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A method is proposed to estimate the size distribution of nearly spherical metallic nanoparticles (NPs)
from optical extinction spectroscopy (OES) measurements based on Mie’s theory and an optimization
algorithm. The described method is compared against two of the most widely used techniques for the
task: transmission electron microscopy (TEM) and small-angle x-ray scattering (SAXS). The size distri-
bution of Au and Cu NPs, obtained by ion implantation in silica and a subsequent thermal annealing in
air, was determined by TEM, grazing-incidence SAXS (GISAXS) geometry, and our method, and the
average radius obtained by all the three techniques was almost the same for the two studied metals.
Concerning the radius dispersion (RD), OES and GISAXS give very similar results, while TEM consid-
erably underestimates the RD of the distribution. © 2009 Optical Society of America

OCIS codes: 160.3900, 160.4236, 290.2200, 290.4020, 300.1030.

1. Introduction

Metallic nanoparticles (NPs) embedded in glass ma-
trices present linear and nonlinear optical properties
that are very promising for technological applica-
tions in different fields such as catalysis [1], optoelec-
tronics [2–5], and biomedical diagnosis using dark
field light microscopy [6,7]. For optical applications,
silica is one of the most commonly used host metallic
NPs materials due to its exceptional high transpar-
ency in a wide spectral region (visible–UV) and low
conductivity. There are several experimental meth-
ods of synthesis of metal NPs in a glass matrix,
but ion implantation followed by an additional ther-
mal annealing has proven to be a very useful method

to obtain large volume fractions of NPs in a well-
defined depth below the surface, which can be chosen
by means of the ion energy [8]. Additional advan-
tages of ion implantation are controllability of depth
profile and concentration, high purity, and the possi-
bility to overcome low solubility restrictions. Particu-
larly, deep ion implantation using energies of the
order of MeV produces an ion depth distribution
located some micrometers underneath the surface
and wide enough to be convenient to produce optical
waveguides.

Nevertheless, technological applications require
reliable methods to produce the NPs under con-
trolled conditions, because their optical properties
depend on several factors such as size, shape, spatial
distribution, and interaction with the host matrix,
with the average size and size dispersion being some
of the most influencing (and hardest to study/control)
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of these factors. Therefore it is of paramount impor-
tance to be able to determine the size distribution of
NPs in an easy, reliable way.
Several methods have been used to achieve this

goal, with transmission electron microscopy (TEM),
small-angle x-ray scattering (SAXS), grazing-
incidence SAXS (GISAXS), and optical extinction
spectroscopy (OES) being some of the most com-
monly employed. In general, OES is preferred, be-
cause it is nondestructive and the results can be
obtained rapidly. Additionally, TEM has the limita-
tions that sample preparation can be quite difficult
due to the mechanical properties of the silica matrix,
and in some cases, the method used for sample pre-
paration can induce changes in the characteristics of
the NPs. Besides, only a small region of the sample is
studied, leading to results that could not be represen-
tative of the whole sample. On the other hand, SAXS
is restricted by the sample thickness and GISAXS by
the depth of the NPs below the surface sample. The
problem with OES is that obtaining the size distribu-
tion from the experimental results is a task far from
trivial. Usually the electrostatic approximation [9] is
used to overcome this problem, because an explicit
equation for the extinction coefficient is obtained,
which can then be easily fitted to the experimental
results. But this method has the disadvantage that
the electrostatic approximation is only valid for very
small NPs (<10nm), and therefore the results are no
reliable if larger NPs are present in the sample.
Some other approximations [10–12] exhibit similar
restrictions with respect to the range of sizes in
which they are useful for sizing the particles.
In this work, we propose a method to obtain the

average size and size dispersion of metallic NPs
using the Mie theory coupled with the bounded lim-
ited memory Broyden–Fletcher–Goldfarb–Shanno
(L-BFGS-B) [13–15] multivariate optimization algo-
rithm. Compared with the methods based in the
electrostatic approximation, our procedure requires
more complex calculations, but this can be handled
easily by any modern computer, and it has the
advantage that it is valid for NPs of any size. This
algorithm is applied to the size distribution charac-
terization of Cu and Au NPs embedded in silica
synthesized by ion implantation. The results are
compared to measurements done by TEM and
GISAXS.

