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In the present work, the yield stress of complex materials is analyzed and modeled using the Bautista-Man-
ero-Puig (BMP) constitutive equation, consisting of the upper-convected Maxwell equation coupled to a
kinetic equation to account for the breakdown and reformation of the fluid structure. BMP model pre-
dictions for a complex fluid in different flow situations are analyzed and compared with yield stress pre-
dictions of other rheological models, and with experiments on fluids that exhibit yield stresses. It is shown
that one of the main features of the BMP model is that it predicts a real yield stress (elastic solid or Hookean
behavior) as one of the material parameters, the zero shear-rate fluidity, is zero. In addition, the transition
to fluid-like behavior is continuous, as opposed to predictions of more empirical models.
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1. Introduction

The yield stress of complex materials has been the
object of a great deal of attention. The yield stress occurs
when the shear stress becomes independent of the shear
strain (constant value) and the system behaves as an elas-
tic solid. However, for increasing strain rates, past a crit-
ical point (yield stress), the material flows. In some
articles, the real yield stress is identified with the Bingham
yield stress, namely, an asymptotic non-zero value of the
stress as the shear rate tends to zero. On the other hand,
the term “apparent yield stress” is identified with a very
large zero-shear rate viscosity, but such behavior corre-
sponds to a stress value of zero as the shear rate is zero.

A viscoplastic material exhibits little or no deformation
up to a critical value of stress (the yield stress) above
which the material flows. Concentrated suspensions of
solid particles in Newtonian liquids exhibit yield stress fol-
lowed by nearly Newtonian behavior. These materials are
often called Bingham plastics. Various fluids of a practical
interest, such as liquid foams, paints, droplet emulsions or
high cholesterol blood, possess such elastoviscoplastic
behavior.

Cheng (1985) observed that the stress in an intermediate
range of shear rates almost becomes constant, but with
increasing shear rates a Newtonian-like behavior occurs.
The existence of an essentially horizontal region in a dou-
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ble-logarithmic plot of stress versus strain rate was con-
sidered the most satisfactory criterion for the existence of
a yield stress. Other authors agree with this description
(Evans, 1992).

Two-and three-parameter models predict the region of
high shear rates for yielding materials. At intermediate
shear rates, both the Bingham (Barnes, 1999) and the Her-
schel-Bulkley (Herschel and Bulkley, 1926; Bingham,
1922) models do well in predicting a flattening of the
stress as a function of shear rate. One of the computational
problems mentioned in the review article by Barnes
(1999) is that the behavior of a Bingham or similar mate-
rials at the yield stress is in no way smooth and differ-
entiable in a mathematical sense. Below the yield stress,
the viscosity is infinite, and above, it is an asymptotically
decreasing function of shear stress, usually approaching a
constant value of viscosity as the stress becomes infinite.
These problems can lead to inconsistencies in the numer-
ical modeling of flow in complex geometries (Lipscomb
and Denn, 1984), and difficulties in properly defining the
boundaries between non-deforming ‘solid” zones and
flowing ‘liquid’ zones.

Abdali et al, (1992) presented results from a simu-
lation of entry and exit flows into a circular tube of a
modified Bingham fluid which eliminated stress singu-
larities, using Papanastasiou’s extra exponential term
(Papanastasiou, 1987). Papanastasiou (1987) introduced
a slightly modified version of the Bingham plastic (Bing-
ham, 1922), containing three fitting parameters. This
model produces a continuous change from a solid to a
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fluid behavior of the material. It is obvious that the mate-
rial can be well approximated uniformly at all levels of
stress as a liquid that exhibits very high viscosity in the
limit of low strain rates followed by a continuous tran-
sition to a Newtonian plateau. The approximation can be
made more accurate at very small strain rates by means
of a material parameter that controls the exponential
growth of stress. Under Poiseuille flow, as the flow
becomes more and more dominated by the yield stress,
the velocity profile becomes more plug-like. This arises
because the material deformation is restricted in the tube
to just near the wall. Although this model is continuous
and differentiable, it does not predict a real solid-like
behavior.

