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Molecular photoionization cross sections in electron propagator theory:
Angular distributions beyond the dipole approximation
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Corrections to dipole approximation results for angular distributions in photoionization of first-row
hydrides have determined by using Dyson orbitals calculated with ab initio electron propagator
theory and by considering the full multipole expansion for the incident photon representation. The
relative importance of first-order corrections which consist of electric quadrupole and magnetic
dipole terms and of higher-order terms has been estimated as a function of photon energy. Multipole
corrections to the dipole approximation depend on photon energy and on the characteristics of the
Dyson orbitals. © 2005 American Institute of Physics. �DOI: 10.1063/1.2043087�
I. INTRODUCTION

Angle-resolved photoelectron spectroscopy has become
an important and powerful instrument for the study of the
electronic structure of atoms, molecules, and solids. To inter-
pret these experiments, photoionization cross sections are
calculated in the first order of time-dependent perturbation
theory. The perturbation operator �for the interaction of pho-
tons with the electrons of the target� is usually represented in
the so-called dipole approximation �DA�,1–4 which is valid
for radiation with wavelength � that is considerably larger
than the target size. In this case, the electromagnetic field
practically does not change over the spatial extent of the
target’s charge distribution.

The interaction energy of a flow of photons, possessing
the wave vector kph and the polarization vector n, with some
arbitrary, N-electron system is described by the operator1,2

Vint = −
e

mec
A0n�

i=1

N

eikph·ripi �1�

where c is the speed of light, e and me are, respectively, the
charge and mass of an electron, ri and pi=−iq�i are, respec-
tively, the position vector and the momentum operator of ith
electron, and A0 is the amplitude of the vector potential of
the electromagnetic field.

In the DA, the expansion

eikr = 1 + ik · r −
1

2
�k · r�2 + ¯ �2�

is truncated after the first term. This approximation is valid if
kr�1, where r is of the order of the linear size of the target.
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Taking into account that k=2� /�, the condition for the DA
can be written as

kr =
2�

�
r � 1,

or

� � 2�r . �3�

For small molecules, r�1 Å and, according to Eq. �3�, �
must be much larger than 2�. Thus, the condition of Eq. �3�
is fulfilled for ��60 Å, or Eph�200 eV�E�eV�
=12 384/��Å��. For large polyatomic molecules, the multi-
pole effects can manifest themselves at photon energies even
smaller than 200 eV. Note that the breakdown of the DA has
usually been estimated to occur for Eph�1 keV.5

In the DA, the angular distribution of photoelectrons for
linearly polarized light is presented as6

d����
d	e

=
�

4�
�1 + 
P2�cos ��� , �4�

where � is the total cross section, 	e is the solid angle in the
direction of the ejected electron, � is the angle between the
direction of the ejected electron and the photon polarization
vector, 
 is an asymmetry parameter depending upon the
angular momentum of an atomic shell, and P2�x�= 1

2 �3x2

−1� is the second-order Legendre polynomial.
At large photon energies, the DA is no longer valid. As

was shown in Refs. 7 and 8 in the general case, the angular
distribution of photoelectrons from a particular atomic sub-
shell for unpolarized light can be expressed as a linear com-

bination of the Legendre polynomials,
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d����
d	e

=
�

4�
�

n

BnPn�cos �� , �5�

where � is the angle between the photon and electron propa-
gation vectors. If the expansion of Eq. �2� is truncated after
the electric quadrupole �E2� and magnetic dipole �M1�
terms, the angular distribution of Eq. �5� can be presented in
terms of three parameters9–12

d����
d	e

=
�

4�
�1 −




4
�3 cos2 � − 1�

+ ��

2
sin2 � + 
	cos �
 , �6�

where 
 ,�, and 
 are the electric dipole, electric quadrupole,
and magnetic dipole asymmetry parameters, respectively. If
the nondipole terms are neglected, Eq. �6� yields the equiva-
lent of Eq. �4� for unpolarized light.13

It follows from Eq. �6� that the nondipole terms essen-
tially change the angular distribution. At �=54.74°, the di-
pole angular distribution of the photoelectrons is completely
determined by the nondipole terms.

