
Monte Carlo study of the double and super-exchange

model with lattice distortion
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Abstract. In this work a magneto-elastic phase transition was obtained in a linear chain due
to the interplay between magnetism and lattice distortion in a double and super-exchange
model. It is considered a linear chain consisting of localized classical spins interacting
with itinerant electrons. Due to the double exchange interaction, localized spins tend to
align ferromagnetically. This ferromagnetic tendency is expected to be frustrated by anti-
ferromagnetic super-exchange interactions between neighbor localized spins. Additionally,
lattice parameter is allowed to have small changes, which contributes harmonically to the energy
of the system. Phase diagram is obtained as a function of the electron density and the super-
exchange interaction using a Monte Carlo minimization. At low super-exchange interaction
energy phase transition between electron-full ferromagnetic distorted and electron-empty anti-
ferromagnetic undistorted phases occurs. In this case all electrons and lattice distortions were
found within the ferromagnetic domain. For high super-exchange interaction energy, phase
transition between two site distorted periodic arrangement of independent magnetic polarons
ordered anti-ferromagnetically and the electron-empty anti-ferromagnetic undistorted phase was
found. For this high interaction energy, Wigner crystallization, lattice distortion and charge
distribution inside two-site polarons were obtained.

1. Introduction
Theoretical studies to explain the ferromagnetism of manganites are widely based on the so-called
double exchange (DE) model introduced by Zener [1, 2]. The origin of the DE mechanism lies in
the intra-atomic Hund’s spin coupling JH between itinerant and localized electrons [1, 2, 3, 4, 5].
The key point is that this coupling implies that the hopping depends on the configuration of the
neighbor spins and explains how carriers improve their kinetic energy by forcing the localized
spins to become ferromagnetically ordered. This ferromagnetic (F) tendency is expected to be
frustrated by anti-ferromagnetic (AF) super-exchange (SE) interactions between localized spins−→
S i as first discussed by de Gennes [6] who conjectured the existence of canted states. Since then,
it has become clear that microstructured spin configurations exist instead of macroscopic canted
states resulting from such competition. Recently, an unifying picture in one dimension (1D)
for classical local spins has shown the existence of two and three-sites ferromagnetic polarons
separated by AF links in the whole range of electron density [7, 8]. As a result of the spin
dependent hopping, carriers are localized in the ferromagnetic bonds, giving rise to bond ordered
states for commensurate fillings. In turn, this will induce significant lattice distortions in systems
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in which the electrons interact with the lattice by affecting the hopping amplitude as in the Su-
Schrieffer-Heeger (SSH) model [9, 10]. This point implies an important connection between
the magnetic structure and lattice distortions. Recently, Vallejo et al. [11, 12, 13] have shown
that three-leg ladders in the oxyborate system Fe3BO5 may provide evidence for the interplay
between the magnetic structure and the observed structural and charge ordering transition, such
that long and short bonds on the rungs alternate along the ladder axis [14]. In this Fe-ludwigite
X-ray diffraction studies show contraction of the rungs [15].

The main goal of this work is to study the interplay between magnetic interactions and
lattice distortion in one-dimensional systems. We consider the SSH model for the electron-
lattice coupling together with the double and super-exchange model. As in [7] we will determine
the phase diagram as a function of the band filling, the super-exchange interaction energy and
we will also examine the effect of including coupling with the lattice.

We consider the exchange Hamiltonian to describe the localized and itinerant electrons [5, 16],

H = −
∑

i

ti,i+1 cos
(

θi,i+1

2

)
(c+

i ci+1 + h.c.) + J
∑

i

→
S i ·

→
S i+1, (1)

where c+
i (ci) are the fermions creation (annihilation) operators of conduction electrons at site i,

ti,i+1 is the nearest-neighbor (n.n) hopping parameter and
→
S i is the localized spin at site i. The

first term represents the DE contribution favouring F ordering of local spins. The last term is a
SE coupling between n.n localized spins −→

S i, J being an AF interaction energy which stabilizes
an AF phase for x = 0 and competes with DE for intermediate fillings. In this approach we
consider the local spins as classical, −→

S i → ∞, a reasonable approximation in many cases in
view of the similarity with the well known results [17, 18, 19, 20]. Itinerant electrons are either
parallel or antiparallel to the local spins are thus spinless. Finally, θi,i+1 (0 ≤ θi,i+1 ≤ π) is the
relative angle between the classical localized spins at sites i and i + 1.