Alternative models have been proposed to account for
the real solid, Hookean behavior before yielding. The
Houlsby and Puzrin (2002) and Isayev and Fan (1990)
models predict extensions to the original Voigt-Kelvin or
Maxwell-like behavior with added yield stresses. The
Houlsby and Puzrin (2002) model predicts an elastic
behavior before yielding, followed by a Kelvin-Voigt solid
behavior at long times. Likewise, the Isayev model
(Isayev et al., 1990) predicts a Hookean elastic behavior
before yielding but a viscous behavior after yielding.
These models have the disadvantage that the solid-liquid
transition is discontinuous. However, the real deformation
at the transition is expected to be smooth, at least con-
tinuous. A constitutive equation for elastoviscoplastic
materials has been proposed by Saramito (2007, 2009)
which is continuous and differentiable, but again, it does
not predict a real solid-like behavior.

To predict a solid behavior, a new version of the latter
viscoplastic model was suggested, based on the Herschel-
Bulkley (1926) viscoplastic model, with a power-law
index n > 0. At low stresses, the material exhibits a real
yield stress, whereas for a stress above a yield stress, the
material exhibits a shear-thinning or shear-thickening
behavior.

In summary, models that predict real solid behavior and
a smooth transition to liquid-like behavior are mostly
empirical. Elsewhere (Bautista et al.,, 1999), a model that
predicts several rheological responses observed in com-
plex materials, has been shown to describe the yield stress
(apparent and “real”). Constitutive equations that take into
account the build-up and break down kinetics of a com-
plex fluid structure during flow have been used to model
several complex systems (Bautista et al., 1999). In the
present work, predictions of the BMP model are compared
to those of the mentioned models. The model presented
here is basically in agreement with predictions of the men-
tioned models, but with a more consistent physical basis.
In addition, experimental results on concentrated solutions
under simple shear and creep are also compared with pre-
dictions of the BMP model. These solutions exhibit yield
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stresses as a function of the concentration.

2. Theory

2.1. Rheological equation of state

For the suspension of solid particles in a Newtonian sol-
vent, the BMP (Bautista et al,, 1999) model is described
by the following equations:

6 =0,,70,1T0,=0,+0 (1

where the three contributions to the total stress are those
arising from the particle-particle interactions (subindex
“pp”), particle-solvent interactions (subindex “ps”) and
the solvent (subindex “s”) contribution, respectively. For
the contributions of particle-particle and particle-solvent
interactions (subindex “p”), respectively, the following
equations apply:

1 v 2
c,+ 6, ==D 2)
’ G(J(pp ? (Pp
do, _ 9—¢
—P =" T4 k(p,— :D 3
o Tk~ (3)

while for the Newtonian solvent:
o,=2n,D. (4)

G is the total stress tensor, D is the symmetric part of the
velocity gradient tensor, ¢ is the fluidity (inverse of the
viscosity 1), ¢ (=m,") is the zero strain-rate fluidity, ¢, is
the fluidity at high strain rates, G, is the shear modulus, A
is the structural characteristic time and k is a kinetic con-
stant related to structure modification. The upper-con-
vected derivative of the stress tensor is:

|o

6=Ls-(L-o+o-L" )

Dt
where L is the velocity gradient tensor. Egs. 2 and 3 reduce
to the upper-convected Maxwell model when ¢ = ¢, and
to the Oldroyd model (Oldroyd, 1947, 1950) when the sol-
vent is included. These equations express that the non-lin-
ear viscoelastic processes contained in the Maxwell
equation are coupled with an equation written in terms of
the fluidity, which is itself a kinetic equation with a char-
acteristic time related to structure formation A and a
destruction term related to structure modification with
kinetic constant k proportional to the dissipation. This ver-
sion of the model is a simple one which neglects effects
derived from concentration gradients and shear-banding
phenomena included in a general formulation derived from
extended irreversible thermodynamics (Garcia-Rojas et al.,
2009). It is assumed that Eqgs. 2 and 3 apply to the particle-
solvent contribution at short times and to the particle-par-
ticle interactions at longer times. Hence, the constitutive
equations may be written as:
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c=0,+2n.D (6)
1 Vv 2

c,+——o0c, ==D @)
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dt A
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where subindex p includes particle-particle and particle-
solvent contributions.

