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Abstract Drag correction factors are calculated for the
creeping motion of spheres descending in various as-
sociative polymers of different concentration with vari-
ous sphere-container ratios and Weissenberg numbers.
The simple-shear rheology and linear viscoelasticity of
these polymeric fluids have been previously presented
and modeled with the BMP (Bautista–Manero–Puig)
equation of state (Mendoza-Fuentes et al., Phys Fluids
21:033104, 2009). The drag on the sphere is initially kept
nearly constant for small Weissenberg numbers, We <

0.1. As the Weissenberg number increases, We < 0.1, a
reduction in drag is found. Experimental results show
the presence of a critical Weissenberg number at which
a drag reduction occurs. The reduction in the drag
correction factor is associated to the onset of extension-
thinning, which coincides with the formation of a neg-
ative wake. No increase in the drag correction factor
was observed, due to the simultaneous opposing effects
of extension-thickening and shear-thinning viscosity.
The shape of the drag correction factor curve may be
predicted considering the extensional properties of the
solutions, as suggested elsewhere (Chen and Rothstein,
J Non-Newton Fluid Mech 116:205–215, 2004).
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Introduction

Many theoretical and experimental studies of the mo-
tion of a sphere falling in non-Newtonian fluids have
been conducted. This subject may be considered one
of the cornerstone problems in modern fluid dynamics.
Its importance ranges from industrial problems, such
as suspending heavy abrasive particles in mobile liquid
detergents and particle transport by well-technology
fluids in the oil industry (Chhabra 1993), to funda-
mental investigation to test constitutive models and
numerical methods of non-viscometric flows (Walters
and Tanner 2002).

Despite several decades of investigations, some is-
sues have not been studied in detail or remain un-
solved (Owens and Phillips 2002). For example, the
influence of elasticity and shear-thinning behavior on
the drag coefficient have not been completely elu-
cidated. Within a historical perspective for the case
of highly elastic constant viscosity fluids (the so-
called Boger fluids) and for a small value of the
sphere-container ratio, it has been shown that the
drag correction factor, K (defined below), has no sig-
nificant deviations from the Stokesian value at small
Weissenberg numbers, We < 0.1; the Weissenberg
number is defined as

We = λU/a, (1)

where λ is the relaxation time, U and a are the
sphere velocity and radius, respectively. Instead of the
Weissenberg number, some authors use the Deborah
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number, De. However, their physical interpretation is
not the same as discussed by Elmoumni and Winter
(2006). To avoid any confusion, we only used the data
of other authors who define the Weissenberg number
as in Eq. 1.

For intermediate values of the Weissenberg number,
0.1 < We < 1, a reduction in the drag coefficient is
observed, and for We > 1, a nearly constant value of
drag coefficient is reached; finally, the drag correction
factor increases for large We numbers. In general, the
shape of the drag correction factor for these fluids
depends on the extensional properties of the fluid and
geometric aspect ratios used (Jones et al. 1994). For
the case of shear-thinning viscoelastic fluids, Sigli and
Coutanceau (1977) found, for polyethylene oxide solu-
tions, a reduction in the drag correction factor of nearly
60% less than the Stokes value once the first normal
stress difference departs from the quadratic region,
thus attributing this phenomena to fluid elasticity. The
sphere-container ratios used by Sigli and Coutanceau
(1977) were within 0.25 < a/R < 0.5, where a is the
sphere radius and R is that of the container.

Using a 1% aqueous polyacrylamide solution
Bisgaard (1983) found, for an aspect ratio a/R = 0.5,
a reduction in the drag correction factor; for lower as-
pect ratios, a/R = 0.4 and a/R = 0.3, a nearly constant
value of the drag correction factor with We was found.
Further studies by Mena et al. (1987) revealed that
in the low shear rate region elastic effects were the
predominant factor for drag reduction, but at higher
shear rates, shear-thinning took over as the primary
cause for further drag reduction. Navez and Walters
(1996) confirmed results by Mena et al. for high as-
pect ratios where viscoelastic effects were smaller than
shear-thinning effects, and later they were confirmed by
Arigo and McKinley (1997) with small aspect ratios. In
the above studies, a considerable reduction of the drag
correction factor normalized by the Newtonian drag
correction factor, K/KN , is apparent; in the case of the
polyacrylamide solution used by Navez and Walters an
increase of this ratio was observed for We > 1.

