in
terms of the molar densities or mole fractions of the different components
in the two phases.

We also assume quasi-steady state for all rate processes concerning
mass, momentum, and energy, and also mixture incompressibility, i.e.,

V.pmr=0 (15)

The constitutive equation for the fluid is the following modified
Casson model:

z = 2n(1lp,ws)D (16)

where the viscosity n(IIp, wy) is a function of the second invariant of the
rate of deformation tensor (I ;) and the solid fraction w,, and is given by
Pedersen and Ronningsen (2000) as:

4
. Wy w
77(7/ ’Ws) = MNliq CXP(AWs) + BT + C—)’- an
14

where myq is the viscosity of the liquid phase, and 4, B, and C are
constants. According to Eq. (17), the shear rate-independent term
predicts the asymptotic region at high shear rates. The remaining terms
express that for high shear rates, the dependence of the viscosity with
the solid fraction diminishes, and it is higher at moderate shear rates,
according to Pedersen and Ronningsen (2000). The dependence of the
viscosity of the liquid phase with temperature is given by the Eyring
equation:

Mg = Eexp(F/T) (18)
where E and F are constants (which were obtained by Pedersen and

Ronningsen (2000) by a measuring viscosity data from different North
Sea oils).
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The constitutive equation for the mass flux follows Fick’s law:

2 dpx
J= E ﬁ =—DuVpx = _me (19)
i=1

The decreased solubility of the wax at the wall temperature induces
an increased concentration of precipitated solids next to the wall. This
concentration gradient creates a flux of precipitated solids towards the
core of the pipe and the liquid is transported to the wall. The
concentration created in the liquid phase drives the mass transfer. It is
worth mentioning that in most models, the diffusion flux in a multi-
component mixture in the radial direction, is written in terms of the
temperature gradient using the chain rule (Svendsen, 1993), although the
concentration gradient in Fick’s law is subjected to constant temperature
and pressure. As it will be shown later, in this work, Eq. (19) is applied to
liquid fractions resulting from the thermodynamic equilibrium at a given
temperature and pressure, and therefore, is consistent with Fick’s law.
The quasi steady-state condition implies that the time to establish the
heat and mass transfer profiles is short compared with the time for a
significant change in the bulk oil temperature at the specific pipe location.

In Eq. (19), D,, is the average diffusion coefficient, which may be
expressed as Burger et al. (1981), as:

Dn=< (20)
n

where C; is a constant to be determined for each oil. Burger et al. (1981),
suggested the following expression for this constant:

_s TWMW)'/?
Ci=74x10 S(LVO_G)— @n

(¥, MW, V are the association parameter, molecular weight, and molar
volumes, respectively) and found that ¥°° is proportional to T.

It is important to observe that the molecular diffusion transport
mechanism states that the concentration gradient of dissolved wax
created by the temperature profile induces a flux of this dissolved
material toward the wall, where it precipitates and adheres (see: Burger
et al., 1981; Ribeiro et al., 1997). This approach to the problem excludes
the fact that the dissolved wax in regions away from the wall can
sometimes precipitates out of the solution, when the two-phase boundary
is surpassed in the bulk. Since at a given stage the solid wax concentration
grows in the direction towards the center of the pipe, the transport of
solids can be present simultaneously to that of dissolved solids. In fact,
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Burger et al. mentioned that “in the situation where there is an increased
concentration of precipitated solids near the wall, shear dispersion, and
Brownian diffusion would lead to lateral transport and could provide for
the movement of solid particles to the wall if a mechanism (i.e., shear
removal) was available to remove the solid particles from the solid-liquid
interface.” This is explicitly shown in their Fig. 9 in Burger et al. (1981),
where the initial high concentration of precipitated solids next to the wall
diminishes continuously due to transport of solids to the core of the pipe.
Subsequently, a stage where the solids concentration is smaller than that
in the core is attained, resulting in a net transport of precipitated solids
towards the wall. In the simple case of molecular diffusion the diffusive
flux occurs in the liquid phase, but if the shear removal mechanism is
present, obviously it cannot be assured that the flux of precipitated solids
is absent.

On the other hand, the constitutive equation and the momentum
balance for the fluid in the pipe may be expressed as:

S AP
4 ﬂ(y ,WA-) = -2—Lr (22)
where r is the radial distance and AP/L is the pressure gradient that
drives the fluid. The variation of the shear rate and viscosity along the
radial coordinate are calculated using Eqgs. (17) and (22). The radial
velocity profile is then readily obtained upon integration from:

y(r) = (23)

Integration of the velocity profile leads to the volumetric flow rate:

0=2n / V(P dr 4
0
If axial thermal diffusion is neglected, the energy balance equation is:
aT #T 13T qx

where « is the thermal diffusivity of the fluid with thermal conductivity
k and specific heat capacity. g, is a heat source term associated with
phase transition from the liquid to the solid state, however, an order
of magnitude analysis suggests that this contribution is negligible as
compared to the other terms in Eq. (25). In addition, the thermal
Peclet number P, (vr/c) is very large, which is the limit found in a real
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situation (Ribeiro et al., 1997). The boundary conditions for Eq. (25)
are:

T(r,0)=T, 0<r<r, (26a)
T(0,2) = finite ~ z>0 (26b)
L = U2 - T (260)

Equation (26¢) is the boundary condition corresponding to the
cooling of the liquid due to the temperature gradient existing between the
geothermal temperature of the rock in contact with the exterior pipe wall
T.(z) and the temperature of the liquid in contact with the deposited layer
T(r,,z) (See Fig. 1a). The global heat transfer coefficient U is given as
the sum of the resistances (in terms of the respective radii and thermal
conductivity k) of the solid phases corresponding to the cement layer,
annulus, pipe wall, wax, and the resistance due to the interface solid—
liquid At

1 /(1 ., rn 1. rn 1. n1n 1,1 1Y!
= (— 2 2 iy 2
v rw(kcem nr3+kan rlrl+kw nr0+ks nrs_}_hinrw (7)

where the deposited gel thermal conductivity is assumed to be a function
of its wax content (F,,) given by (Singh et al., 2000):

_ [2kwax + koit + (kwax - koil)Fw]

ks =
[kaax + koil - 2(kwa\x - koil)Fw]

koil (28)

and the interfacial heat transfer coefficient in laminar flow is given by:

ks d\ 73 - 0.14
hip = 1.86(7) (Pez) (n—> (29

It should be remembered that the heat transfer process has been
modeled by the convection—diffusion equation (25), which has a
convection term in the axial direction and a diffusion term in the radial
direction. Hence, diffusion of heat and mass exists in the radial direction
whereas heat is transferred by convection along the axial direction.

In Fig. 1b, a section of the pipe with the mentioned concentric layers
is depicted. Equation (27) takes into account the variation of deposited
layer thickness and therefore the global heat-transfer coefficient changes
with axial distance and with the deposited solid fraction (Lindeloff and
Krejbjerg, 2002).
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To account for pressure and temperature effects on wax-formation
equilibria, a multisolid-wax equilibrium formulation (Lira-Galeana et al.,
1996) that uses an equation-of-state (EOS) is employed in this work.
This approach is based on the experimentally-supported (Pedersen et al.,
1991; Snyder et al., 1991) assumption that, upon crystallization, the
precipitated species from petroleum do not form a solid solution but
instead, a multisolid-wax precipitation process which considers only a
limited number of solid hydrocarbons is undergone. This method differs
from other algorithms (Coutinho and Ruffier-Meeray, 1997; Erickson
et al., 1993; Hansen et al., 1988; Lindeloff et al., 1999; Pauly et al., 2000;
Won, 1986) in which a solid solution concept for the precipitated wax
is assumed.

In terms of component fugacities, Lira-Galeana et al. showed that
the following phase-stability test based on the use of the EOS suffices for
determining the number and identity of the precipitated solids, i.e.,

SiP,T,2) —f35 e {PT)>0 i=12,...,N (30)

pure,i

At any given pressure and temperature condition, the mixture species
that fulfill the above expression will precipitate, and those which do not,
will only be present in the liquid (i.e., oil) phase. Further material-balance
equations together with a multivariable Newton—Raphson or more
sophisticated solution procedures can be used to complete the computa-
tional algorithm. Details are given in Pan et al. (1997) and in Lira-
Galeana and Hammami (2000). Further application of this method can
be seen in the works of Nichita et al., (1999, 2002), Pan and Firoozabadi
(1998).

Since the thermodynamic equilibrium requires that the fugacity of
each component in the liquid phase be equal to the fugacity of the pure
components in the solid phase, it is required to perform an equilibrium
calculation at a given temperature and pressure at each point of the grid
domain. This will give the precipitated solid fractions and liquid gradients
from which the mass flux calculations for each component of the mixture
(Eq. (19)) can be carried out.

The total amount of deposited mass at time ¢ and distance from inlet
z=0to z=L (i.e., from bottom to the surface) can be expressed as the
sum of three contributions:

M(t,z) = Y " Mmpi(t, L) — Msg(t, L) — Map(t, L) @1
=1

where Myp;(¢, L) is the deposited mass due to molecular diffusion for
each component in the mixture, Mggr(z, L) is removed mass due to the
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shear removal mechanism and Mgp(t, L) is the mass of wax molecules
diffusing into the gel deposit.

The shear removal mechanism assumes that hydrodynamic forces
remove a portion of the deposited layer. In this work, we use an approach
for estimating the removal rate from the work published by Solaimany
Nazar et al. (2001), who used Kern and Seaton (1959) expression for
estimating the removal rate which is suggested to be proportional to the
deposited mass and the wall shear stress exerted by the flowing fluid. This
can be expressed as:

Jsr = Ay exp(—B,/T)t,M(t — dt, z) (32)

where 4, and B, are constants that depend on the oil composition and
for each crude oil must be determined experimentally, 7T is the current
temperature of the fluid, M(¢—dt, z) is the deposited mass one step before
the current time, and the wall shear stress is given by:

APr,
Ty = T 7 (33)
The formation of solid wax crystals deposited on the walls leads to
the formation of a gel layer (Kané et al., 2003; Singh et al., 2000, 2001a,
2001b), which consists of a liquid phase and a nonmoving solid phase.
The gel layer behaves as a porous medium, in which wax molecules
continue to diffuse due to the radial variation of temperature. The aging
of the gel is manifested by an increase of the wax content of the deposited
gel. Therefore, in addition to the processes of molecular diffusion and
shear removal, there is also an internal diffusion process. A temperature
gradient across the gel layer exists and hence, there is an internal
diffusion flux of wax within the gel deposit. Singh et al. (2000) suggest the
following expression for the internal diffusion:

dCys dT

Jop = —De—rrm — (34
where the derivative of the solubility with respect to temperature
(dCys/dT) is given directly from the thermodynamic multisolid equili-
brium model (Lira-Galeana et al., 1996). The effective diffusivity of wax
molecules into the gel deposit is a function of the porosity of the gel. The
following expression derived for porous media of flake-like particles
(Cussler et al., 1988) is used for the effective diffusivity:

D, — Dy,
‘T 14+ a2F2/)(1 - F,)

(33%)
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where the molecular diffusivity D, of paraffins in paraffinic solvents has
been proposed by Hayduk and Minhas (1982) to be 1.48 x 10~%cm?/s.
« is the average aspect ratio of wax crystals and the weight fraction of
solid wax in the gel is given by:

_ mass of wax _ M(t, L)
" mass of wax +mass of 0il  p,m(rg — r,,)?Az

(36)

the density of the gel (p,) is constant and does not vary with time.
Equation (31) becomes:

n n t L
M(t,L) = Z M(t, L) = Zzn /0 /0 rwIMDily—y, dz dt
i=l i=1

t L ¢ L
- 271/ f rwJsrdz dt + 27tf f rwJop dz dt 37
0 Jo 0o Jo

where the mass flux (Eq. (19)) is evaluated at the liquid—solid interface
(r=r,). The removal rate is calculated taking into account the mass
previously deposited (i.e., at time ¢—dt). The derivative of M is:

oM " aM. n ¢
— =n{ri—rl)p, = Z f= ZZJT/ rw IMDilr<r, dt
3z py e

! 13
- 271/ ry Jsr dt + 271/ ry, Jop dt (38)
0 0

Equation (38) is an implicit equation for r,. Having found r,, the
total deposition rate is:

dM " dM; 4 L
- = ;Tz — ;2n/0 Yo IMDil—y, dz
L L
— 27rf rw Jsr dz + an rvJop dz 39)
0 0

Appendix I presents a flow diagram for the entire calculation scheme.
Input variables for a given calculation as well as output quantities and
are all illustrated in Table 1.
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Table 1. Input and calculated variables for the
flow chart calculation procedure (see Fig. 1a).

Input data Output data
P, PX(r,z)

T, T*,2)

P Solid fractions (w,)

“

T, Density (p)

z Viscosity (1)

r Radial mass flux (/)
L Mass deposited (M,,)
Tu(2)

RESULTS AND DISCUSSION
1. Model Pipe

Before dealing with comparison with experiments, we first show an
example of a model oil, whose composition includes heavy components,
to analyze the effect of heavy fractions on deposition. This sample case
have typical values of geometry and flow rate that render a range of
Reynolds numbers. Input data for the system are given in Table 2. The
weight fractions and molecular weights of the mixture components are
given in Tables 3 and 4.

Although in some particular simplified cases it is possible to give
analytical asymptotic expressions for the mass and heat transfer
problems (for example, the Graetz problem with Neumann boundary
conditions at high Reynolds numbers), implementation of the thermo-
dynamic equilibrium relations for multicomponent mixtures precludes
any effort in that direction. Moreover, the use of numerical methods is
further justified due to the nonlinearity of the rheological constitutive
equation, which gives rise to a highly nonlinear velocity profile that
changes as the solid fraction concentration is modified by the
thermodynamic equilibrium.

The calculations are performed from the bottom of a model oil pipe
up to the surface. Given a “geothermal” (imposed) axial temperature
profile, the heat flow is transferred across the pipe wall, so that the liquid
temperature diminishes along the pipe from bottom to surface condi-
tions. The heat transfer mechanism is mostly concentrated in a thin
thermal boundary layer, which, under the applied conditions, its width
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Table 2. Input information for the model pipe.

Model parameters

Values

ro (m)
ry (m)
ry (m)
r3 (m)
r4 (m)
7, (K)
T, (K)
P, (bar)
P, (bar)
L (m)
Q (m’/h)
t (h)

At (h)

0.0445
0.05
0.08
0.10
0.12

381.28
303

318.82
56.44
3660

143
3744
37.44

Table 3. Weight fraction

composition for

mixture.