2.2. Steady state
Under steady-state, Eq. 8 gives the following expression
for the normalized dissipation:

ki(c :D)= 2P (10)
Po—P

Clearly, the dissipation due to particle-solvent and par-
ticle-particle interactions is small at small strain rates
(9—>9,) and it is large as the fluidity approaches the sol-
vent fluidity. In Eq. 7, in the limit when the fluidity is
zero, integration in time leads to Hooke's law of an elastic
solid. As shown later, this limit corresponds to that of a
real yield stress, identified with a stress plateau indepen-
dent of the shear rate. In terms of the total stress, Egs. 6-
9 may be written as:

Vv
5+1,0 = 2(1/9+1,)D+21,7D (11)
d 1
=500/ (14n.0,) k0.~ 0,/ (1+n0,))0 D (12)

TR= ((ppCIO)71 s Tls(Pp<1 . (13)

Clearly, the variable stress relaxation time approaches
the Maxwell relaxation time as ¢—¢,, and when the
fluidity of the suspension attains its largest value ¢,
(necessarily it must be smaller than the solvent fluidity)
the relaxation time tends to zero. Under simple shear
flow and neglecting normal stress effects, Eqs. 11-13
become:

do _ . dy
ot Ty (1/<pp+ns)Y+nsTRdt (14)
d 1 .
P=_(p,—0)+ — .
= x((po 9)+k(9.—0)o7 (15)

Where y is the shear rate and the non-linear terms in
Egs. 11 and 13, which generate normal stresses are not
considered here. At steady state, Eqs. 14 and 15 may be
combined to give:

(Pok A5 )02+ (1-kA(,, 07 )P+ (—0p) = 0 (16)
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where

l/(Pss:(l/(perns)ss‘ (17)

Eq. 16 predicts shear-thinning behavior when ¢, >o,),
shear-thickening when ¢,.<¢, and Newtonian behavior
when ¢, =¢,. A near-plateau region is predicted in the
limits of very low and very high shear rates, with a power-
law behavior in the intermediate shear rates. In addition, a
real yield stress is predicted when ¢,=0. The real yield
stress implies an elastic solid (Hookean) behavior in the
limit when the shear rate approaches zero, as in the Bing-
ham viscoplastic model. Apparent yield is predicted for
very small values of ¢,. From Eq. 16, the yield stress can
be calculated when ¢,=0 in the region of very small
shear rates. This gives:

o,=(kho,) " (18)
Eqn. 16 may be solved for ¢, to give:
Pss _ (or—1)+0%

5 (19)
(O 26n
where
0= J(or—1) +4or(0/0.) (20)
and the reduced yield stress is defined as:
oR=—. @21

Oy

The three material constants contained in the above
equations {o.,,¢,,0,} may be evaluated from independent
rheometric measurements in steady and unsteady flows.
The fluidities at lower and high shear rates {¢.,9,} can
be estimated through experiments in steady shear flow.
The structural time and elastic modulus {G,,2A} can be
calculated by using linear oscillatory flow. The kinetic
constant {k} can be evaluated in stress relaxation exper-
iments after steady shear flow; in this sense, the model
does not contain fitting parameters (Calderas et al., 2009;
Herrera et al, 2009, 2010; Calderas 2012).

3. Results

3.1. Flow curves behavior

As reported previously for the BMP model (Bautista et
al., 1999), in the case ¢,>0, the stress goes to zero as the
applied shear rate goes to zero, except when ¢, =0 ; in this
case, Bingham behavior is observed, corresponding to a
real yield stress. Depending on the value of the shear
stress, two cases are observed: a “real” yield stress (zero
fluidity and a constant shear value independent on the
shear rate) and an apparent yield (small enough but non-
zero fluidity and shear stress dependent on the shear rate).
The difference is only noticeable in a log-log plot (see
Bautista et al., 1999).
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A first Newtonian region is predicted, ending at shear
rates of order G,p, =%, , and the onset for the yield stress
corresponds to shear rates of order x;‘ =GP, - AS
©,—0,%," also tends to zero and the plateau extends to
lower shear rates, up to the point where the first New-
tonian region vanishes and gives way to a non-zero stress
for vanishing shear rates (see Bautista et al., 1999).This is
the regime where the parameters of constitutive Egs. 7 and
8 are dominated by a very small constant ¢, and Eq. 7
tends to Hooke’s law, the elastic solid behavior. As the
elastic modulus G, grows, the material becomes a rigid
solid (a solid that does not deform, except at considerable
lengths of time). Likewise, shear rates of x;‘ order lie in
the transition zone from yield to flow behavior. With
respect to the characteristic time A, which represents the
material dynamic structure, it may vary in the range
Ao<A<Ay.