Additional experiments on the dependency of K on
a/R were performed for high aspect ratios by Degand
and Walters (1995). Values of the normalized drag
correction factor, K/KN , for a high aspect ratio, a/R =
0.88, showed a reduction of almost 85% of the drag
correction factor with respect to the Stokes value.

More recently, Chen and Rothstein (2004) observed
a decrease of drag correction factor with We for two as-
pect ratios in a wormlike micellar solution. In compari-
son to the drag correction factor curve for Boger fluids,
their results show the presence of a second decreasing
region at high We numbers. Their results show that for

small Weissenberg numbers the drag correction factor
is similar to that found in the Newtonian fluid. As We
increases, K decreases due to shear-thinning effects.
For We = 2, the factor reaches a minimum. Increasing
the Weissenberg number further, leads to an increase in
the drag correction factor. This increase was attributed
to a strong inhomogeneous extensional flow which
develops in the wake of the sphere due to the large
extension rates and resident times experienced by the
wormlike micelles, leading to significant strain hard-
ening and deformation of micelles. Additionally, Chen
and Rothstein observed the presence of a critical We
number where the flow becomes unstable, attributed to
a breakdown of the wormlike micelle network structure
in the wake of the sphere. Moreover, a third region
where drag increased further at higher We numbers was
also observed.

In summary, the general scheme of the behav-
ior of the normalized drag correction factor with
Weissenberg number found experimentally by different
authors is depicted schematically in Fig. 1. Region A–
D has been observed in Boger fluids; notwithstanding,
shear-thinning viscoelastic fluids have shown the same
behavior without the appearance of region C; further-
more, region E has been detected in wormlike fluids
like those analyzed by Chen and Rothstein (2004).

Sedimentation of spheres in complex fluids and as-
sociated phenomena such as the behavior of drag cor-
rection factor are still unresolved problems that require
further examination to be properly understood. In this
work, we conduct an experimental study on the drag
correction factor, using data of falling spheres in a
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Fig. 1 General scheme of the behavior of the normalized drag
correction factor with Weissenberg number
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container filled with an associative polymer (hydropho-
bic alkali soluble emulsion, HASE) at various polymer
concentrations in water. These polymers, namely as-
sociative polymers, form an elastic network joined by
electrostatic interactions and physical entanglements,
in the concentrated regime. The complexity of the flow
behavior of falling spheres, in general and in particular,
is manifested in interesting phenomena resulting from
the viscoelastic, surface and time-dependent properties
of the fluid (Puig et al. 2007). The study of these
phenomena is the subject of the present investigation.

Experimental setup and conditions

The experimental arrangement comprises a cylindrical
container of 120 cm length and 12.7 cm diameter (R =
6.35 cm); the container has a valve at the bottom to
collect the spheres, which are released into the solution
by a special mechanism to minimize surface and inertial
effects. Four fluids were used corresponding to four
polymer concentrations (1.0%, 1.5%, 2.0% and 2.5%
of HASE by weight in water). The spheres tested have
sizes (in centimeters) and densities (in kilograms per
cubic meter) varying from 0.635 to 1.9 and 1.14 to 14.95,
respectively. With these experimental conditions, the
sphere to cylinder size ratio, a/R, ranged from 0.05 to
0.15.

To calculate the drag correction factor, five tests
of each sphere-fluid combination were conducted to
obtain a mean velocity with an uncertainty of about
0.1%. The flow visualization technique and fluid prepa-
ration procedures have been previously discussed else-
where (Mendoza-Fuentes et al. 2009).

To account for the presence of walls and fluid visco-
elasticity, we use the drag correction factor:

K = UStokes

Us
= 2ga2(ρs − ρ f )

9ηoUs
(2)

where g, a, ηo, Us, ρs and ρ f correspond to the gravity,
sphere radius, zero shear viscosity, terminal velocity,
sphere density and fluid density, respectively. For a
Newtonian fluid, the drag correction factor takes the
form:

KN = 1

1 − f (a/R)
(3)

where f (a/R) is the Faxen’s series:

f (a/R) = 2.1044(a/R) − 2.0877(a/R)3 + 0.84913(a/R)5

+ 1.3720(a/R)6 − 3.87(a/R)8 + 4.19(a/R)10

(4)

Thus, the ratio K/KN , namely the normalized drag
correction factor, is used to quantify the deviation from
the Stokesian value due to the presence of walls and
fluid viscoelasticity.

Modeling and fluids rheology

The modeling of fluid rheology has been described
previously by Mendoza-Fuentes et al. (2009); only a
brief discussion is presented here.