The first measurements of multipole effects in atomic
photoionization were reported in Refs. 14 and 15, where the
deviations from the DA were detected at energies below 5
keV. An analysis of experimental and theoretical studies of
atomic photoionization is presented in the review by Lindle
and Hemmers.16 �See also Refs. 17 and 18.�

The first experiments reporting the measurements of
multipole angular distribution in molecules were published
in 2001.19 Irradiation at Eph�500 eV of gas-phase N2 mol-
ecules revealed large multipole effects in the angular distri-
bution of K-shell photoelectrons. The authors remarked that
these effects were observed at energies as low as 500 eV.
However, according to our estimate in Eq. �3�, multipole
effects in the photoionization of small molecules can be ex-
pected for Eph�200 eV.

Experiments on fixed-in-space N2 molecules20 demon-
strated a pronounced azimuthal structure in the angular dis-
tribution of ejected electrons. Langhoff et al.21,22 derived a
theory for fixed-in-space molecules that includes, as in Eq.
�6�, E1,E2 and M2 multipoles. Comparison of the measured
spectra with this theory led the authors of this work20 to
conclude that terms of higher order are needed to describe
the observed structure in the azimuthal dependence.

Recently, Grum-Grzhimailo23 formulated a general
theory of angular distribution of molecular photoelectrons in
terms of density matrix and statistical tensor formalism. The
resulting expansion over spherical harmonics includes all
multipoles, though its practical application becomes rather
cumbersome beyond the E2+M1 corrections.

In 1969, Kaplan and Markin24 suggested the use of the
exact interaction operator of Eq. �1�, instead of a truncated
expansion, in short-wavelength photoionization. This ap-
proach corresponds to the inclusion of all multipole moments
and, in its computational aspects, is simpler to use than the
truncated series of Eq. �2�. In Ref. 24, the angular distribu-
tion of ejected electrons from a fixed-in-space H2 molecule

and the total cross section were calculated in the photon en-
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ergy range up to 5 keV. The resulting angular distribution
represents oscillations due to the interference of two elec-
trons emitted from different atoms. The number of maxima
and minima rises with increasing photon energy and depends
upon the internuclear distance. In a subsequent study,25 a full
relativistic calculation of the photoionization of H2 in the
�-ray range with Eph�1 MeV was performed.

To the best of our knowledge, the nonexpanded expo-
nential operator of Eq. �1� has not been employed in atomic
or molecular photoionization studies since the publication of
Refs. 24 and 25. In the present study, we use Kaplan and
Markin’s24 approach with the plane-wave approximation for
the ejected electron, but reformulate it within the framework
of electron propagator theory.

The electron propagator theory �EPT� provides a compu-
tationally efficient and conceptually transparent approach to
the photoionization problem.26 Electron binding energies in-
cluding final-state orbital relaxation as well as electron cor-
relation effects arise naturally from the solutions of the
Dyson equation. To each of these binding energies is associ-
ated a one-electron wave function, known as a Dyson orbital,
which is rigorously related to the initial and final states and
which provides a one-electron interpretation of the ionization
spectra.

EPT methods have been applied routinely to the calcu-
lation of electron binding energies.27–30 On the other hand,
calculations of photoionization intensities based on EPT are
less common,26,31–35 and only recently has this kind of cal-
culation been introduced in a generally available quantum
chemistry package.26 All of these calculations employ the
DA for representing the ionizing radiation. The so–called
sudden approximation, in which the photoelectron is repre-
sented by a plane wave, is also made in these works. A
superior description would be given by a Coulomb wave
representation of the photoelectron or by use of the polariza-
tion propagator to describe bound-continuum transitions.

This paper reports the first calculations of differential
cross sections of molecular photoionization within the frame-
work of EPT including multipole effects. Employment of the
complete operator of Eq. �1� corresponds to accounting for
all multipole transitions. The theoretical photoionization
cross sections based on Eq. �1� are valid in a broad interval
of photon energies, from visible light up to x rays. Therefore,
we present here an analysis of the angular distribution of the
ejected electrons in the photoionization of the first-row hy-
drydes CH4,NH3,H2O, and HF in the photon energy range
of 300–5000 eV. The sudden approximation is made here as
well; we defer consideration of an improved description of
the photoelectron to subsequent studies.