3.2. Time dependent behavior (Creep)

In this case, the applied shear stress is o, and remains
at this value while the sample deforms as a function of
time. Eqs. 4 and 5 give:

de _ 9o—9 _ 2

i T (22)

This equation may be solved with the initial condition
o(t=0)=¢;, and with ¢(t—>x)=¢, (steady state fluid-
ity). The solution is (see Appendix A):

_ P, 2 1 ) ot Qo 2:|’1
t) = Qg+ (— + = . 23
oM =¢ |: OXGR 0 € GXGR (23)

The compliance is defined as:

I(o,t) = [ @(t)dt. (24)

With Eq. (23) substituted into Eq. (24), the following
expression for the compliance is obtained:
ko

J(P0, 9o i K, 1,04, 1) = <Psst+kL2Ln 1H(0i— ) —=*(1-¢™")

(25)
where the steady state fluidity 02, the reduced shear stress
and yield stress are given by the Egs. (18-20).

3.3.1. Behavior at long times

At long times, the exponential term in Eq. 23 dominates
and upon integration of Eqn. 24, the following equation is
obtained:

J(o,0 = I+ gt (26)
where the elastic compliance (J!=G,') is given by:

J(e) _ MPi—0y5) . (27)
ON+ ((Pi_(Pss)GZR

©
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Eq. 26 represents a straight line with slope¢,, and with
ordinate J{, the latter depending on the magnitude of the
applied shear stress through Eq. 27. Several limits of Egs.
25 and 27 are analyzed as follows.

Case A: oy<l.
When the applied stress is very small and lower than the
yield stress, OL—1,¢,—>¢,=0. Eq. 26 reduces to:

I=1.= g (28)

This primary creep region is given in terms of the initial
fluidity and structural time scale. At long times, the com-
pliance reaches a constant elastic contribution, as in the
linear Kelvin-Voigt model, implying an elastic solid
behavior. Hence, the elastic compliance in this case is
identified with @A .

Case B: ;=1
In this case ¢,,—>,=0,0L—0, and Eq. 26 reduces to:

J(o,t) = Ao, . (29)

The response at long times again tends to the limit of an
elastic solid, with a larger asymptotic elastic compliance
than that of case A.

Case C: ox>1

For stresses larger than the yield stress, Eq. 25 applies,
but for the particular case when the applied stress is very
large, 6L — 1 +07, 0 —> ¢, and the elastic compliance van-
ishes in this limit. Eq. 25 becomes:

3.3.2. Behavior at short times

At sufficiently short times, the exponential term in Eq.
23 may be linearized, and upon integration, the compli-
ance is obtained in this limit as follows:

J(o,t) =it (31

This equation predicts an initial slope of all curves in
Fig. 1, in which the compliance is plotted with time for
increasing stress values. Eq. 31 also expresses that for
times of order A, the initial slope attains the value of the
elastic compliance. In the limit ¢,—>0, a rigid solid
behavior (a solid with very large modulus) is attained, i.e.,
the compliance is nearly zero for all times (see Bautista et
al., 1999). When the initial slope in Eq. 31 is very large
(9;— ¢, ) the compliance follows a behavior correspond-
ing to an elastic solid, in which a steep slope at short times
is followed by an asymptotic region at long times, the
elastic compliance (Fig. 1 b, see Eq. 28).

For small applied stresses, below the yield stress (Fig. 1
a, og<1) there is a primary creep region at short times,
corresponding to the initial elastic response, given by Eq.

Korea-Australia Rheology J., Vol. 25, No. 4 (2013)
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Fig. 1. Compliance as a function of time for 4 cases (A=0.14s,
k=3.9x10° Pa', ¢, =10.5Pas™): (a) Applied stress smaller than
the yield stress (¢; =¢., /10, ¢ =0); (b) applied stress equal to the
yield stress (¢;=¢.,, ¢=0); (c) applied stress larger than the
yield stress (¢; =@., , P =0, /10); (d) applied stress much larger
than the yield stress (Q; =@, =0 ).

31 (9;<9, ). At long times, the sample stops deforming
and the asymptotic elastic compliance is attained (Eq. 28).
At the yield stress (Fig. 1b, o = 1) the initial slope is very
large (¢;=¢.) followed by a larger asymptotic elastic
compliance given by Eq. 29. For applied stresses larger
than the yield stress (Fig. 1c, ox>1) Eq. 26, 28 and 31

a) 500
= 100,
& 50
©
10

0.001 0.002  0.005 0.010 0.020  0.050 0.100

76™)
c) 0.0008
2 0.0006
- !
& .
= 0.0004 |
0.0002
0.0000° : Y
0 1 2 3 4
t(s)

apply. In Fig. 1c, the initial fluidity is set to ¢;= o,,, fol-
lowed by the steady-state fluidity with value ¢ = ¢./10.
Finally, for stresses much larger than the yield stress (Fig.
1 d, og»1), the initial and steady-state fluidities coincide
(¢; = 0= 0., ) and in this case negligible primary creep is
apparent.

