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The production of nonlinear polyurethane from the reaction of
methyl diisocyanate (MDI) with a mixture of a polyester and 1,4-
butanediol was studied in a closely intermeshing, counter-rotating
twin-screw extruder, using an ideal reactor model consisting of a
series of continuous stirred tank reactors (CSTR) coupled to a pre-
viously developed kinetic-probabilistic model. The kinetic part of the
model allows for the calculation of concentrations of all species. A
recursive probabilistic model is used to calculate the number and
weight average molecular weights. Allophanate reactions, as well
as gel formation due to crosslinking, are considered in the model.
Pressure, flow rate, and polymer properties along the extruder
can be calculated with the model.
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INTRODUCTION

Reactive extrusion (REX) links two common processes:
chemical reaction engineering, represented by polymer syn-
thesis or compounding, and polymer processing. Recently,
the industrial use of extruders as polymerization reactors
has increased considerably. Technological development
advances for single and twin-screw extruders have been
reviewed by Rauwendal[1] and White[2]. Extruders have
gradually increased their importance in the plastic com-
pounding industry because of their superior mixing capa-
bilities and better control of the residence time
distribution. These same attributes are even more valuable
in reactive extrusion. Advantages of using extruders as
chemical reactors include avoiding using solvents, and the

good mixing and heat transfer provided by the mechanical
action of the screws, even at high viscosities.

The use of extruders in industry has prompted the
development or growth of several research areas, such as
mechanisms of polymer melting, compounding, flow
behavior, measuring and modeling of residence time distri-
butions, etc.[3–10] The different phenomena that determine
the performance and operation of an extruder can be
analyzed and better understood by using mathematical models.
Potente et al.[5,6,11–13] and Flecke et al.[14] have developed
mathematical models for single and co-rotating extruders,
which have been used to simulate several processes. Vergnes,
Della Valle, and Delamare[15] proposed a global computa-
tional model for self-wiping co-rotating twin extruders,
which have also been studied by several other research
groups[16–18]. Janssen[19,21] and Van der Goot et al.[21,22] have
worked extensively with counter-rotating twin extruders.

The production of polyurethane in extruder reactors has
been reported by a number of researchers[23–25]. An
engineering analysis of the reactive extrusion process of
thermoplastic polyurethane, through numerical simulation
and experiments, was carried out by Hyun and Kim[26].
The ideal reactor model developed by Janssen[19] for a
counter-rotating twin-screw extruder has been well
accepted and used in many research studies. Stuber[27]

modeled the polymerization of methyl methacrylate, and
Jongbloed, Mulder, and Janssen[28] studied the copolymer-
ization of n-butyl methacrylate with 2-hydroxypropyl-
methacrylate. Bouilloux and Macosko[23] modeled the
production of a linear polyurethane, using the ideal reactor
approximation of Janssen[19]. Ganzeveld and Janssen[24]

studied the mixing mechanism in the twin extruder. The
use of the counter-rotating twin-screw extruder has
increased and gained importance. Ganzeveld and
Janssen[29] proposed scale-up rules for this kind of
machine. Bulk, dispersed phase, and reactive blending
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polymerization of urethane in twin extruders were studied
by Cassagnau et al.[30,31] and Deloor et al.[32,33].

Although complex polymer processing units, such as
extruders, can in principle be modeled using rigorous
models based on the detailed equations of motion and
computational fluid dynamics (CFD) techniques, with
the aid of commercial software packages such as Fluent
or Femlab, the fact is that when complex polymerization
schemes are considered and, moreover, if the polymeriza-
tion kinetics controls the performance of the processing
unit, it is still useful to use simplified models for flow
along the extruder length to describe the key aspects of
the process. This approach makes possible to easily
evaluate more rigorous polymerization kinetic models,
based on more realistic reaction mechanisms, using fairly
simple overall mathematical models and standard compu-
tational tools.

In this contribution, nonlinear polyurethane formation
in a closely intermeshing, counter-rotating twin-screw
extruder is examined, using the ideal reactor approxi-
mation model[19,23], coupled to the Macosko-Miller recur-
sive method for calculation on number and weight
average molecular weights[34,35] in nonlinear polyurethane
production. Conversions of all species, extruder pressure
generation, the effect of the stoichiometric ratio, and the
gelation point can be calculated with the present model.

DESCRIPTION OF THE MODEL

Flow and Geometric Characteristics of the Extruder

The counter-rotating twin-screw extruder used in this
work is of the closely intermeshing type, and consists
of a series of C-shaped chambers in which material
moves along the extruder length towards the die. Interac-
tions among the chambers occur through leakage gaps.
A graphical representation of the flows present in this
type of extruder is presented in Fig. 2 of Ganzeveld
and Janssen[29]. The leakage gaps are classified in four
groups[19], namely: a) flight gap, Qf, which is the clear-
ance between the barrel and the flight of the screws; b)
tetrahedron gap, Qt, which is a gap with the shape of
a tetrahedron, between the flight walls, and it connects
the consecutive chambers on the opposite screws; c) calen-
der gap, Qc, formed by the clearance between the flight of
one screw and the bottom of the channel of the other
screw, and resembles a calender; and d) side gap,Qs, which
forms between the flanks of the flights of the two screws.