In Fig. 2 model predictions for uniaxial extensional
flow and simple shear data are shown for the four
HASE concentrations. A region of constant exten-
sional viscosity at low extension rates (ε̇ < 10) is fol-
lowed by a strain-thickening region. The onset for
the increasing viscosity coincides with that of shear-
thinning, and the magnitude of the maximum in the
extensional viscosity increases with concentration, al-
though this increase is more pronounced in the di-
lute system. As in simple shear, the onset for strain
thickening shifts to lower strain rates as concentration
increases. This behavior has been associated to the evo-
lution of intra-molecular junctions into intermolecular
links as flow strength increases. The formation of an
intermolecular network results in increasing elasticity
and hence strain thickening. Because extensional flow
deforms the system more drastically than simple shear,
the extension thickening is normally more pronounced
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Fig. 2 Measured shear viscosity (symbols) and model predic-
tions for shear and uni-axial extensional flows (thin and thick
lines, respectively). (Circles) and (solid line), HASE 1.0%; (plus
symbol) and (dashed line), HASE 1.5%; (squares) and (dashed
dotted line), HASE 2.0%; (multiplication symbol) and (dotted
line), HASE 2.5%
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than shear thickening. At larger strain rates, the in-
termolecular associations break, leading to structure
rupture and hence strain thinning. The predictions from
the BMP model agree very well with the measurements
in simple shear flow. For the case of extensional vis-
cosity, the comparison between the predictions of the
model and experimental measurements showed very
good agreement (see Fig. 6 in Mendoza-Fuentes et al.
2009).

Results

The experimental value of the drag coefficient is
obtained from measurements of the terminal veloc-
ity calculated from the displacement of the sphere
in consecutive frames in the imaging system used by
Mendoza-Fuentes et al. (2009). In Fig. 3, the nor-
malized drag correction factor K/KN is plotted as a
function of We for different aspect ratios for the four
liquids used in this investigation. In all fluids (HASE
1.0 to 2.5%) the drag correction factor remains constant
around one for small We, and no substantial deviation
from the Stokesian value is found. As We increases,
a reduction of the drag correction factor is observed.

The value of We where this drag reduction begins
depends on fluid concentration and can be related to
the appearance of the negative wake. We determined
wether or not the negative wake had appeared in each
case from the visualizations of Mendoza-Fuentes et al.
(2009). In the figure, the data for which the negative
wake was observed coincide with the cases in which
drag reduction is present. This critical We may also be
estimated by locating the onset for extension-thinning
(see Fig. 9 in Mendoza-Fuentes et al. 2009). Note also
that drag reduction has been observed for the case of
bubbles ascending in HASE (Soto et al. 2007), which
also coincides with the apparition of the negative wake.

In Fig. 4, a summary of all experimental results is
depicted; the dependence of drag reduction on polymer
concentration and We is clearly observed. A plateau
region with no dependence on aspect ratio and fluid
concentration is shown for We lower than 0.5. Past
this value, the maximum drag reduction is near 40%;
however, drag increase was not observed at all for large
values of We. This is in agreement with the sugges-
tion of Dou and Phan-Thien (2004), later confirmed
by Mendoza-Fuentes et al. (2009), that less strain-
thickening extension viscosities with a high value of
extensional rate are the governing mechanisms for drag

Fig. 3 Normalized drag
correction factor, K/KN , as a
function of Weissenberg
number, We, for all the
liquids tested: a HASE 1.0%;
b HASE 1.5%; c HASE
2.0%; d HASE 2.5%. Each
symbol represents a different
value of a/R: (Empty circles),
a/R = 0.05; (empty squares),
a/R = 0.0625; (empty
diamonds), a/R = 0.075;
(empty triangles), a/R = 0.1;
(inverted empty triangles),
a/R = 0.15. The filled and
empty symbols represent the
cases for which the negative
wake had appeared or not,
respectively, according
Mendoza-Fuentes et al.
(2009)
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Fig. 4 Normalized drag correction factor, K/KN , as a function of
Weissenberg number, We, for all the liquids tested. All symbols
are as in Fig. 3

reduction and negative wake appearance in the asso-
ciative polymers examined here. However, in a worm-
like micellar solution, Chen and Rothstein (2004) found
a strong extensional flow with significant micelle de-
formation and strain hardening, which leads to the
presence of a third region where a maximum in the drag
correction factor occurs (region D, Fig. 1).
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Fig. 5 Normalized drag correction factor, K/KN , as a function
of Weissenberg number, We, for the 1.5 wt.% fluid , shown
as filled and empty circles. Experimental results from other au-
thors: (empty squares), Navez and Walters (1996); (plus symbol),
Degand and Walters (1995); (asterisks), Mena et al. (1987); (mul-
tiplication symbol), Arigo and McKinley (1997); (inverted filled
triangles) and (inverted empty triangles), Chen and Rothstein
(2004) (for this case, the dotted lines serve only as eye-guides)