Now we introduce the effect of bond deformation on the itinerant electrons. In the SSH
model, the complicated inter-atomic potential is represented using the electron-lattice coupling
constant gt � ∂t/∂y (gt < 0) which describes the change of the hopping amplitude under a small
change of the n.n bond length y,

He−l = gt

∑
i

yi,i+1(c+
i ci+1 + h.c.) +

Kt

2

∑
i

y2
i,i+1, (2)

yi,i+1 is the change of the i, i + 1 lattice distance. It is important to mention that the original
equilibrium lattice spacing a0 (and so is t) in the absence of He−l results from the bonding
produced by all other electrons in the system except the itinerant ones that we are considering
in (1). The elastic constant Kt refers to this equilibrium lattice.

The electron-lattice part may be written in the following standard form, introducing the
dimensionless parameters for the deformation δi,i+1 = gtyi,i+1/t and the usual coupling constant
λ = 2g2

t /πtKt:

He−l = −t
∑

i

δi,i+1(c+
i ci+1 + h.c.) +

t

πλ

∑
i

δ2
i,i+1. (3)

The hopping term changes as ti,i+1 = t (1 + δi,i+1) with |δi,i+1| � 1. The complete Hamiltonian
is given by

H = −t
∑

i

(1 + δi,i+1) cos
(

θi,i+1

2

)
(c+

i ci+1 + h.c.)

+JS2
∑

i

cos (θi,i+1) + B
∑

i

δ2
i,i+1, (4)
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Figure 1. (a) Magneto-elastic phase diagram as a function of the SE interaction energy JS2/t and the
conduction electron density x, for a typical value of the elastic energy B/t = 30. A dotted line in this
diagram represents a guide for the eyes. (b) Partial spin configuration snapshot of the different phases is
also shown. The phases are described in the text.

where B/t = 1/πλ. Due to the dependence of the hopping amplitude on the spin configuration,
the contribution of the itinerant electrons to the metallic bonding varies with the magnetic state
and so will do the resulting lattice spacing.

2. Numerical results and discussion
The phase diagram for the model given by (4) is obtained as a function of the conduction
electron density x (0 ≤ x ≤ 0.5 because of hole-electron symmetry) and the SE interaction
energy J . T = 0K and open boundary conditions on a linear chain of N = 24 sites were used.
N − 1 angles θi,i+1 and N − 1 values of δi,i+1 had to be optimized. For this goal, we used
an analytical optimization and a classical Monte Carlo method. The analytical solution was
tested as a starting point in the Monte Carlo simulation. The whole magneto-elastic phase
diagram obtained here is shown in figure 1(a). Partial spin configuration snapshot of the
most important phases is shown in figure 1(b). For low super-exchange interaction energy,
JS2/t � 0.11, an electron-full ferromagnetic distorted (EFD) and an electron-empty anti-
ferromagnetic undistorted (EAFU) phase transition was found. Analytical optimization implies
angles θi,i+1 = 0 exactly for the EFD phase. For commensurate electronic fillings at x = 1/3
and at x = 1/2 displacements look like Peierls distortion. Because of the typical value of the
elastic energy, uniform displacements (δU = sin(πx)/(πB/t)) and uniform charge distribution
(ni = x) are expected in the thermodynamic limit (N → ∞). The δi,i+1 = 0 displacement
and θi,i+1 = π angle solutions were obtained for EAFU phase at x = 0. Phase separation
(EAFU+EFD in figures 1(a) and 2) between EFD and EAFU phases, consist of one large
electron-full F distorted polaron within an electron-empty AF undistorted background. Charge
distributions ni are also presented. Analytical optimization implies angles 0 and π exactly for the
ferromagnetic and anti-ferromagnetic domains respectively. In the limit B/t → ∞, the magnetic-
only F-AF phase transition was previously reported [7]. Above EAFU+EFD phase separation,
another phase separation (EAFU+DP3) between T-phase (for high conduction electron density)
and EAFU phase (for x = 0) can be observed in figure 1(a). T-phase is a more general complex
distorted phase found by the Monte Carlo method and can be polaronic like or not. At x = 1/2

XIX Latin American Symposium on Solid State Physics (SLAFES XIX) IOP Publishing
Journal of Physics: Conference Series 167 (2009) 012068 doi:10.1088/1742-6596/167/1/012068

3



-t(1+ )����-t(1+ )���� -t(1+ )����-t(1+ )���� -t(1+ )����-t(1+ )���� -t(1+ )����-t(1+ )���� -t(1+ )���	-t(1+ )���	 -t(1+ )�	�
-t(1+ )�	�
 -t(1+ )�
��-t(1+ )�
�� -t(1+ )����-t(1+ )���� -t(1+ )����-t(1+ )����

1 3 5 7 9 11 13 15 17 19 21 23

0.000

1.047

2.094

3.141

�
i,i+1

i

�

n

(b)

JS
2
/t = 0.04

x = 0.167

0.0

0.1

0.2

0.3

n
i

1 3 5 7 9 11 13 15 17 19 21 23

0.000

0.003

0.006

0.009

�
i,i+1

i

�

(a)

JS
2
/t = 0.04

x = 0.167

Figure 2. EAFU+EFD phase separation for 4 electrons (x = 0.167) and JS2/t = 0.04 showing: (a)
δi,i+1 and (b) angles and charge distribution. Partial spin configuration snapshot is also shown.

and at x = 1/3 T-phase becomes basically DP2 (see figure 3) and DP3 phases respectively.
DP2 and DP3 phases are two and three-site-distorted periodic arrangement of independent
F polarons ordered anti-ferromagnetically. DP2 and DP3 are magneto-elastic Peierls phases.
Displacements are (2B/t)−1 ∼ 0.0167 and (2

√
2B/t)−1 ∼ 0.0118 for DP2 and DP3 phases

respectively. EAFU+DP3 phase separation is degenerate with phases where the polarons can
be ordered or not, while keeping the number of F and AF bonds fixed; phases obtained within
the “spin-induced Peierls instability” [21] belong to this class. The former degeneracy unifies
ideas like phase separation and individual polarons and gives a natural response to the instability
at the Fermi energy and to an infinite compressibility as well. It is worth to notice that in the
magnetic-only case, a phase AF+P3 (similar to EAFU+DP3) was identified using S = 3/2
quantum spins [22]. P2 and P3 phases were also previously reported for classical [7, 21] and
S = 1/2 quantum [17] local spins. Figure 1(a) shows EAFU+DP3 phase separation for a
typical value of the SE interaction energy JS2/t = 0.14. There is a single electron inside each
three-site independent magnetic polaron, so a Wigner crystallization is formed. For DP3 and
EAFU+DP3 phases, we find lattice distortion within each three-site magnetic polaron. For high
SE interaction energy, DP3 and DP2 become DCP3 and DCP2 canted phases (distorted canted
P3 and P2 phases respectively). In the absence of electron-lattice interaction (limit B/t → ∞),
the CP3 phase present a continuos angular degeneracy [7]. Now, this degeneracy is broken by
the lattice distortion. Instead of the continuos degeneracy, only four set of angles inside each
CP3 polaron were found [23]. For instance, DCP3 phase in figure 1(a) is a distorted canted
phase with angles 0 and θ. Displacements decrease when θ → π. The expected DP2-DCP3,
DCP3-EAFU and DP2-EAFU phase transitions are also obtained for values of the SE interaction
energy above the T-EAFU phase transition (see figure 1(a)). Finally, the DCP2-EAFU phase
transition occurs for high SE interaction energy JS2/t > 0.2542. DCP2 phase becomes AFU
(anti-ferromagnetic undistorted) in the limit JS2/t → ∞. In this phase each electron is trapped
in a single site forming a Wigner crystallization. It is important to mention that the size chosen
for the linear chain (N=24 sites), does not change the nature of the phases involved in the phase
diagram.

In conclusion we have studied the rich phase diagram resulting from the interplay between
magnetic interactions and lattice distortion within an exchange model in one-dimensional
systems using large Hund’s coupling and classical localized spins. Basically, microstuctured
phases with small ferromagnetic polarons result from the double and super-exchange interaction.
Our results for low SE interaction energy show phase separation between ferromagnetic and
anti-ferromagnetic phases. In this case, the ferromagnetic domain contains all the electrons
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Figure 3. DP2 phase at x = 0.5 showing (a) δi,i+1 and (b) angles and charge distribution. Partial spin
configuration snapshot is also shown.

and a lattice contraction occurs only within this domain. For larger SE interaction energy,
we found phase separations involving small two and three-site distorted polarons, in which a
Wigner crystallization can be identified. The important magneto-elastic effect obtained here
leads to local bond contractions that consequently change the lattice parameters which should
be observable. We expect this effect to occur in low-dimensional systems in which magnetic ions
coupled via a double-exchange type interaction are present, as for example molecular magnets,
halogen bridged metal chains or charge transfer salts. Ladders in the ludwigite family seem to
be good candidates also.
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