According to Stuber[27] and Bouilloux and Macosko[23],
the leakage gap equations can be summarized as follows.

Flow through the flight gap

Qi
f ¼ ð2p� aÞRe

NBd
2

þ d3ðpi � pi�2Þ
12Bgi

( )
ð1Þ

Flow through the tetrahedron gap

Qi
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Qi
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Flow across the side gap

Qi
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The flow interactions among the C-shaped chambers of the
counter-rotating twin extruder are shown in Fig. 1. The
geometrical constants are shown in Fig. 4 of Ganzeveld
and Janssen[29]. The volumetric displacement rate or theor-
etical throughput, Qth, equals the number of C-shaped
chambers transported per unit time, times the chamber vol-
ume, as indicated in Eq. (5),

Qth ¼ 2mN Vc ð5Þ

FIG. 1. Flow interactions between C-shaped chambers in a closely inter-

meshing counter-rotating twin-screw extruder.
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where m is the number of thread starts, N is the screw
rotation rate, and Vc is the volume of a chamber. The
actual volumetric throughput is given by Eq. (6).

Q ¼ Qth �Ql ð6Þ

Qt in Eq. (6) is the sum of all leakage flows over a cross
section of the extruder, as indicated in Eq. (7).

Qtot ¼ Qi
t þQi

f þQi
c þQi

s ð7Þ

The system can be simplified into a set of equations in
terms of geometrical constants, pressure, screw speed,
and viscosity[23,27]. The three leakage terms, Qf, Qc, and

Qs, depend on viscosity, pressure, and screw speed, so that
they can be lumped into a single parameter, Q3, as indi-
cated in Eqs. (8) and (9).

Qi
3 ¼ Qi

f þQi
c þQi

s ð8Þ

Qi
3 ¼ ðQ3AÞN þ ðQ3BÞðPi � Pi�2Þ

gi
ð9Þ

The tetrahedral gap does not depend on N, so that Eq. (10)
is more adequate in this case.

Qi
t ¼

ðQTBÞðPi � Pi�1Þ
gi

ð10Þ

Subscripts i, i� 1, and i� 2 in Eqs. (8) to (10) denote cham-
bers or CSTRs number i, i� 1, and i� 2, respectively. Q3A
is a constant that combines all the drag flow terms of the
flight, calender, and side gap leakages. Q3B is a constant

FIG. 2. Flow chart of the numerical simulation.

FIG. 3. Copolymerization of MDI=polyol=1,4-Butanediol. Calculated

data by Castro[14] for weight average molecular weight. Initial conditions

are disclosed in Table 1.

FIG. 4. Copolymerization of MDI=polyol=1,4-Butanediol. Model

predictions using the model by Vivaldo-Lima et al.[36] for weight-average

molecular weight. Initial conditions as per Table 1.
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that combines all the pressure-driven flow terms of the
flight, calender, and side gap leakages. QTB is a constant
that combines all the pressure-driven flow terms of the
tetrahedron gap leakages.

The previous flow equations connecting the chambers
were derived considering the following assumptions: a)
homogeneous C-shaped chambers, b) all chambers are
fully filled, c) uniform extruder configuration, and d)
uniform wall temperature.

Using the leakage flow equations, represented by Eqs.
(13) to (15), the mass, component, and heat balance equa-
tions can be written as indicated in Eqs. (11) to (16), where
x in Eq. (14) denotes any component in the system.

Qi
in ¼ Qi�1

forward ¼ Qi�1
mechanical �Qi�1

leakage

¼ 2NVi�1 �Qi�1
t �Qi�1

3 ð11Þ

Qi
out ¼ Qi

forward þQi
3 ¼ 2NVi �Qi

t ð12Þ

Mass balance

dðViqiÞ
dt

¼ Qi
inq

iþ1 þQiþ1
3 qiþ1 �Qi

out ð13Þ

Component balance

dðVixiÞ
dt

¼ Qi
inx

i�1 þQiþ1
3 xiþ1 �Qi

outx
i þ ViðrateÞi ð14Þ

Heat balance

dðViqCpTiÞ
dt

¼ Qi
inq

i�1CpTi�1 þQiþ1
3 qiþ1CpTiþ1

�Qi
outq

iCpTi þ ViDHpKp½NCO�0
þURðS � BÞð2p� aÞðTwall � TiÞ ð15Þ

Net forward mass flow balance across any cross-section

Forward mass flow rate ¼ ð2NVi �Qi
t �Qi

3Þqi �Qiþ1
3 qiþ1

ð16Þ

Using a kinetic-probabilistic approach for nonlinear
polyurethane production kinetics and molecular weight
development[36], coupled to the extruder equations, the
polymerization properties along the extruder barrel can
be calculated.