Molecular weight Weight
Hydrocarbon (kg/kmol) fraction
n-Cis 212.47 0.7173
n-Cap 282,62 0.2400
1-Cas 352.77 0.0180
1-Cag 422.92 0.0102
1-Cas 493.07 0.0089
n-Csg 535.16 0.0035
n-Cyag 563.22 0.0011
n-Caz 591.28 0.0007
n-Cys 633.37 0.0001

is smaller than the momentum boundary layer. The numerical algorithm

requires the discretization of the cylindrical domain into a grid with
coordinates (r, z). Starting from known volumetric flow rate 0, T,, and
P, (temperature and pressure at the bottom of the well) and initial
composition of the liquid fractions, the pressure gradient must be
calculated. Initially, and predicted by Eq. (30), no solid fractions in the
liquid are present, so the liquid is Newtonian with viscosity and mixture
density given by the initial conditions of pressure and temperature. The
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Table 4. Input information for the system in the
previous model.

Parameter Value
ro (m) 0.0045
L (m) 1.000
Q (m*/h) 0.050
MW, (kg/kmol) 215
MW, (kg/kmol) 530
Re 193
T, (K) 303
Wy 0.850
wa 0.150
T (h) 80
At (h) 0.03

parabolic velocity profile is considered in the case of laminar Newtonian
flow for the calculation of the temperature profile along the following
axial grid point using Eq. (25). Knowing the updated values of pressure
and temperature at the points (ro+ Ar, zo+ Az), the thermodynamic
equilibrium will give the corresponding solid fractions, depending on the
phase boundary envelope. The calculation of the solid fractions in
equilibrium assumes that equilibrium conditions are reached immediately
at each grid point, so the quasi-steady-state approximation holds. As
soon as liquid fractions are known, they diffuse according to Eq. (19),
with diffusion coefficient given by Egs. (20) and (21). From the resulting
fractions and the calculated temperature gradient, the mass flux may
be evaluated at the wall for each species. Equation (39) provides the
deposition rate, which is a function of the mass flux and r,,, the removal
rate and the diffusion of waxes into the gel.

With the presence of large amounts of solid fractions, the fluid
gradually becomes non-Newtonian and shear-rate dependent. The shear
rate radial profile is calculated from Eqs. (17) and (22) given the
equilibrium solid concentrations and a guessed value of the pressure drop.
Equations (23) and (24) provide the velocity profile and the volumetric
flow rate. We must satisfy a local mass balance expressed as follows:

Mass flow of oil
fed from cell /
tocell i +1

__ Mass flow of oil

~ leaving cell i
aM

(Pm)ip1Qivt = (om); Qi — ar (40)

i+1

— Deposited mass
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where (dM/dr)|,,, is the deposition rate from cell i to cell i+ 1, and which
is given by:

M
dt

n dM n z+Az
_ Z_d_’i = ZZJT/ rw IMDilry, dz
{ = z

i+l B k=1
z+Az z+Az
— 27rf rwJsr dz + 2n/ rvJop dz 41)

The pressure is updated to calculate the next temperature profile. The
iterative process is repeated until the conditions at the surface of the wall
(i.e., when z = L) are satisfied (i.e., P, and T}, namely the pressure and
temperature at the pipe surface). The numerical method used to solve the
equations has been described elsewhere (Ramirez-Jaramillo et al., 2001).
The following results are given for oil model.

In Fig. 2, the geothermal axial temperature profile of the rock in
contact with the exterior wall (which occur in the case of a vertical oil
well) of the pipe is shown. The geothermal temperature decreases from
380 to 300K almost linearly, but over the remaining 1000 m from the
inlet, the temperature decreases more steeply to 300K.

Figure 3 depicts the calculated pressure profile along the well. Pressure
decreases almost linearly from around 325 bar at the bottom of the well

380 1
X 360
]
t =
3
b
©
© 340
%
=
()
'—
3204
300
Surface Bottom

T T T v T ¥ T v J v T v T v
0 500 1000 1500 2000 2500 3000 3500 4000
Distance, z[m]

Figure 2. Geothermal axial temperature profile of the model oil well.
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Figure 3. Guess and calculated pressure profile for the mixture.

to approximately 50 bar at ground conditions. These pressure values are
considered in the calculation of the thermodynamic equilibrium at each
axial grid point. Since the pressure gradient is almost constant, the flow
rate is expected to be a decreasing function of the axial coordinate due to
wax deposition.

The 80K decrease in temperature along the well length and the
appearance of solid fractions results in a substantial increase in the
viscosity of the mixture. In Fig. 4, the viscosity of the mixture shows a
three-fold increase along the well length. In the same figure, the
volumetric flow rate is plotted with axial distance. Under laminar
conditions, the flow rate is inversely proportional to the mixture viscosity
and depends strongly on the pipe effective radius. A substantial decrease
in the volumetric flow rate as the fluid reaches the inlet is thus predicted.
This decrease in the volume of fluid per unit time is compensated by an
increment in the mixture density (see Fig. 5), to keep the balance of the
mass rate per unit time along the pipe. The viscosity of the liquid
decreases with the shear rate, it increases with the solid fractions and
decreases with temperature. The behavior exposed in Fig. 4 is thus the
resulting viscosity given by Egs. (17) and (22), where all these variables
are taken into account.
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Figure 4. Mixture shear viscosity and volumetric flow rate plotted with axial
distance referred to the inlet coordinate for mixture.
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Figure 5. Variation of the density profile with axial distance for model oil.
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The fluid viscosity also varies along the radial coordinate. The shear
rate is zero at the pipe center and increases up to the wall region, where
the velocity of the liquid decreases to zero. The viscosity thus should
decrease as the wall is approached, but this effect is overcome by the
increase in the viscosity due to the low temperature of the region in
contact to the wall and to the presence of solid fractions in this region. In
the whole, the radial viscosity profile changes axially in a pronounced
nonlinear form along the pipe axis.