II. THEORY

A. Electron propagator theory

In EPT, one searches for the poles �i.e., the energies
where singularities lie� of the propagator, which correspond
to the ionization energies �IEs� and electron affinities �EAs�
of the system under investigation. This process is equivalent

27
to solving the pseudoeigenvalue problem
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�F + ���n���gn� = �n�gn� , �7�

where the Fock operator F is supplemented by the energy-
dependent, nonlocal self-energy operator ��E� which in-
cludes relaxation and correlation effects. The eigenvalues of
this equation, �n, are the electron binding energies �IEs and
EAs�, while the eigenfunctions are the respective Dyson or-
bitals �DOs� which, for the IE case, can be considered to be
overlaps between the initial N- and the final �N−1�-electron
states. The integral is over the coordinates of all electrons
except one �x1�, yielding a one-electron wave function that
can be written as a linear combination of canonical Hartree-
Fock �HF� molecular orbitals ��i�,

�gn� = �
i=1

N

��i�
�n
N−1�ai��0

N� = �
i=1

N

bin�i. �8�

The latter expression also is discussed in our previous
paper.26

B. Photoionization cross sections

In the EPT formulation above, and describing the wave
function for a photoelectron with momentum ke by a plane
wave normalized in a large cubic box of edge L,

�ke
=

1
�L3

�ke
�r� , �9�

where

�ke
�r� = ei�ke·r�, �10�

the differential cross section for the photoionization of an
electron in the solid angle d	e can be written as26

d����
d	e

= �me

q2 	 L3kec

2�� A0
2 �
gn�V̂��ke

��2, �11�

where the operator for the interaction between light and mat-
ter is given by Eq. �1�.

Because the plane wave is an eigenfunction of the mo-
mentum operator, one can rewrite Eq. �11� as

d����
d	e

= � e2

me
	 ke

2��c
�n · P�2, �12�

where, in the general case,

P = ike
gn�ei�kph·r��ei�ke·r�� . �13�

If the incident light is unpolarized, one must average
over incident photon polarizations so that

�n · P�2 = 1
2 ��n1 · P�2 + �n2 · P�2� . �14�

The two polarization directions n1 and n2 are perpendicular
to the photon propagation direction defined by kph, such that
n1 ,n2, and kph/ �kph� define a new coordinate system in which
we can define �P�2 as

�P�2 = �n1 · P�2 + �n2 · P�2 +
�kph · P�2

�kph�2
, �15�
so that
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d����
d	e

= � e2

me
	 ke

4��c
��P�2 −

�kph · P�2

�kph�2
	 . �16�

Integration of Eq. �16� over the solid angle d	e gives the
photoionization cross section at a specific angle � between
the photon and photoelectron propagation directions.

By using the full exponential operator of Eq. �1�, the P
vector can be written as

P = i ke
gn�ei��kph+ke�·r�� , �17�

which is equivalent to including all multipole moments in the
exponential expansion of Eq. �2�.24 For gaseous molecules
with random orientations, one must integrate over the circle
formed by rotating ke by 360° around kph to consider all
combinations of ke and kph that conserve the angle � be-
tween the photon and photoelectron propagation directions.

III. COMPUTATIONAL METHODS

Calculations were done for the first-row hydrides
CH4,NH3,H2O, and HF. All geometries were optimized at
the MP2 level,36,37 with the correlation-consistent triple-�
�cc-pVTZ� basis set.38 The electron propagator and cross-
section calculations were done with the 6-311g�d , p� basis
set.39 In both cases, the full set of Cartesian Gaussian d and
f functions was used. The nondiagonal, renormalized,
second-order40 �NR2� electron propagator approximation
was used to calculate the ionization potentials and to obtain
the DOs needed for the cross-section calculations. A modi-
fied version of the GAUSSIAN 03 program was used.41

Cross sections were calculated for photon energies of
0.3–5.0 keV for CH4, 0.4–5.0 keV for NH3, and 0.5–5.0 keV
for H2O and HF, and at angles between the photon and pho-
toelectron propagation directions of �=90° and 54.74 ° �the
so-called dipole magic angle MA�. Relativistic effects were
not included. Since the cross sections become smaller as the
photon energy increases, a relative integral convergence cri-
terion was used, with the integration being considered con-
verged when the difference between two consecutive inte-
grals is below 0.01%.

IV. RESULTS AND DISCUSSION

Table I shows the optimized geometries, while Table II
shows the ionization energy and pole strength results for the
NR2 EPT calculations. The results are in good agreement

26

TABLE I. Optimized geometries and energies �a.u.�.

Molecule Geometry E�R�HF��

CH4 R�CH�=1.085 Å −40.209 020 3093
A�HCH�=109.47°

NH3 R�NH�=1.011 Å −56.210 103 8236

A�HNH�=105.95�

H2O R�OH�=0.959 Å −76.046 350 3043

A�HOH�=103.50�

HF R�HF�=0.918 Å −100.046 444 791
with previous calculations and with experiments. Larger
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discrepancies are expected for the core ionization energies,
for the NR2 approximation gives an incomplete description
of orbital relaxation in final states.