Kinetic-Probabilistic Description of Polymerization

The polymerization model used in this paper[36] consists
of a set of kinetic equations that describe the rates of

consumption or formation of all the species present in
the system, and a set of algebraic equations, an application
of the recursive probabilistic model of Macosko-Miller[34,35]

to this reacting system, which allows for calculation of the
molecular weight averages and the gelation point.
Although the extruder chambers are modeled as CSTRs,
and a model based on probabilistic arguments for a batch
reactor may not be applicable to a CSTR, a series of
CSTRs approximate the behavior of a plug flow reactor
(PFR), which can be approximated with the same probabil-
istic arguments as a batch reactor, for molecular weight dis-
tribution (MWD) calculation purposes. Therefore, usage of
the Macosko-Miller recursive probabilistic approach for
calculation of Mw and the gelation point seems adequate.

The reaction scheme used here is similar to that used by
Gupta and Kumar[37], except for the reactions with a low-
molecular-weight diol (B0—B0), which were included in the
model by Vivaldo-Lima et al.[36]. Another difference is that,
in this reaction scheme, hydroxyl groups from different
reagents are allowed to have different reactivities. However,
all hydroxyl groups of a single molecule have the same reac-
tivity. The reaction scheme, Eqs. (17) to (28), is shown
below. Note that, in these equations, a horizontal line repre-
sents a polymer chain, and a superscript � on a functional
group indicates that the functional group is bound to a
polymer chain. Thus, —A� represents a polymer chain with
an A end group, and —AB— represents the linkage of an A
functional group with a B functional group located at an
intermediate position within a polymer chain.

The reaction scheme used by Vivaldo-Lima et al.[36] was
simplified, considering only the reactions described in
Eqs. (17) to (28).

A2A1 þ B� �!k1 �A2A1B� ðEÞ ð17Þ

A1A2 þ B� �!k2 �A1A2B� ðEÞ ð18Þ

�A�
1 þ B� �!

k�1 �A1B� ðEÞ ð19Þ

A�
2 þ B� �!

k�
2 �A2B� ðEÞ ð20Þ

Equations (17) to (20) show the four different reactions
between isocyanate (A) and hydroxyl (B) functional groups
from a diol of high molecular weight to produce a urethane
functional group (E). Depending on the values of the kin-
etic rate constants k1, k2, k

�
1, and k�2, the cases of equal or

unequal reactivities of the isocyanate functional group can
be modeled. It is assumed that functional groups bound to
a polymer molecule (as indicated by a superscript �) are less
reactive than those from a monomer molecule. In the
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reaction scheme above, A1A2 represents a diisocyanate
monomer molecule. Subscripts 1 and 2 identify the individ-
ual isocyanate groups belonging to the diisocyanate mol-
ecule. As stated before, a superscript � on a functional
group indicates that the functional group is bound to a
polymer chain. When attached to a kinetic constant, the
superscript indicates the reactivity of the functional group
attached to a polymer chain, as opposed to that of a func-
tional group belonging to a monomer molecule.

Equations (21) to (24) show the equivalent reactions, but
in this case the diol is a low molecular weight molecule (B0).

A1A2 þ B0� �!k3 �A2A1B
0 � ðEÞ ð21Þ

A1A2 þ B0� �!k4 �A1A2B
0 � ðEÞ ð22Þ

�A�
1 þ B0� �!

k�
3 �A1B

0 � ðEÞ ð23Þ

A�
2 þ B0� �!

k�
4 �A2B

0 � ðEÞ ð24Þ

The formation of allophanate functional groups (M) is
represented by Eqs. (25) to (28).

A2A1 þ E �!R3K1
Mðþ�A2�Þ ð25Þ

�A�
1 þ E �!R3K1

M ð26Þ

�A�
1 þ E �!R3K1

M ð27Þ

�A�
2 þ E �!R3K2

M ð28Þ

B represents a hydroxyl functional group from the poly-
ester. B

0
is a hydroxyl functional group from 1,4-butanediol

(low-molecular-weight extender). A diol molecule is made
of two hydroxyl functional groups (B—B), and a diiso-
cyanate molecule consists of two isocyanate functional
groups. E and M represent the urethane and allophanate
functional groups, respectively.