Results show that the value of the diffusion constant in Egs. (20) and
(21) influences strongly the amount of solid fractions deposited on the
wall and hence the width of the deposited layer. Equation (21) states that
C, is a function of the average molecular weight of the mixture and the
association parameter. To quantify the effect of the variation of C; on the
resulting deposition rate, we choose two extreme values, i.e., 2.4 x 107!2
and 1x 107'° This will provide two values of the average diffusion
constant and hence a variation in the mass Peclet number. In Fig. 6, we
show the total solids deposition as a function of the Reynolds number for
156 days of flow time, considering the two values of C;. There is a strong

10%3 12 =156 d

1-m—cy=24x10""2n t =156 days
_ ,]-o—ci=10x 107"°N
g '
X E
3 g—0o-0-0—0-0-0npg
s ] q—a—"
g 10%
[1] 3
-;=, o
g o
s 1073 -5 Ea gy

E o
(] E n—"
g -

o

= 10° 3 P g

3 ]

107" ————rrrrT ———rrrr —rr
10’ 10? 10° 10*

Reynolds number, Re

Figure 6. Overall solids deposition mass (kg) vs. Reynolds number after 156
days of flow time, for two values of Cj. Inset is a log-log plot.
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effect of the flow and magnitude of the diffusion constant on the total
deposition, specifically in the low range of Reynolds numbers. The solids
deposition increases steeply with Reynolds number up to Re =~ 100, where
a more gradual increase is observed for higher Reynolds numbers. It is
very interesting that at very high Reynolds numbers (more than 2000)
the mass deposited decreases with Re after describing a maximum. This
result is ascribed to the influence of the shear removal process when the
shear stress attains large magnitude, which is consistent with similar
predictions found in the current literature.

The proposed model can determine the point along the well length
where solids start depositing. As the liquid mixture flows along the pipe
from bottom to the surface of the well, the liquid is cooled and may
surpass the liquid—solid equilibrium envelope. As depicted in Fig. 7, the
solid weight fraction suspended in the liquid reaches the solid-liquid
equilibrium phase boundary close to 391 m depth. Thereafter, closer to
the inlet, the weight fraction increases steeply up to the exit, reaching
values around 2.7 wt% close to the ground. In Fig. 8, it is shown that
the layer thickness reaches a maximum at around 270m depth, and
the width of the layer increases with Reynolds number. A maximum in
the layer thickness has been also predicted in the current literature
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o ps 25 C,=24x10"’N
¥ 25
b33
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§ 20
-
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c
2 15
§ 1.0 4
E 1.0
= 0.5
]
=
0.5 0.0 - T T T ¥ T
0 100 200 300 400 5do
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1 M T T 1 v 1 1 M 1 v T v
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Figure 7. Variation of the solids fraction as a function of the axial coordinate
after 156 days of flow time.
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Figure 8. Deposited layer thickness as a function of the axial coordinate for the
mixture, for various Reynolds numbers with C; =2.4 x 1072 N.

(Majeed et al., 1990). The initial increase in the thickness is due to the
increase in solids fraction, but as the liquids experiences further cooling
the temperature gradient between the fluid and the wall diminishes as the
exit 1s approached. Since the radial temperature gradient is the driving
force for radial diffusion, a reduction in the magnitude of the mass flux is
then induced, causing a diminishing deposition rate and lower amount of
mass deposited.

It is also possible to calculate the change in the thickness of the
deposited layer as a function of flow time. As depicted in Fig. 9, the width
of this layer increases substantially for flow times larger than 100 days.

In Fig. 10 the contributions from molecular diffusion, diffusion in
the gel phase and shear removal on the mass rate are plotted as a function
of axial distance, for a given Re number and flow time. At this flow rate,
the contribution of diffusion into the gel phase is very substantial,
especially close to the surface of the well, as opposed to the shear removal
process.

In Fig. 11 shows that, by varying parameter Cl of the model
(according to either deposition data or pressure-temperature dynamic
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Figure 9. Deposited layer thickness as a function of the axial coordinate for the
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Figure 11. Effect of parameter C, on the growth of the wax thickness, s. The
wax thickness grows ~100 times.

logs within a well), reasonable wax-thickness values can easily be
obtained. In several parts of the manuscript we have pointed out that the
growth of the solids layer depends strongly on the mass diffusion
coefficient (Eq. (20)). Other researchers have given a range of values to
the constant C; in Eq. (20) to model their systems. This is of course, not
an exact procedure, but an approximated approach. The fact that this
coefficient is not provided for the system under consideration led us to
choose a given value. However, the layer growth can increase if we allow
a higher value of C; within the mentioned range, as the Fig. 11 shows for
two arbitrary values of such a variable parameter.