The effects of the multipole terms were estimated as a
percent difference ��% � between the multipole and dipole
results,

� % =
��d�mult/d	e� − �d�dip/d	e�� � 100

�d�dip/d	e�
, �18�

and this function is shown in Figs. 1–4. Each calculation is
represented by a point, and the lines, derived from a cubic

TABLE II. Ionization Energies in eV and pole strengths �PS� in parentheses.

Molecule Orbital Theory �PS� Expt.

CH4 1a1 291.81 �0.79� 290.7a

2a1 22.92 �0.82� 23.0
1t2 14.08 �0.92� 14.0

NH3 1a1 406.81 �0.80� 405.6a

2a1 29.63 �0.22�
26.99 �0.57� 27.7

1e 16.16 �0.93� 16.5
3a1 10.39 �0.92� 10.85

H2O 1a1 541.05 �0.81� 539.7b

2a1 37.37 �0.10�
32.81 �0.62� 32.2
30.21 �0.12�

1b2 18.48 �0.94� 18.4
3a1 14.28 �0.93� 14.7
1b1 12.00 �0.92� 12.6

HF 1� 695.14 �0.83� 694.0c

2� 40.94 �0.40�
38.08 �0.49� 39.65

3� 19.44 �0.94� 19.89
1� 15.41 �0.93� 16.12

aReference 42.
bReference 43.
cReference 44 and 45.

FIG. 1. Estimates of multipole effects for the CH4 molecule, as defined in
Eq. �18�. The quantity in parenthesis indicates the angle � between the
photon and photoelectron propagation directions, in degrees. MA stands for
the so-called magic angle �54.74°�. The lines are derived from a cubic spline

fit, and are intended only as guides.
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spline fit, are intended only as guides. The respective DOs
were depicted in Figs. 1–4 of Ref. 26.

The results in Figs. 1–4 compare the DA with the full
inclusion of all multipole moments in the expansion of Eq.
�2�. To estimate the importance of different terms in the ex-
pansion, it is useful to analyze the results using Eq. �6�. At an
angle of �=57.74° between the photon and photoelectron
propagation directions, the second term in brackets in Eq. �6�
�the dipole term� vanishes, and the difference between the
dipole and multipole calculations is due only to terms of
higher order, that is, to all the terms higher than dipole in the
expansion of Eq. �2�. When the detector is positioned at an
angle of �=90.0° from the photon propagation direction, the
electric quadrupole �E2� and magnetic dipole �M1� terms
also vanish, meaning that the difference now is due only to
terms of even higher orders.

The first feature to be noted in Figs. 1–4 is the rising
contribution of the multipole terms with increasing photon
energy. Because the DA fails at large photon energies, this

FIG. 2. Estimates of multipole effects for the NH3 molecule, as defined in
Eq. �18�. The quantity in parenthesis indicates the angle � between the
photon and photoelectron propagation directions, in degrees. MA stands for
the so-called magic angle �54.74°�. The lines are derived from a cubic spline
fit, and are intended only as guides.

FIG. 3. Estimates of multipole effects for the H2O molecule, as defined in
Eq. �18�. The quantity in parenthesis indicates the angle � between the
photon and photoelectron propagation directions, in degrees. MA stands for
the so-called magic angle �54.74°�. The lines are derived from a cubic spline

fit, and are intended only as guides.
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effect is expected. At energies about 1.5 keV, the wavelength
is of the same order of magnitude as the linear dimension of
a small molecule. At the highest energy considered in this
study �5000 eV�, the multipole contribution is most often
around 25%, reaching 39% for the photoionization from the
1t2 orbital in CH4 and 36% for the photoionization from the
1t2 orbital in NH3. At such photon energies, the relativistic
correction can become non-negligible.7

The contributions from terms of higher orders than those
presented in Eq. �6� are quite small. For valence orbitals,
they are about 0.5% at 1000 eV and reach 2.7% at 5000 eV.
Because these terms are of second order in the wave vector
k=� /c, such results are not surprising. However, despite
their small magnitude, high multipole contributions have
been revealed in photoionization measurements.17,20 For the
Ne atom,17 second-order nondipole effects have been dem-
onstrated experimentally by angular distributions of ejected
valence electrons. Comparison of the measured angular dis-
tributions of emitted photoelectrons from an N2 molecule
fixed in space20 with theoretical estimates based on first-
order terms in k in Eq. �6� has shown that multipoles of
higher order must be included to obtain agreement between
theory and experiment.