R3 is a constant that indicates that the rate of
allophanate formation is proportional to the rate of
urethane production. In other words, the reactivity of an
isocyanate functional group with a proton from the
urethane group is proportional to the reactivity of an iso-
cyanate group with a hydroxyl functional group. From
the reaction scheme represented by Eqs. (17) to (28), the
following kinetic equations can be derived in the same

way that Vivaldo-Lima et al.[36] did.

d½A1�
dt

¼ �k1½A1�ð½B� þ R3½E�Þ � k3½A1�½B0� ð29Þ

d½A2�
dt

¼ �k2½A2�ð½B� þ R3½E�Þ � k4½A2�½B0� ð30Þ

d½A�
1�

dt
¼ k2½A2�½B� þ k4½A2�½B0� þ R3k2½A2�½E�

� k�1½A�
1�½B� � R3k

�
2½A�

2�½E� � k�3½A�
1�½B0� ð31Þ

d½A�
2�

dt
¼ k1½A1�½B� þ k3½A1�½B0� þ R3k1½A1�½E�

� k�2½A�
2�½B� � R3k

�
1½A�

1�½E� � k�4½A�
2�½B0� ð32Þ

d½B�
dt

¼ �ðk1½A1� þ k2½A2�Þ½B� � k�1½A�
1�½B� � k�2½A�

2�½B�

ð33Þ

d½B0�
dt

¼ �ðk3½A1� þ k4½A2�Þ½B0� � k�3½A�
1�½B� � k�4½A�

2�½B0�

ð34Þ

d½E�
dt

¼ ðk1½A1� þ k2½A2�Þ½B� þ k�1½A�
1�½B� þ k�2½A�

2�½B�

þ ðk3½A1� þ k4½A2�Þ½B0� þ k�3½A�
1�½B0� þ k�4½A�

2�½B0�
� R3½E�fk1½A1� þ k2½A2� þ k�1½A�

1� þ k�2½A�
2�g ð35Þ

d½M�
dt

¼ R3½E�fk1½A1� þ k2½A2� þ k�1½A�
1� þ k�2½A�

2�g ð36Þ

The concentration of the different species can be expressed
in terms of conversion or fractional formation. Equations
(37) to (43) define these variables. Aloph indicates allopha-
nate (also represented by M in the equations above).

PAi
¼ 1 � ½Ai�

2½A�0
; :Ai ¼ A;A1;A2;A

�
1;A

�
2 ð37Þ

PBT
¼ 1 � ½B� þ ½B0�

2½B0�0 þ 2½B2�0
ð38Þ

PB2
¼ 1 � ½B�

2½B2�0
ð39Þ
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PB0 ¼ 1 � ½B0�
2½B0�0

ð40Þ

PE ¼ 1 � ½E�
2½B�0

ð41Þ

PAloph ¼ 1 � ½Aloph�
2½B�0

ð42Þ

PUT
¼ PE þ PAloph ð43Þ

Macosko-Miller Probabilistic Recursive Model[34,35]

The methodology of the Macosko-Miller[34,35] approach
to the modeling of molecular weight averages and
branching is well established[34,35,38]. The method uses the
statistical law of conditional expectation, Eq. (44), to
calculate the expected mass of a population of polymer
molecules. The core of the method is to calculate the
expected mass values for each species. Using conditional
probabilistic arguments and the concepts of ‘‘looking in’’
and ‘‘looking out,’’ Eqs. (48) to (54) are obtained.

EðY Þ ¼ EðY jAÞPðAÞ þ EðY jA�ÞPðA�Þ ð44Þ

The idea is to calculate Mw directly by using Eq. (45),
where the expected values of molar mass of the molecules
are calculated using Eq. (44) and physical arguments
regarding the probabilities of reaction, P(A), or no reac-
tion, P(A�). Mn can be calculated from its definition, given
by Eq. (47), where mt is total mass and N is the number of
moles of molecules. Subscripts ‘‘0’’ and ‘‘b’’ account for
initial and present conditions, respectively.

Mx and wX are molecular weight and mass fraction,
respectively, of species X.

Mw ¼
XN
i¼1

wXi
EðXiÞ ð45Þ

where

wXi
¼ MXi

XiP
MXi

Xi
ð46Þ

for Xi ¼ A1;A2;A
�
1;A

�
2;B;B

0;E;M.

Mn ¼
mt

N0 �Nb
ð47Þ

Equations (48) to (68) for the expectedmasses of the different
species ‘‘looking in’’ and ‘‘looking out’’ are interdependent.
Although the main variables and symbols are explained

within the text, the nomenclature section provides a
detailed description of their meaning.