3.3.3. Comparison with experiment

Predictions were compared with experiments made with
Kaolin suspensions. Kaolin is a clay composed of silicates
with mean particle size in the colloidal suspensions range
(1-1000 nanometers), and concentrated suspensions in
most cases present yield stresses. It is used in the phar-
maceutical and paint industries as a dispersing agent or
thickener, respectively.

The tests were made in a TA-Instruments AR-G2 stress-
controlled rheometer. Sample preparation included mixing
to homogenize the sample during 30 min with 0.05 wt%
pectin using a Lightin® mixer. Only one concentration
was considered: 60 wt%. The tests included steady simple
shear in the range of 0.001 to 100s" and creep exper-
iments for various applied stresses at two temperatures (10
and 25°C) using parallel-plates 40 mm diameter with
rough surfaces to avoid slipping at the solid-liquid inter-
face. The creep tests were programmed to observe the
response of the material at short and long times, up to the
attainment of steady-state.

b) 0.0030,
~ 00025
£ 0.0020
= 0.0015
0.0010°
0.0005

0.00007" :
0 20 40

60 80 100 120
t(s)

d) 0.012

0.010'
0.008

=

=" 0.006
0.004
0.002!
0.000°

—_
'
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t(s)

Fig. 2. (a) Steady state stress versus shear rate. 60 wt% Kaolin suspension in water at 10°C. (b) Compliance versus time. Applied stress:
77 Pa. (c) Compliance versus time. Applied stress is 80 Pa. (d) Compliance versus time. Applied stress is 130 Pa. Solid line: model pre-

dictions. Symbols: Experimental data.
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Table 1. BMP model parameters used in the simulations for Fig-
ure 2

Figure 2a 2b 2¢ 2d
Mode I I I 1 I
or(l) - 1 1.04 1.04 1.69

@o(Pa-s)” 0 0 0 0 0
9. (Pasy’ 05 0.5 0.5 0.5 0.5
oi(Pas)’ - 6x10°  0.018 0.018 1.05x10°
¢s(Pa-s)” - 8x10°  2x10°  1x10°  1.05x10”

k(Pa)'  0.0911  0.0911 0.6 0.6 0.0911

Ms)  3.7x10°  4x10°  3.6x10°  1x10°  0.018

J) (Pay’ - 1.14x10°  5.5x10° - 0

Two sets of data were collected at two temperatures (10
and 25°C) at 60 wt% concentration, in both steady state
and creep flow. At 10°C, Fig. 2a shows the stress versus
shear rate curve indicating the approach to a constant
stress independent of the shear rate, as the shear rate
decreases to very low values. In Figs. 2b, 2¢ and 2d the
compliance as a function of time is shown for increasing
applied stresses, where data and predictions are observed.
The method by which model predictions are calculated,
involve Egs. 16-19 and 26. With the experimental value of
the yield stress in Fig. 2a and ¢,, obtained from the fitting
of the flow curve using Egs. 17-19, Eq. 16 renders the

product kA. The parameter A is found independently, since
creep flow data renders the initial and steady state flu-
idities from the initial and long time slopes of the com-
pliance curve. The intercept (Eq. 27) gives the elastic
compliance and the value of 0 is found from the applied
stress. Since a real yield stress is revealed in the flow
curves, the predictions were made with ¢,=0.

As observed in Table 1, for Figs. 2b and 2d, a single mode
is sufficient to predict the data, with exception of the curve
produced with an applied stress slightly larger than the yield
stress. In this case (Fig. 2c), two modes are included: the
first one is assigned to particle-solvent interactions occur-
ring at short times, and the second one operating in the long
time range. The first mode should be included to predict the
data in the short time range of the compliance curve.

In most cases, it was found that the steady state fluidity
calculated from the flow curve (stress versus shear rate)
given an applied stress does not coincide with that found
from the creep curve at long times. The reason for this dis-
crepancy is probably due to remaining slip at the solid-lig-
uid interface, even when rough surfaces of the parallel
plates were used. Nonetheless, we believe that this is evi-
dence of the presence of slip in these experiments; further
experiments (forthcoming reports) will deal with the use
of other geometries (vane) to more effectively avoid slip
in these systems. Due to slip, only at high applied stresses
both fluidities coincide (see Fig. 2d).