2. Comparison With a Previous Model

Results from the present model are compared with numerical results
reported by Svendsen (1993), who used a similar flow model, but without
the contributions of shear removal nor diffusion in the gel phase.
Therefore, in this comparison, we do not consider the mechanisms of
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shear removal and gel diffusion. As in the present model, Svendsen
assumes essentially that the deposition will only occur if the wall
temperature of the pipe is below the precipitation temperature of the oil.
Therefore, a negative temperature gradient must be present in the oil. The
wall friction must be so large that wax crystals can stick to the wall.
Finally, it is further assumed that the wax/oil boundary moves so slowly
that a quasi steady-state model is applicable for all rate processes
concerning energy and mass. The system consists of a hydrocarbon
mixture with two phases, solid and liquid. The solid phase of the mixture
is referred to as wax particles. If these particles stick to the wall, wax
deposition occurs.

Input data for the present comparison is shown in Table 4.
Constant wall temperature may be considered as a boundary condition
for the temperature distribution. However, as mentioned above, if the
thermal conductivity of the deposit is very different to that of the oil,
then the constant heat flux boundary condition is convenient. Equation
(26c) is the boundary condition corresponding to the cooling of the
liquid due to the temperature gradient existing between the geothermal
temperature of the rock in contact with the exterior pipe wall T,(z) and
the temperature of the liquid in contact with the deposited layer
(r,, 2).

The global heat transfer coefficient U is given as the sum of the
resistances (in terms of the respective radii and thermal conductivity k) of
the solid phases corresponding to the cement layer, annulus, pipe wall,
wax, and the resistance due to the interface solid—liquid hi;', as shown
in Egs. (27) and (28). Two hydrocarbon components are used in the
simulations.

In Fig. 12, the predicted temperature profiles of the two models are
compared. The model presented in this work predicts a larger tempe-
rature gradient and more complex profile next to the wall. Differences
indicate that the velocity profiles of each model are different. In fact, in
the present model, a full non-Newtonian profile, which depends on
the shear rate and solid concentration is considered in the convection—
diffusion equation for the temperature, Eq. (25), whereas in Svendsen’s
model, a power-law profile is taken into account.

In Fig. 13, a comparison is made on the predictions of the w; functions
defined in terms of the solid fractions of the ith component wy; as:

- " Wi T 3pm
w=;@=2[~T aT +(Wi*Wsi);;ﬁ] (42)

i=1
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Figure 12. Comparison of predictions from Svendsen model (Svendesen, 1993)
and the present model of the radial temperature profile.
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Figure 14. Comparison of number of moles in liquid phase per mole mixture as
a function of temperature. Model prediction.

The mass flux J is given in terms of the temperature gradient as
(Svendsen, 1993):

J = —Dp 32 = ~Dppog 5 (43)

where D,, is the average diffusion constant. Figure 13 describes the
variation of the  function with temperature for both models. The
lightest component (component 1), which has the largest weight fraction,
contributes more to the deposition rate in the temperature interval
280-298K, due to the thermodynamic equilibrium.

In Fig. 14 the calculated liquid fraction is plotted with temperature.
The predictions of both models are in quantitative agreement, indicating
that for pipeline temperatures higher than 305K, the mixture is reaching a
full liquid phase state. The wax appearance point (WAP) for this mixture
is 319K.

In Figs. 15 and 16 we compare results of the two models in the small-
scale close system. It is assumed that the inner wall of the loop is kept at a
temperature higher than the wax appearance temperature, except in the
test section. The simulation flowing time is 80 h. Deposition as a function
of time is shown in Fig. 15 per m? of clean wall, and the wax thickness
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distribution after a flow time of 80h is shown in Fig. 16. A very close
agreement is depicted between the two models. Figure 15 shows that
during the first hours of flow the wax deposition is entirely due to the
lightest component. At the wall temperature of the test section (278K) w,
is much larger than w;, as shown in Fig. 13, and therefore J, > J,.
However, at temperatures larger than 298K, w, dominates over «; and
then Jz > Jl.

3. Comparison With Experimental Flow Data

Finally, we compare predictions of our full model with the
experimental results from Cordoba and Schall (2001) who measured
the deposition behavior of a model binary mixture using a flow-loop
device. Here, the resistance to heat transfer from the internal flowing
fluid to the environment consists of the resistance of the interface liquid-
wax, heat conduction through the wax, heat conduction through the pipe
wall, pipe wall-environment interface. The geometry of the test section
considered is illustrated in Fig. 17.

Y
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Figure 17. Sections of a flow system used by Cordoba and Schall (2001).
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Table 5. Input information for the comparison

with experimental flow data.

Parameter Value
r, (M) 0.001841
r (m) 0.003175
7> (m) 0.003301
k, (W/mK) 19.5
kan (W/m K) 0.504
Ky (W/mK) 17.3

L (m) 0.254
0 (m’/s) 1.0x107°
Re 526
7, (K) 273.15
MWI (Cyg) (kg/kmol) 114.232
MW?2 (cyclo C¢C\9) (kg/kmol) 350

T (h) 2

At (h) 0.133

1.0 EL
— — Calculation 1 (t:1 = 3.36 x10 N)
1—-— calcutation 2 (¢ = 7.38 x10"1%
0.8 - Calculation 3 (C, = 3.36 x10M N)
|- Calculation 4 (C, = 7.36 x10710 N
0.6

0.0 T T T 1

Time, [min]

S
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T
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—
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Figure 19. Comparison of model predictions and Cordoba and Schall (2001)
data of the dimensionless wax thickness distribution for the 90:10 (cyclo
C¢C19:Cg) ratio.