EðMXi
Þ ¼ EðMin

Xi
Þ þ EðMout

Xi
Þ

Xi ¼ A1;A2;A
�
1;A

�
2;B;B

0 ð48Þ

EðMEÞ ¼ EðMin
E Þ þ ðfE � 1ÞEðMout

E Þ ð49Þ

EðMMÞ ¼ EðMin
MÞ þ ðfM � 1ÞEðMout

M Þ ð50Þ

EðMin
Ai
Þ ¼ MA þ EðMout

Ai
Þ

Ai ¼ A1;A2;A
�
1;A

�
2

ð51Þ

EðMin
Xj
Þ ¼ MXj

þ EðMout
Xj

Þ
Xj ¼ B;B0;E;M ð52Þ

EðMout
Ai

Þ ¼ pAi

X
j

bXj
EðMin

Xj
Þ ð53Þ

EðMout
Xi

Þ ¼ pXi

X
j

aAj
EðMin

Aj
Þ ð54Þ

where

aAi
¼ ½Ai�P

j

½Aj�
bXj

¼ fiXiP
j

fjXj

The expected values of molar mass ‘‘looking in’’ are given
by Eqs. (55) to (59) and the corresponding expected values
of molar mass ‘‘looking out’’ by Eqs. (67) to (68).

EðMin
Ai
Þ ¼ MAð/ib� 1Þ � pA1

c
ab� 1

ð55Þ

where

Ai ¼ A1;A2;A
�
1;A

�
2

/i ¼ /1 � /4

EðMin
B Þ¼

a½MBðb�pBbBÞ�pBðc�bBMBÞ��ðpBMAþMBÞ
ab�1

ð56Þ

EðMin
B0 Þ¼

a½MB0 ðb�pB0bB0 Þ�pB0 ðc�bB0MB0 Þ��ðpB0MAþMB0 Þ
ab�1

ð57Þ
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EðMin
E Þ ¼

1

ab� 1

a½MEðb� ðfE � 1ÞpEbEÞ
�ðfE � 1ÞpEðc� bEMEÞ�
�ððfE � 1ÞpEMA þMEÞ

8><
>:

9>=
>; ð58Þ

EðMin
MÞ ¼ 1

ab� 1

a½MMðb� ðfM � 1ÞpMbMÞ

� ðf M � 1ÞpMðc� bMMMÞ�

� ððf M � 1ÞpMMA þMMÞ

8>><
>>:

9>>=
>>;ð59Þ

a ¼ pA1
aA1

þ pA�
1
aA�

1
þ pA2

aA2
þ pA�

2
aA�

2
ð60Þ

b ¼ pBbB þ pB0bB0 þ ðfE � 1ÞpEbE þ ðfM � 1ÞpMbM ð61Þ

c ¼ bBMB þ bB0MB0 þ bEME þ bMMM ð62Þ

/1 ¼ pA�
1
aA�

1
þ pA2

aA2
þ pA�

2
aA�

2
þ pA1

ð1� aA1
Þ ð63Þ

/2 ¼ ðpA1
� pA2

ÞaA1
þ ðpA�

1
� pA2

ÞaA�
1
þ ðpA�

2
� pA2

ÞaA�
2

ð64Þ

/3 ¼ ðpA1
� pA�

1
ÞaA1

þ ðpA2
� pA�

1
ÞaA2

þ ðpA�
2
� pA�

1
ÞaA�

2

ð65Þ
/4 ¼ ðpA1

� pA�
2
ÞaA1

þ ðpA2
� pA�

2
ÞaA2

þ ðpA�
1
� pA�

2
ÞaA�

1

ð66Þ

EðMout
Ai

Þ ¼ pAi
ðbMA þ cÞ
1� ab

Ai ¼ A1;A2;A
�
1;A

�
2 ð67Þ

EðMout
Xi

Þ ¼ pXi
ðMA þ acÞ
1� ab

Xi ¼ B;B0;E;M

ð68Þ

Calculation of Viscosity

Castro, Macosko, and Perry[39] examined the viscosity
rise for three component polyurethane systems typical of
REX and reaction injection molding (RIM), where phase
separation plays a major role. Viscosity rise in poly-
urethane production has been found to be faster than that
predicted by molecular weight considerations alone, and
was largely attributed to the phase separation of hard
segments during the polymerization. The effect of shear

rate was studied by the group of Macosko. It was found
that viscosity could be considered to be independent of
shear rate. The viscosity relation can be greatly simplified,
since temperature and extent of reaction effects can sepa-
rated[36,39,40]. Thus, the general dependence of viscosity
on temperature and conversion is given by Eq. (69).

gðT ;XÞ ¼ goðTÞ f ðX Þ ð69Þ

g0 is the initial viscosity ðg0 ¼ gðX ¼ 0;TÞÞ. This is mod-
eled assuming linear weight additivity of the viscosities of
the reactants, that is,

go ¼ R/i goi ð70Þ

where /i is the weight fraction of each component. The
temperature dependence is assumed to be of the Arrhenius
type, with An ¼ 4.1� 10�8 Pa-s and En ¼ 9.1402 kcal=mol.

go ¼ An exp
En

RT

� �
ð71Þ

It was found that Eq. (72) is adequate for polyurethane
production systems[39].

g ¼ go
Cg

Cg� X

� �aþbX

a ¼ 4; b ¼ �2 andCg ¼ 0:85:

ð72Þ

Additional viscosity rise experiments should be carried out
to determine the dependence of An, En, Cg, a, and b with
temperature and conversion, in order to apply Eq. (72).