At 25°C, Fig. 3 exhibits data and predictions of the yield

a) 200 h) 0.00014 |
e s g s * " 0.00012 F
50
0.00010
5 -
£ w T, 0.00008
E <
10 " 0.00006
s 0.00004
2 0.00002
1 . . : ; 0.00000 . .
0.001  0.002 0005 0010 0.020 0.050 010 [ 1 : 3
}{5‘1] i(s)
c) 00001 n d) 0098
000008 0.006
~ 0.00006 e
's = 0004
= 0.00004 =
0002
000002 |-

00000

tis)

0.000

(s}

Fig. 3. (a) Steady state stress versus shear rate. 60 wt% Kaolin suspension in water at 25°C. (b) Compliance versus time. Applied stress:
70 Pa. (c) Compliance versus time. Applied stress is 90 Pa. (d) Compliance versus time. Applied stress is 130 Pa. Solid line: model pre-

dictions. Symbols: Experimental data.
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Table 2. BMP model parameters used in the simulations for Fig-

ure 3
Figure 3a 3b 3c 3d
Mode I I Il I I
or(1) - 1.14 1.14 1.29 1.85
@o(Pa-s)” 0 0 0 0 0
¢, (Pasy’ 0.5 0.5 0.5 0.5 0.5
oi(Pas)’ - 3.5x10°  3.5x10°  3.5%x10°  6.3x10
¢s(Pa-s)” - 1x10°  1x10®  1.3x10° 6.3x10"
k(Pa)'  0.116 0.6 0.6 0.116 0.116
Ms)  3.5x10° 001 3.5x10°  44x10° 023
J) (Pay’ 9.5x10° 1.98x10° 0
104(5)
Simulation BMP vs Experimental data
10°(4) 9, =0.0053;9, =9, =10.5k=3.9%10"3=0.14
[* :200Pa
1043 A :150Pa
— o, =10 :125Pa
g o :100Pa
E Lt |O :75Pa
E 101y
2
104(0)
104-1) 0/
,/
./
107(-2) ./

10°(-3) 10°-2) 10%4-1) 100} 101} 10%(2) 10%(3) 10%4)
TIME (s)

Fig. 4. Theoretical predictions of the BMP model for different

applied shear stresses (solid lines) and experimental data (sym-
bols) for a structural liquid (Catsup).

stress. Once again, for applied stresses slightly larger than
the yield stress, two modes are necessary (see Table 2 and
Fig. 3b).

A comparison of the model predictions with data pub-
lished elsewhere (Caton and Baravian, 2008) is shown in
Fig. 4. The theoretical predictions of the BMP model for
different applied shear stresses and experimental data for a
complex liquid (Catsup) are shown. At short times, the sys-
tem shows a linear behavior, however for a critical time-
value the system exhibits a monotonically increasing
behavior followed by a second linear behavior with smaller
slope at long times. Here, the system is dominated by the
storage mechanism (elastic response), whereas at the high-
est value of the applied stress, the compliance shows a lin-
ear time response with slope given by Eq. 30. The
experimental observations from Caton and Baravian (2008)
are in good agreement with the BMP compliance predic-
tions at high and intermediate time values for different
applied shear stress. It is important to note that the theo-
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1000,

s[Pa Iﬂé

0.1;

0.001
0.001 0.1

1000

Fig. 5. Shear stress as a function of shear rate. Predictions of
several models: (a) H.B. » = 0.5, 6,=10. (b) Saramito. n = 0.5,
6,=10. (c) Casson. 5,=10. (d) Bingham, 5,=10. (e, f, g) Papa-
nastsiou, ¢,=10, » = 5, 10, 15.

retical predictions do not reproduce the experimental data at
long times. It is thought that the multimodal version of the
model could be more effective at long times. However,
qualitatively the tendency of the data is reproduced well by
the model.

4. Discussion

The BMP model predicts before yielding an initial response
corresponding to Eq. 31 at short times (J(o,t) = ¢;t ) followed
by an asymptotic region at long times given by Eq. 28, case
A (J(o,t)=10=ng;). A solid-like response after yielding
(o,>0,) may be predicted by case B of the BMP model.
This is, for ¢, — ¢, =0 and at long times, J(c,t) = @A , case
B, describing a larger asymptote after yielding (since
¢; <, ). At short times, the compliance may grow steeply
according to J(o,t) = ¢@.t. This behavior agrees with pre-
dictions by the model by Houlsby and Puzrin (2002), which
captures the behavior of saturated clays.