Another important aspect to be considered is the nature
of the orbital being ionized. For core orbitals, the multipole
effect grows monotonically in the range studied. In all cases,
the DOs are dominated by the 1s orbital of the heavy atom
and are very localized, making valid the argument that the
wavelength of the radiation is much larger than the target
size.

It has been shown that, for atoms, the more nodes the
wave function has, the more oscillations should appear in the
multipole corrections.9,10,46 Increases in the atomic number
and the principal quantum number also have been shown to
increase the oscillations.46 The results from Figs. 1–4 show
the molecular counterpart for this effect: as contributions
from outer atomic orbitals become important, oscillations in
the multipole corrections appear.

FIG. 4. Estimates of multipole effects for the HF molecule, as defined in Eq.
�18�. The quantity in parenthesis indicates the angle � between the photon
and photoelectron propagation directions, in degrees. MA stands for the
so-called magic angle �54.74°�. The lines are derived from a cubic spline fit,
and are intended only as guides.
In the case of CH4, this effect is easily noticed for the 1t2
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DO, which is dominated by the C 2p atomic orbital. The 2a1

orbital is dominated by the C 2s orbital and also shows os-
cillations, although of lower amplitude due to some contri-
bution from C 1s. The 1t2 orbitals have a nodal plane that is
absent in 2a1 and which further amplify the multipole ef-
fects.

The same trend is seen for NH3. The strong oscillations
in the multipole effect in the 1e orbital can be explained by
the dominant role of the N 2px,y orbitals. The outermost, 3a1

orbital is composed chiefly of the N 2pz orbital, but with
some contribution from N 1s and 2s, which quench the os-
cillations.

In the case of water, the orbitals most affected by the
multipole corrections are 1b2 and 1b1, in this order. An
analysis of the components of the DOs show that the 1b1

orbital is almost exclusively formed from the O 2px orbital,
while the 1b2 is formed from O 2py with important contri-
butions from the H 1s orbitals. As a consequence, the 1b2

orbital is three centered and more spatially extended than the
1b1 orbital. Therefore, the oscillations in the 1b2 multipole
effects are higher than in 1b1, even though 1b1 is the outer-
most orbital. The 3a1 orbital is formed mainly by O 2pz,
with mixing from O 1s and 2s and from H 1s. The presence
of O ns contributions quenches the oscillations for this or-
bital. The oscillations for the 2a1 orbital, being mainly
formed by the O 2s, are very weak, and are made noticeable
only by the small contribution from O 2pz.

For the HF molecule, the multipole effects are stronger
for the 1� orbital, which is formed exclusively from F 2px,y

functions. Weak oscillations can be noticed for the 3� or-
bital, formed from a combination of F 2pz with H 1s, with
smaller mixings from F 1s and 2s. The latter mixings do
lower the intensity of the oscillations, but are balanced by the
spatial extent of the orbital given by the H 1s contribution.
The 2� DO is formed almost exclusively by F 2s, and the
slightly noticeable oscillations are produced by a small con-
tribution from F 2pz.

For all molecules, the second-order corrections also
show an oscillatory behavior that closely follows the first-
order ones, but with much smaller amplitudes.

V. CONCLUSIONS

Multipole corrections to the dipole approximation for the
angular distribution of ejected electrons in the photoioniza-
tion of first-row hydrides were determined using electron
propagator theory and by considering the full multipole ex-
pansion for the incident photon representation. The relative
importance of first- and second-order corrections has been
estimated. While the second-order corrections are always
very small, below 3% in the whole range studied, the first-
order corrections are more important, being significant even
at energies less than 500 eV. Accurate interpretations of
angle-resolved photoelectron spectra of molecules should
take first-order corrections into consideration.

These corrections oscillate with photon energy and de-
pend on the atomic constituents and spatial distribution of
the Dyson orbital. As the photon energy rises, the dipole

approximation becomes less valid and the background in-
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creases monotonically for all ionizations. The 1s atomic or-
bitals are highly localized, and the multipole effect on core
Dyson orbitals is due chiefly to the decrease in photon wave-
length. For valence ionizations, the effects of nodes in the
less localized 2s and 2p atomic components of the Dyson
orbitals lead to oscillations in the multipole corrections as
functions of photon energy. Interference between functions
on different nuclei also produce nodes in Dyson orbitals and
thereby contribute to the importance of multipole correc-
tions.
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