2. Fitting Algorithm

A. Optical Density

It is necessary, before comparing the experimental
results and the simulations, to compute the optical
density (OD), which is the quantity obtained from
the spectrophotometer. The transmission (I=Iinc)
and the extinction coefficient α for a sample of length
l are related by [16,17]

αl ¼ ln
�
Iinc
I

�
¼ log−1ðeÞ · log

�
Iinc
I

�

¼ log−1ðeÞ · OD; ð1Þ

where Iinc and I are incident and transmitted inten-
sities, respectively. The extinction coefficient, in turn,
is derived from the extinction cross section
ðσextÞ : α ¼ Nσext, where N is the number of NPs in
a volume unit; and so OD can be obtained as

OD ¼ logðeÞNlσext ¼ logðeÞ f
Vd

σext; ð2Þ

where V is the volume of the NP, d is the atomic den-
sity (at=cm3), and f is the implanted fluence of the
sample (at=cm3). Finally the extinction cross section
is the quantity obtained from most of Mie’s imple-
mentations. Specifically for this work, we used an im-
plementation [18] based on Yang’s algorithm [19]
(this algorithm is for a multilayered sphere but re-
duces to normal Mie theory if only one layer is used,
as in our case).

Now we have to obtain an expression for the OD of
an ensemble of NPs averaged over a distribution of
sphere radii nðrÞ, and the ensemble-averaged OD
based on Eq. (2) is relatively straightforward [20]:

hODi ¼ logðeÞ f
hVid hσexti; ð3aÞ

hσexti ¼
Z

rmax

rmin

nðrÞσextðrÞdr ¼
XNr

i¼1

uinðriÞσextðriÞ; ð3bÞ

hVi ¼ 4
3
π
Z

rmax

rmin

nðrÞr3dr ¼ 4
3
π
XNr

i¼1

uinðriÞr3i ; ð3cÞ

where hσexti and hVi are the ensemble-averaged ex-
tinction cross section and volume, respectively, while
ri and ui are the division points and weights of a
quadrature formula on the interval ½rmin; rmax�. For
this work, a normal distribution of radii was used:

nðrÞ ¼ C × exp
�
−
ðr − rnÞ2

2σ2n

�
; ð4Þ

where rn and σn are the mean and standard deviation
of the distribution, respectively, and the constant C
was chosen such that the size distribution satisfies
the standard normalization condition (ΣnðriÞ ¼ 1).

B. L-BFGS-B Algorithm

We will only give a brief outline of the L-BFGS-B al-
gorithm, but for a more detailed description, see
[13–15]. This method is a limited-memory quasi-
Newton algorithm for solving large nonlinear optimi-
zation problems with simple bounds on the variables.
The problem can be written as

min½f ðxÞ�l ≤ x ≤ u; ð5Þ
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where f : Rn → R is a nonlinear function whose
gradient g is available, the vectors l and u represent
lower and upper bounds on the variables, and the
number of variables n is assumed to be large (but
the method can be used for small dimension pro-
blems too). The algorithm does not require second
derivatives or knowledge of the structure of the
objective function and can therefore be applied when
the Hessian matrix is not practical to compute. In-
stead of that, the Hessian is generated on the basis
of the N consequent gradient calculations, and then
the quasi-Newton step is performed. On each approx-
imation step, the matrix remains positive definite,
and the gradient projection method is used to deter-
mine a set of active constraints.

C. Optimization

For the optimization process, we used the chi-square
distribution as the objective function:

χ2ðrn; σn;nmatrix; f Þ

¼ 1
N

XN
i¼1

ðhODiiðλi; rn; σn;nmatrix; f Þ −ODi
expÞ2

ODi
exp

;
ð6Þ

where N is the number of points used for the fit,
nmatrix is the refractive index of the matrix, and
ODi

exp are the values of the experimental OD. Then,
starting with the given initial values of the variables
to optimize (Xk ¼ rn; σn;nmatrix) and the experimental
OD, several optimization steps are performed
iteratively; in each of them, the value of χ2 and its
gradient G are calculated, and subsequently the
L-BFGS-B algorithm is applied to obtain a new “op-
timized” value for all the variables Xk. Lower and/or
upper limits are set for all the variables in order to
ensure that their optimized values have physical
meaning (e.g., positive radii). The optimization
process is finished when one of the following criteria
is met:

‖Gk‖ ≤ εG; ð7aÞ

jðχ2Þðiþ1Þ
− ðχ2ÞðiÞj ≤ εF · maxfðχ2ÞðiÞ; ðχ2Þðiþ1Þ; 1g; ð7bÞ

jXðiþ1Þ
k − XðiÞ

k j ≤ εX ; ð7cÞ
where εG, εF, and εX are positive numbers that define
a precision of search, ‖ · ‖means Euclidian norm,Gk,
gradient projection onto a variable Xk, and the super
index represents the iteration number. Additionally,
the optimization can be finished after a certain
number of iterations. For the fittings presented in
this work, no limit was set for the number of
iterations, and the precision of search was taken
as εG ¼ εF ¼ εX ¼ 1 × 10−10.

3. Experimental

The sample host matrix consisted in 20mm ×
20mm × 1mm squares of high-purity silica glass
type ED-C grade made by Nippon Silica Glass, with

OH content lower than 1ppm and a total impurity
content of less than 20ppm. These plates were im-
planted with either 2MeV Cu or 2MeV Au ions at
room temperature, keeping the beam current density
below 100nA=cm2 during all the process in order to
avoid thermal effects in the ion depth profile distri-
bution. The irradiations were done at normal inci-
dence for gold and at a tilt angle of 60° for copper,
using the Pelletron tandem accelerator at the Insti-
tuto de Física, UNAM. Fluences of 6:6 × 1016 and
4:4 × 1016 ions=cm2 were used for Au and Cu, respec-
tively. After implantation, the samples were cut into
identical small pieces, keeping some of them as
as-implanted references, and the others were
annealed at a temperature of 900 °C for 1 h in air.

Ion depth profile distributions were determined by
Rutherford backscattering spectrometry (RBS) with
4He ions in the 2–3MeV energy range. Optical ab-
sorption measurements were performed at room
temperature using a Cary 500 double-beam spectro-
photometer in the 300–800nm wavelength range be-
fore and after the thermal annealing. TEM studies
were performed in a JEOL-2010 FEG instrument
with a point-to-point resolution of 1:9Å. Based on
a multilayer sample preparation, the TEM samples
were prepared using a tripod polisher to generate a
cross-section sample with a final thickness <100nm,

Fig. 1. (Color online) Depth profile distributions obtained for
(a) Au and (b) Cu from fitting the RBS spectra. The continuous
curves (red) correspond to best fitting to experimental data
assuming Gaussian functions.
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enough to be transparent to the electron beam. From
the TEM images, we calculated the particle size
distribution of the samples.
The samples were also analyzed by GISAXS using

a monochromatic 8keV x-ray beam at the XRD2
beam line of the Brazilian National Synchrotron
Light Laboratory in Campinas, Brazil. The disper-
sion patterns were determined with the IsGISAXS
v2.6 software [21]. For the calculation of the theore-
tical OES spectra, bulk dielectric function values of
Cu and Au reported by Johnson and Christy [22]
were used after applying a correction to incorporate
surface dispersion effects [23]. A background (as-
sumed to be the OD of unimplanted silica) was added
to the simulated spectra. The size distributions ob-
tained from TEM, GISAXS, and the fitting procedure
described earlier were compared to determine the
accuracy of our method.

4. Results and Discussion

From the RBS analysis, it was found that the ion
depth distribution into the silica was close to a Gaus-
sian in both the Au and the Cu implanted samples
(Fig. 1). For the first ones, the maximum concentra-
tion is located at 0:57 μm from the surface sample,
with a full-width at half-maximum (FWHM) of
0:28 μm, while in the second group of samples, the
maximum concentration is at 0:72 μm, with a FWHM
of 0:52 μm. The bimodal distribution that has been
previously reported for Cu [24] was not observed
in this case. No significant changes were observed
in the RBS spectra of the samples before and after
the thermal annealing, showing that the diffusion ef-
fects are negligible during this process.