Another case is when the compliance grows with no
bound (fluid-like behavior) according to the Oldroyd (or
Maxwell) linear viscoelastic model, which may be repro-
duced by Eq. 26. This is in agreement with predictions of the
Isayev and Fan (1990) model, which is known to describe
the flow behavior of filled polymers. The behavior after
yielding of the BMP model depends on the steady state flu-
idity, as in the linear Maxwell model (see case C) which may
attain values between ¢, and ¢, . For stresses slightly larger
than the yield stress, the slope of the compliance, the steady-
state fluidity, is close to the zero shear-rate fluidity. When the
stress is very high, the slope becomes ¢, with negligible
elastic compliance, which apparently is not predicted by the
Isayev and Fan (1990) model. Then, both models agree
when the stress is not too high.

In Fig. 5, a comparison of predictions by several models
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in the yield stress region is depicted. As observed, the
“real” yield stress models predict an asymptotic region
independent of the shear rate for vanishing shear rates
(Bingham, 1922; Hershel and Bulkley, 1926; Saramito,
2009; Casson, 1959; Bautista et al., 1999). In the insets,
models that predict “apparent” yield stresses are shown,
illustrating the region at vanishing shear rates where the
flow curves tend to a very high zero shear-rate viscosity
(Papanastasiou, 1987; Saramito, 2007).

The BMP model complies with the rigid solid behavior
before yielding of the Bingham (1922) or Herschel-Bulkley
(1926) models; it predicts an elastic or viscoelastic solid
behavior, as in the Houlsby and Puzrim (2002), Isayev and
Fan (1990) or Saramito (2007, 2009) models, and finally,
after yielding predicts a viscoelastic solid, Newtonian or
fluid-like Oldroyd behavior (Oldroyd, 1947, 1950). As ¢,
tends to zero, the initial compliance complies with the limit
of an elastic rigid solid, with negligible compliance. Kelvin-
Voigt behavior is predicted for an initial fluidity tending to
¢, and a steady state fluidity ¢,= 0. This is to be expected
when the applied stress is close to the yield stress. For
applied stresses larger than the yield stress, we expect a
fluid-like behavior with slope larger than ¢, for long times,
and with the elastic compliance given by Eq. 28. As in the
Oldroyd model, the primary creep is associated to the initial
fluidity, or the solvent fluidity, that may be very large. Here,
the initial fluidity may be also very large (¢.,) which is of
the order of the solvent fluidity.

5. Conclusions

Predictions of the BMP model were compared with
those of other models intended to describe the yield stress
of complex materials, and with experiments. The BMP
model predicts a Hookean elastic-solid behavior indepen-
dent of the shear rate for vanishing shear rates. In this con-
text, it agrees with empirical models that predict a real
yield stress, as the Bingham or Hershel-Bulkley models.
Notwithstanding, for increasing strain rates above those of
the yield stress, the behavior may be that of an asymptotic
solid-like one (as in some of the mentioned models) or lig-
uid-like, as in the Oldroyd and other quoted models. The
BMP model in its single-mode or multi-mode versions,
also describes experimental data of water-solid particle
concentrated suspensions and data taken from the current
literature. The model described here has a sound physical
basis rather than empirical, which readily contributes to
the understanding of complex flow behavior.
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Appendix A

In this appendix, the fluidity and compliance as func-
tions of the reduced shear stress are obtained. In this case,
the shear stress on the fluid is suddenly changed from o,
to o, and remains at the latter value for subsequent times.
For a simple shear flow and neglecting normal stresses,
the following expressions are obtained:

do _ 9o—9
A

5 (A-1)

+ko(0.~0)po -
This equation, in turn, can be written in the form of the
Ricatti equation, ie.

do _ —kc%(p2+(k0%(pw—%)(p+(ﬁ) . (A-2)

dt A

At steady state, the time derivative of the fluidity is
equal to zero, i.e. do/dt=0, the above equation can be
written in the following form:

(MkST)@at (1-1KG 10, s+ (—g) = 0

which is quadratic in the fluidity. The positive root is given
by the following expression

0. Mk, 0- 1+ (k0,01 1) + 400/ 0)0k0.01 (4

9. 20k, o '

Performing the change of variable ¢(t) =@+ o(t)
=, +y '(t) with the initial condition ¢(t=0)= ¢, where
¢; is the fluidity corresponding to the initial stress o, , and
Q(t—>0)—> @, it yields:

(A-3)

Lty ) = kol(o, ' ®)'

+(k6?(pw7%)(q)ss+yil(t))+% . (A-S)