The system under analysis consider two hydrocarbon components
n-nonadecylcyclohexane (cyclo C¢Cyo ) and octane (Cg) in several propor-
tions. This system was studied to obtain the wall thickness at a flow rate
of 63mL/min with the set of physical properties shown in Table 5.
Results with our model including the use of the same values for C, and &
at Re=1526, are shown in Fig. 18, for calculations (1-4). Since the
diffusion constant C; in Eq. (20) changes with composition, each curve
was calculated with different value C;. The layer thickness increases with
time and becomes asymptotic for long times. These predictions compare
well to flow data measured by Cordoba and Schall (2001) [see their Fig. 2]
using the heat transfer method.

Direct comparison between predictions and experiments is shown in
Fig. 19 for one specific run (calculation 3). The model under-predicts the
layer thickness for short times, but agreement with experiments is good
for times longer than 80 min. As discussed by Cordoba and Schall (2001),
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Figure 20. Present model predictions of the dimensionless wax thickness
distribution vs. time for various cyclo C¢Cj9:Cy ratios given in Table 6.

the experimental results showed a deposition profile of the wax occurred
very fast and randomly in the axial direction during the first minutes
of the run. This resulted in unstable and nonuniform deposition at short
times. Indeed, in their Fig. 4, these authors report strong fluctuations of
the wax thickness at short times, where the experimental error is large.
The standard deviation of wall thickness calculated from repeated
experiments decreases for long times as the deposit becomes more stable
and uniform. In view of the experimental uncertainties at short times,
model predictions may be considered satisfactory.

In Fig. 20 we show predicted wax thickness vs. time using three
different compositions (calculations 5-7, shown in Table 6), at a flow rate
of 63mL/min. According to measurements by Cordoba and Schall
(2001), changes in the wax deposit composition cause a variation in
normalized wall thickness of not greater than 8%.

A good agreement exists in the model predictions shown in Fig. 21
as compared to the measured values (see Fig. 3 of Cordoba and
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Figure 21. Dimensionless wax thickness distribution versus time. Com-

parison of model predictions with experimental data for the 30:70 (cyclo
C&C]gng) ratio.

Table 6. Physical properties and composition for the comparison with
experimental flow data.

Calculation Temperature C, J/KgK) Cyclo k Deposit
number (K) solution CgC19:Cy (w/mK)
1 293.15 1969 90:10 0.217
2 293.15 1969 40:60 0.161
3 303.15 2064 90:10 0.217
4 303.15 2064 40:60 0.161
5 300.65 2040.4 30:70 0.189
6 300.65 2040.4 60:40 0.189
7 300.65 2040.4 80:20 0.189
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Schall (2001)). Direct comparison between predictions and experiments is
shown in Fig. 21 for the 30:70 ratio (calculation 5). Once again, the model
under-predicts the deposition thickness for times shorter than 30 min, but
agreement is good for longer times (i.e., equilibrium times).

The asymptotic growth of layer thickness with time has been
predicted by other models. Agrawal et al. (1990) and Majeed et al. (1990)
also found that the deposition of normal alkanes increased asymptoti-
cally with time and reached a final and fluctuating value. This behavior is
explained on the fact that a balance is reached between viscous forces and
growth of the layer (Majeed et al., 1990; Wardhaugh et al., 1988). The
shear forces may be significant even at low flow rates, and shear removal
of deposits occurs when the wall shear stress exceeds the strength of the
wall deposit. These predictions of the model are physically realistic.

CONCLUSIONS

A compositional flow model for simulating wax deposition in
pipelines has been developed and tested. Results in model pipelines
indicate that deposition occurs due to radial mass diffusion driven by
a concentration gradient induced by a temperature gradient. The
temperature distribution of the pipe in the axial and radial coordinates
depends on the velocity profile which is itself a function of the rheological
properties of the fluid. The mass flux for each species is a function of
the thermodynamic equilibrium relations and the temperature gradient,
and it strongly depends on the average diffusion constant. We have
identified two parameters that profoundly influence the mass deposition
rate, namely, the Reynolds number and the mass Peclet number. The
contribution of flow inertia through increasing Reynolds numbers is
important, as depicted in Fig. 6. No significant increases in the solid
deposition are found for Reynolds numbers larger than 100. On the other
hand, the effect of the mass Peclet number on the deposition amount
through the average diffusion constant is very important, and strongly
determines the magnitude of the radial mass flux. The concept of
average diffusion constant was suggested by Burger et al. (1981) but
it is known that the constant of proportionality C; is not easy to
determine experimentally. Ribeiro et al. (1997) also assigned different
values to this constant within the range explored in the present work.
They also found a substantial dependence of the deposited mass
layer-thickness on the value of this constant. Here, we have reached
similar conclusions.
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The predicted increases in the deposited layer thickness as a function
of time shown in Fig. 9 illustrate that the maxima in the layer thickness
occur at a specific axial location, which is defined as that where the fluid
temperature reaches the cloud point. This prediction has also been
verified by Elphingstone et al. (1999) in a model dealing with multiphase
wax deposition. Therefore, the axial location of the onset for wax
deposition is controlled by the thermodynamic equilibrium. This result
derives from the fact that the thermodynamic equilibrium is reached in
a time scale shorter than the characteristic time scale of the flow. The
effect of the flow is clearly observed in the rate at which the mixture
components are deposited (see Fig. 8).