RESULTS AND DISCUSSION

The polymerization system studied in this paper was the
REXcopolymerization of (MDI)=polyester=1,4-butanediol.
The kinetic and model parameters were taken from the

TABLE 1
Initial conditions for copolymerization of MDI, polyester,

and 1,4-butanediol[36]

Variable Value Units

Temperature 30, 50, or 90 �C
[A1A2]0 1.5261 mol L�1

[B2]0 0.3052 mol L�1

[B
0

2]0 1.221 mol L�1
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literature[36]. The polymerization conditions, molecular
weights of the different reactive species, and other para-
meters are summarized in Tables 1 to 3. Figure 2 shows
the sequence of calculations (flow diagram) followed to
model the extruder performance.

In order to test the implementation of the polymeriza-
tion kinetic model, the extruder was simulated under iso-
thermal conditions, thus resembling the behavior of a
batch reactor, which made possible to compare model
simulations for isothermal REX operation with bulk poly-
merization in a batch reactor. Figure 3 shows reported
experimental data[41] of weight average molecular weight
vs. conversion at three different temperatures, from 30�

to 90�C. The weight-average molecular weight data
reported by Castro[41] were obtained using an equation
developed by L�oopez-Serrano et al.[42]. That equation is
indeed based on the Macosko-Miller linear approach[34,35],
considering three monomers as in this paper, but neglecting
branching and crosslinking reactions. Experimental data
on the extent of reaction were inserted into that equation
to obtain the corresponding Mw values. Castro[41] reported
that gelation occurred at approximately 85% hydroxyl
conversion, but he based his statement on the observation

of a plot of viscosity vs. conversion that seemed to diverge
at around that conversion level. Figure 4 shows predicted
profiles of weight-average molecular weight vs. total
hydroxyl conversion at the same three temperatures as
Castro[41], calculated with the model by Vivaldo-Lima
et al.[36], coupled to the extruder equations described
before. In all the three cases, the profiles overlap. The final
conversion reached depends on temperature. The higher
the temperature chosen, the higher conversion levels are
reached. The gelation point takes place at a calculated
78% hydroxyl conversion. The difference between experi-
mental and calculated values is relatively small, but it has
to be considered that some kinetic rate constants were esti-
mated using Castro’s experimental data. Both models have
the same behavior in the pre-gelation period, as shown in
Figure 5. Macosko[43] has studied these systems, and he
reported that the gelation point is independent of tempera-
ture, although this can be true only over a limited tempera-
ture range (30–90�C).

Model predictions of number and weight average mol-
ecular weights along the extruder at several temperatures
are shown in Figs. 6 and 7, respectively. It is observed that
molecular weight increases with temperature, and that the
gelation point takes place sooner when temperature is
higher. The gelation point takes place at chambers 90,
107, and 146 at temperatures of 90�, 85�, and 80�C, respect-
ively, at the same value of 78% total hydroxyl conversion,
for the three cases. Calculations of the polydispersity index
(PDI) at different temperatures, in the range of 30� to 90�C,
are shown in Fig. 8. It is observed that at low conversions
(in the region of 1 to around 20 CSTRs) PDI decreases
with conversion, and the values of PDI are slightly lower
when temperature is higher. At 30� and 50�C the decreasing
tendency with conversion continues up to high conversions.
However, at 75� and 90�C, the trend changes, with PDI
increasing with conversion, and reaching higher values when

TABLE 2
Molecular weight parameters[36]

Parameter Value Units

MA 250 g mol�1

MB 2500 g mol�1

MB0 90 g mol�1

ME 59 g mol�1

MM 101 g mol�1

fE 3
fM 4

TABLE 3
Kinetic rate constants[36]

Parameter 30�C 50�C 90�C Units or comments

k1 0.02924 0.0795 0.45 L mol�1 min�1

k2 0.02924 0.0795 0.45 L mol�1 min�1, assumed equal to k1
k3 0.0106� 0.0002 0.0168� 0.0003 0.3163� 0.02 L mol�1 min�1, (‘‘error in variables method,’’ EVM)
k4 0.0106� 0.0002 0.0168� 0.0003 0.3163� 0.02 L mol�1 min�1, assumed equal to k3
k�1 0.0001 0.0068� 0.0003 1.25� 10�2 L mol�1 min�1, EVM (zero included in confidence

interval at 30� and 90�C)
k�2 0.0001 0.0068� 0.0003 1.25� 10�2 L mol�1 min�1, assumed equal to k1

�

k�3 0.0072 0.0263� 0.0008 0.019 L mol�1 min�1, EVM (zero included in confidence
interval at 30� and 90�C)

k�4 0.0072 0.0263� 0.0008 0.019 L mol�1 min�1, assumed equal to k3
�

R3 0.00263 0.00263 0.00263 Gupta and Kumar[37]
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temperature is higher. At 75�C PDI increases with conver-
sion, without reaching the gelation point, but at 90�C the
gelation point is reached around CSTR number 90.