In Fig. 5, a comparison of our experimental results
using the 1.5 wt.% solution with data from other au-
thors is shown. It is possible to observe the four main
regions (marked as A, B, D and E) depicted in Fig. 1.
The data published by Navez and Walters (1996) and
Degand and Walters (1995) using the fluid S1 (solution
of polyisobutylene in a solvent) show a quite different
behavior. The fluid by Navez and Walters shows an
increase in the drag correction factor for We > 1, while
the fluid by Degand and Walters only presents a drag
reduction behavior. A possible explanation relays on
the different extensional properties of the solvent used
by these authors; while Navez and Walters used a
mixture of polybutene oil and decalin, Degand and
Walters used a solvent mixture of polybutene and 2-
Chloropropane. In the same manner, the fluids used
by Arigo and McKinley (1997) and by Mena et al.
(1987) only present a drag reduction behavior with
a maximum reduction of 50% and 63%, respectively,
with increasing We. Notwithstanding, the data from
Mena et al. show the presence of a nearly constant drag
coefficient (region C in Fig. 1) for 1.5 < We < 3. Once
more, the test fluids used by these authors were 2 and
8 wt. % polyacrylamide solutions in different solvents.

For the specific case of micellar fluids, similar to
those used here, the only comparison that can be con-
ducted is with the data of Chen and Rothstein (2004). in
their case, a drag reduction is observed for We < 2, in
accordance with our results. however, for higher values
of We for the two fluids that they considered, a strong
drag increased (region D, Fig.1) is observed, followed
by a second drag decrease behavior (region E, Fig. 1),
but only for one of their test fluids. The appearance
of regions D and E for We > 4 was attributed to the
presence of instabilities due to the scission of individual
wormlike micelles and the breakdown of the entangled
micelle structure. Hence, the coupled effect of shear-
thinning and reduction of extensional viscosity may
explain the behavior observed by Chen and Rothstein
and that revealed by our results. These data were ob-
tained using small aspect ratios, suggesting that data for
different wormlike micellar solutions and high aspect
ratios are still needed.

In general, shear-thinning viscoelastic fluids present
three regions of behavior of K/KN with We (A, B and
D), and absence of a plateau region usually found in
Boger fluids (region C in Fig. 1). The first region where
drag reduction occurs (region B in Fig. 1) is attributed
to a less strain-thickening extensional viscosity, while
the increase in drag (region D in Fig. 1) is due to the
opposite effect. Notwithstanding, a second decrease in
drag appears as We increases much further (region
E in Fig. 1). This region was explained by Chen and
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Rothstein (2004) in terms of saturation of extensional
viscosity as micelles approach their finite extensibility
limit leading to filament rupture. Finally, despite the
onset of extension-thickening in the HASE solutions
(see Fig. 2), no evidence of increasing drag correction
factor was observed in our results; this behavior may
be attributed to the fact that the onset of extension-
thickening coincides with that of shear-thinning. The
simultaneous action of these opposing mechanisms may
offset the drag increase. Clearly, more experiments are
needed to fully elucidate this phenomenon.

Conclusions

Results shown in this work demonstrate that the
extension-thinning properties of the fluid together with
a high value of the characteristic extension rate are the
important factors for drag reduction observed in asso-
ciative polymers. The value of the critical We number
where the drag reduction occurs agree with the theo-
retical value found for extension-thinning (reduction of
Trouton ratio) and the experimental conditions for neg-
ative wake apparition. Neither evidence of plateau for-
mation at intermediate We numbers, nor drag increase
at higher We, were observed. Future investigations in
this subject must evaluate the extensional properties of
the test liquids to confirm that the onset of extensional
thinning is indeed the most relevant factor for the
drag reduction to be observed. More experiments for
large values of the Weissenberg number (We > 3) Are
still needed to investigate the nature of drag increase
phenomena. These experimental results show that as-
sociative polymers can be used as model fluids which
have the advantage of being readily accessible, easy to
prepare, show stability and exhibit a wide range of fluid
properties.
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