In a multicomponent mixture in liquid—multisolid equilibrium, the
thermodynamic equilibrium relations hold for only selected components
(Lira-Galeana et al., 1996), thus, it is possible that different fractions
might adhere to the wall at different axial locations, which in average will
merge into the broad peak shown in Figs. 8 and 9.

The compositional wax deposition model proposed in Sec. 2 is
compared with predictions of other models published before and with
experimental flow data reported in literature. In most cases, predictions
from our model are in quantitative agreement with experiments and
with predictions from other models. This agreement justifies the
assumptions made in the model development. A more realistic approach
in which a third phase (gas phase) is considered is currently under
investigation.

To summarize, among all possible identified mechanisms of wax
deposition, like shear dispersion, Brownian diffusion and molecular
diffusion, it is the latter the dominant mechanism (Burger et al., 1981;
Elphingstone et al., 1999; Lindeloff and Krejbjerg, 2002; Ribeiro et al.,
1997; Singh et al., 2000, 2001a, 2001b; Svendsen, 1993). In this work,
molecular diffusion induced by a temperature gradient through the
boundary layer was examined. Good agreement is found when extensive
comparisons between both models and real systems are made.
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NOMENCLATURE

Constant

Constant

Constant

Constant in average diffusion coeficient (N)

Heat capacity (J/kgK)

Pipe diameter (m)

Average diffusion coeficient (m?/s)

Constant

Constant

Gravitational constant

Fugacity of component i with feed composition z
Fugacity of pure solid-component i @ P and T
Inside convective heat transfer coefficient (W/m?K)
Mass flux (kg/s m?)

Mass flux of wax due to molecular diffusion (kg/s m?)
Removal flux of wax (kg/s m?)

Mass flux of wax within the gel deposit (kg/s m?)
Thermal conductivity of the mixture (W/mK)
Thermal conductivity of reservoir (W/m K)

Thermal conductivity of cement (W/mK)

Thermal conductivity of material in annulus (W/m K)
Thermal conductivity of wall (W/mK)

Thermal conductivity of wax deposit (W/mK)
Thermal conductivity of acrylic cylinder (W/m K)
Pipe length (m)

Number of moles in solid phase

Number of moles in liquid phase

Molecular weight (kg/kmol)

Deposited mass due to molecular diffusion (kg)
Removed mass due to the shear removal mecha-
nism (kg)

Mass of wax molecules diffusing into the gel
deposit (kg)

Number of components

Peclet number

Pressure gradient

Bottom pressure (bar)

Pressure at the pipe surface (bar)

Flow rate (m3/h)

Reynolds number
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¥o
r
r
r3
ra

-

s

ENSPPPS

Inside tubing radius (m)

Outside tubing radius (m)

Inside casing radius (m)

Outside tubing radius (m)

Wellbore radius (m)

Effective radius (m)

Mole fraction in solid phase

Time

Time step (s)

Temperature (K)

Bottom temperature (K)
Temperature at the pipe surface (K)
Wall temperature along the tube (K)
Overall heat transfer coefficient (W/m?K)
Molar volume of the mixture (m®)
Velocity profile (m/s)

Weight fraction of solids

Weight fraction of liquid

Mole fraction in liquid phase
Mixture composition

Mole fraction in the mixture

Greek Letters

Thermal diffusivity, @ =k/pC, (m?/s)
Shear rate (s™)

Viscosity (Pas)

Bulk viscosity (Pas)

Reference viscosity (Pas)
Density of solid phase (kg/m®)
Density of liquid phase (kg/m?®)
Density of the mixture (kg/m?)
Association parameter

Shear stress tensor (Pa)
Dimensionless weight function
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APPENDIX 1

Calculation Procedure
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ABSTRACT

A multicomponent liquid-wax hydrodynamic model that incorpo-
rates phase equilibria and a full non-Newtonian behavior is
proposed. In this model, molecular diffusion through the boundary
layer induced by a temperature gradient between the liquid and
the exterior pipe wall is assumed to be the dominant mechanism
for deposition. Numerical solutions to the conservation equations
for Newtonian and non-Newtonian flow regimes in a model pipe
are presented, and results on calculated radial mass flux and wax
deposition profiles as a function of time and position in a vertical
pipeline are discussed in detail. The results are compared with
predictions from a previous model developed by Svendsen
(Svendsen, J. A. (1993). Mathematical modeling of wax deposition
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