Viscosity is the most important material property in
polymer-processing operations involving flow. Viscosity
variation along the extruder at three different temperatures
is shown in Fig. 9. As in the case of weight average molecu-
lar weight, at slow conversions viscosity is reduced when
temperature is increased, but at a given temperature, as
conversion increases, viscosity also increases. Once again,
it is observed that the gelation point is reached around
CSTR number 90, at 90�C, and that there is no gel forma-
tion at 30� and 50�C. It is also observed in Fig. 9 that a
significant change on behavior occurs between 50� and 90�C.

Figures 10 and 11 show generated pressure profiles
along the extruder, at different temperatures and screw
rotational rates, respectively. It is observed in Fig. 10 that
increasing temperature causes to have an increasing press-
ure profile after CSTR number 40, reaching the gelation
point at approximately CSTRs 150 and 90, at 80� and

FIG. 5. Copolymerization of MDI=polyol=1,4-Butanediol. Comparison

of model predictions, with initial conditions listed in Table 1.

FIG. 6. Model predictions of weight-average molecular weight at

different temperatures, as a function of position along the extruder, at

25 rpm and 40 g min�1, and initial conditions from Table 1.

FIG. 7. Model predictions of number average molecular weight at dif-

ferent temperatures, as a function of position along the extruder, at

25 rpm and 40 g min� 1, and initial conditions from Table 1.

FIG. 8. Model predictions of the polydispersity index as a function

of position along the extruder, at 25 rpm and 40 g min�1, and initial

conditions from Table 1.

FIG. 9. Viscosity variation along the extruder at 25 rpm, 40 g min�1,

different temperatures, and initial conditions from Table 1.

NONLINEAR POLYURETHANE PRODUCTION MODEL 17



90�C, respectively. At 50� and 75�C the pressure profile
increases with conversion (extruder length or CSTR num-
ber), but the gelation point is not reached within the
length of the extruder (not reached by CSTR number
181). If the gelation point was to be avoided, then the
extruder should not be operated in an isothermal way
above 75�C. Figure 11 shows that increasing the screw
rotational speed produces higher pressure development
along the extruder, when temperature is constant at
75�C. It is also observed in Fig. 11 that increasing the
screw rotational speed seems to anticipate the gelation
point, a situation that will be corroborated later in this
paper, when the effect of speed of rotation on weight
average molecular weight is analyzed. This effect can be
understood by considering that the material balances
depend on the different flows entering and leaving a
CSTR unit, including the leakage terms. Since the leakage
flows depend on the pressure gradient, it then turns out

that the pressure gradient will affect conversion of mono-
mers into polymer, reaching higher conversions when the
pressure gradient is higher and, therefore, reaching sooner
the gelation point.

Figure 12 shows the effect of the throughput on the
overall diol conversion. It is observed that increasing the
throughput causes a reduction on the overall diol conver-
sion. This is caused by the increase on the residence time
with decreasing the throughput, which allows to reach
higher conversions, since the molecules spend more time
in a given element (CSTR). The higher conversion achieved
when the throughput is reduced causes the increase on
weight average molecular weight, to the point of reaching
the gelation point at element 180, when the throughput is
of 30 gmin�1, T ¼ 70�C and the speed of rotation is
25 rpm, as shown in Fig. 13.

Figure 14 shows the effect of the speed of rotation on the
weight average molecular weight. It is observed that increas-
ing the speed of rotation decreases the weight average
molecular weight, which can be explained considering that
when the speed of rotation is faster, the polymer molecules
will spend less time at a given element (equivalent to reducing

FIG. 10. Predicted pressure along the extruder at 25 rpm, 40 g min�1,

different temperatures, and initial conditions from Table 1.

FIG. 11. Effect of screw rotational rate on the generated pressure, for

the initial conditions of Table 1, 75�C, and 40 g min�1.

FIG. 12. Effect of the throughput on overall diol conversion, for the

initial conditions of Table 1, 25 rpm, and 75�C.

FIG. 13. Effect of the throughput on the weight average molecular

weight, for the initial conditions of Table 1, 25 rpm, and 70�C.
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the residence time in the CSTRs), thus reaching lower con-
version, and lower weight average molecular weight.