From low resolution micrographs, like the
ones shown in Figs. 2(a) and 2(b), the size distribu-
tion in the samples were determined (around 150

Fig. 2. (Color online) Low magnification TEM micrographs obtained for (a) Au and (b) Cu NPs and (c) and (d) their corresponding
probability histograms, respectively, obtained from the analysis of TEM images.
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particles were analyzed in each case). The radii dis-
tribution histograms [Figs. 2(c) and 2(d)] show an
acceptable agreement with a normal distribution
with an average radius (AR) of 2:8nm and radius dis-
persion (RD) of 1:6nm for Au and an AR of 3:2nm
and RD of 2:5nm for Cu. The samples were also
analyzed using GISAXS (Fig. 3); the experimental
spectra were adjusted considering spherical NPs
with a normal distribution of radii. The best fit to
the experimental GISAXS spectra was obtained for
size distributions with an AR of 2:91nm and RD of
3:37nm for Au and an AR of 3:25nm and RD of
3:07nm for Cu. It can be noted that the resulting
average radii are in good agreement with the ones
obtained by TEM, while larger RD values are
obtained from GISAXS.
Finally, the NPs’ radius distributions were esti-

mated from fitting the OES spectra (Fig. 4) using
the method described earlier (a software named Mie-
Lab was developed to make calculations easier and
will be made publicly available at http://scattering
.sourceforge.net/). The best fits were obtained for nor-
mal distributions of radii with an AR of 2:85nm and
RD of 3:28nm for Au and an AR of 3:35nm and RD of
3:31nm for Cu. Again the obtained average radii are
in good agreement with the previous results, and
the RD values are larger than the ones obtained from
TEM.
In order to present the obtained results in a way

that is easier to understand, we plotted in Fig. 5
the normal probability density obtained with the
three techniques for Au and Cu. For both metals,
the AR are very similar, and the RD values are al-
most equal for GISAXS and OES and are smaller
for TEM. From these results, it is clear that the fit-
ting of the OES spectra (by the method described
above) is indeed very accurate, because it yields al-
most the same values as GISAXS, which is one of
the more accurate methods to determine the size dis-
tribution of ensembles of particles. This is an impor-
tant result since, in the case of optically transparent
mediums such as glasses containing a dilute set of
metallic NPs, the OES has several advantages over
SAXS/GISAXS; it is easier to perform, it has fewer
restrictions for the samples (they can be considerably
thicker, and there are no limitations concerning the
in-depth location of the NPs), the required equip-
ment is considerably cheaper, and it can be measured
in situ (in an easier way). In the case of TEM, satis-
factory average radii are obtained, but RD is consid-
erably underestimated, probably because not enough
NPs were counted. Besides, the sample preparation
for TEM is harder than for the other two methods,
and the required equipment is also expensive. From
these results, one can conclude that, although TEM
is very useful to determine the shape and crystallo-
graphic structure of NPs, GISAXS/SAXS and OES
provide more precise results of the NPs size distribu-
tion function, this being a consequence of the much
larger number of particles probed by the latter
techniques.

5. Conclusions

We have described a method to estimate the size dis-
tribution of metallic NPs from the OES spectra based
in Mie’s theory and an optimization algorithm. We
have shown that, for two different metals embedded

Fig. 3. (Color online) Experimental GISAXS intensity profiles
(symbols) and best fit to experimental data (continuous curves)
for (a) Au and (b) Cu adjusted considering spherical NPs with a
normal distribution of radii. The curves are shifted by increasing
powers of 10 for clarity. The αf value for each profile is indicated
in the figure.
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in silica, the obtained results are very similar to the
ones obtained by GISAXS and TEM, two of the more
widely used methods for this purpose. For the sys-
tems studied in this work, very good agreement
was obtained by the three techniques when deter-
mining the AR, but TEM considerably underesti-
mates the radius distribution; this discrepancy in
the RD values obtained by TEM is probably an effect
of not sampling enough particles (or different
regions) in the samples. Although SAXS/GISAXS
and TEM are frequently used for measuring particle
size distributions, they both have some disadvan-
tages when compared with OES, due to the sample
preparation and expensive facilities required.
Therefore optical absorption measurements offer
an attractive method to determine the radius distri-
bution of metallic NPs from the analysis of the absor-
bance measurements, which can be performed with
any commercial spectrophotometer, achieving rapid,
accurate results with a low cost.
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