Finally, Fig. 15 shows the effect of the stoichiometric
imbalance ratio (SIR) on the weight average molecular
weight, when the extruder is operated isothermally at
70�C, 25 rpm, and 40 gmin�1. It is observed that when the
amount of �NCO (isocyanate) functional groups is
increased, with respect to the amount of �OH (hydroxyl)
functional groups, the weight average molecular weight is
increased, reaching the gelation point sooner. This can be
understood by considering that allophanate formation
(the reaction that will allow branching and crosslinking)
is produced by the reaction of the �NCO functional group
with the proton from the urethane functional group that
results from the reaction between isocyanate and hydroxyl
functional groups; namely, that an excess of isocyanate
functional groups promotes the formation of more allo-
phanate units, and the production of allophanate units pro-
motes branching and crosslinking, reactions that increase
the weight average molecular weight, and make possible
to get a gel molecule.

CONCLUDING REMARKS

A simple mathematical model for nonlinear poly-
urethane production by reactive extrusion was presented.
This was made possible by coupling an ideal ‘‘series of
CSTRs’’ reactor model with a kinetic-probabilistic model
for polyurethane production, which includes branching
and crosslinking reactions, and the possibility of reaching
the gelation point. The simple mathematical structure, yet
good enough representation of the actual extruder per-
formance, makes it attractive for industrial use.

The effect of the most important parameters in reactive
extrusion, such as temperature, screw rotational rate,
throughput, and stoichiometric imbalance ratio, on the
main responses (monomer conversion, weight average
molecular weight, viscosity, and pressure), along the
extruder length, is well captured by the model.

Although specialized CFD software for polymer proces-
sing is available in the market, such as Fluent or Femlab,
when the reaction terms of the constitutive equations con-
sist of a complex reaction mechanism, it is still useful to use
simple flow models, coupled to polymerization kinetic
models from intermediate to high degrees of complexity.

NOMENCLATURE

For the Kinetic Model

[ ], [ ]0 concentration, where subscript 0 indicates value
at initial conditions, mol L�1

A isocyanate functional group
A2 diisocyanate molecule
aAi molar fraction of isocyanate functional group,

as defined in Eq. (54)
Aloph allophanate functional group (also represented

by M)
B hydroxyl functional group
B2 diol molecule of high molecular weight (polyol)
B

0

2 diol molecule of low molecular weight (1,4-
butanediol)

BDO 1,4-butanediol
bXi quantity defined by Eq. (53)
E urethane functional group
E(Xi) expected mass of species Xi, kg kmol�1

fXi functionality of species Xi, Xi ¼ E, M
ki, ki

� kinetic rate constants, where superscript � indi-
cates reactivity of a functional group bound to a
polymer molecule and subscript or superscript 0
denotes value at initial conditions.
Lmol�1min�1

mt total mass, kg
M allophanate functional group (also represented

as Aloph)
Mn number average molecular weight, kg kmol�1

MX molar mass of species X, kg kmol�1

Mw weight-average molecular weight, kg kmol�1

FIG. 14. Effect of screw rotational rate on weight average molecular

weight, for the initial conditions of Table 1, 70�C, and 4 g min�1.

FIG. 15. Effect of the stoichiometric imbalance ratio on the weight aver-

age molecular weight along the extruder, at 25 rpm and 40 gmin�1.
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N0, Nb number of molecules at initial and present
conditions, respectively

pX extent of reaction (probability of reaction) of
species X, as defined in Eqs. (37) to (43)

R3 proportionality constant between rates of allo-
phanate and urethane formation

t time, min
T temperature, �C
[UT] total polymer concentration, mol L�1

wX mass fraction of species X, as defined in Eq. (46)

Greek Letters

a intermediate variable in the Macosko-Miller
model defined by Eq. (60)

b intermediate variable in the Macosko-Miller
model defined by Eq. (61)

Ui intermediate variable in the Macosko-Miller
model, i ¼ 1,2,3,4 as defined in Eqs. (63) to (66)

c intermediate variable in the Macoko-Miller
model defined by Eq. (62)

For the Extrusion Model

[ ] concentration, mol L�1

B pitch of the screw
Be axial width of the flight at the outer radius
Cp heat capacity, J g�1K�1

D screw diameter, m
H height of the chamber, m
DHr reaction enthalpy, Jmol�1

h heat transfer coefficient, W m�2K�1

Kr reaction constant, Lmol�1min�1

N rotational rate, min–1

DP pressure difference between two consecutive
chambers, Psig

Q throughput, m3min�1

Qc calender leak, m3min�1

Qf flight leak, m3min�1

Qtot total leak flow, m3min�1

Qi leak flow in the i-th chamber, m3min�1

Ql side leak, m3min�1

Qt tetrahedron leak, m3min�1

Qth theoretical throughput, m3min�1

Re radius of the screw, m
T temperature, �C
Tw wall temperature, �C
t time, min
Vc chamber volume, m3

Greek Letters

a overlap angle
b angular coordinate
d flight gap width
e side gap width
g viscosity, Pa s

r chamber gab width, m
w screw flank angle
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