Taking the time derivative of the above expression:

dy(t) _ 22 (1, 02 9 2
dt |:kcl(pss+(k kcl(poo)q)ss }L:| Y(t)

0

+[2k0f(pss+%—kcf(p4y(t)+kcs? . (A-6)

In Eqn. (A-6), the first bracket contains the steady state
fluidity and it is equal to zero (see Eqn. (A-3). Finally, the
system is reduced to the following linear equation

- [zkcfcpgs+%_kcﬁpw]y<t)+kc? =6y()+ko] (A-7)
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where0 = 2kcf(pss+}lL —ko7g, is the inverse of a time scale

associated to the applied shear stress and kinetic, viscous
and structural processes. Finally, the linear differential
equation is given by

d—zl—(tQ = Oy (1) +ko? . (A-8)
Integrating Eqn. (A-8) with the initial condition

y(t=0) =y(0)

1 ot
—e
0
The fluidity is finally given by

2
y(t) = =" (0y(0) + ko' —1% ) (A-9)

(P(t) =@yt 1 =Pt ] > 5 (A_lo)
y(t) 1 ko)) o ko
(_+_l)e -
Pi—Pss 0 0

In Eqn. (A-10) the following initial condition in terms of
the fluidity was used

1 1
0)= = . A-11
YO S0 ®  omen®) (A-1D)

Compliance

The compliance is calculated using the following inte-
gral

t t -0¢
I = fcp(&)d&—r[ ot = - ]da
0 0 (1/¢;— ¢ tko/0)—(ko1/0)
(A-12)
Substituting the fluidity (Eqn. A-10) into Eqn. A-12,
with the following variable change:

u(€) = (1/g;— ¢ +kor/0)—(kor/B)e *°, we have:

2
ko)

J(t) = pyt+—=Ln] “1-e™)

G

1+((pi_q)ss) . (A_13)

Equation A-13 can be simplified as the following form:

J(GRmeww,kJ):

2
Py 1 Pys\Or —OM(1/2)

A0, | 22 (/M) +—Ln|l1+| 1-2 | =1 - A-14

cpm(%(r i ( (Pw)%( e )j (A-14)

where:

0s_ oh-1+4(0a- 1’ +4(0/0. )00 A15)
¢w ZGé
On = (o2 1) +4(9y/9.)0% (A-16)
o =S1= O (A-17)

o, 1/ Jkhg,

Korea-Australia Rheology J., Vol. 25, No. 4 (2013)

In Eqn. (A-14) the initial fluidity ¢;=¢@(0) takes the
value of the fluidity at high shear rate, ie. ¢;=¢,.

Nomenclatures

J

Compliance [Pa']

AN Elastic compliance [Pa’]
G, Elastic module [Pa]
k Kinetic constant [Pa]
R Radius of the pipe [m]
Ap/L Pressure gradient [Pa/m]
Tensors
(VI Particle-particle shear stress tensor [Pa]
Ops Particle-solvent shear stress tensor [Pa]
o, Solvent stress tensor [Pa]
D Shear strain tensor [s']
c Total shear stress tensor
c, Total particle shear stress tensor [Pa]
Greeks
Ao Characteristic shear strain at Newtonian
region [s"]
x;l Characteristic shear strain at yield stress
region [s"]
o Dimensionless time [Pa’'s"]
o Fluidity at low shear stress [Pa’'s"]
0., Fluidity at high shear stress [Pa's"]
0 Initial fluidity [Pas"]
TR Maxwell time [s]
o Maxwell relaxation time at low shear rate [s]
Moo Maxwell relaxation time at high shear rate [s]
P, Particle fluidity function [Pa’'s"]
oR Reduced shear stress [1]
A Structural relaxation time [s]
7 Shear strain scalar [s"]
Ns Solvent viscosity [Pa s]
Oss Steady state fluidity [Pa’s™"]
o, Yield stress [Pa]
Other symbols
) Double dot tensorial product, Section 2.1
Exp Exponential function [1]
R
| Integral [1]
< Less than one [1]
D/Dt Material derivative [s"]
< More than one [1]
>> Much more than one [1]
% Nabla operator [m™]
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— Tends to [1]

J Square root [1]

dsdt Time derivative

dt Time differential
Subscripts

e Refers to the elastic contribution

0 Refers to high shear strain deformations

s Refers to the solvent contribution

ss Refers to the steady-state contribution

0 Refers to the elastic module and low high

shear rate
Refers to the particle interaction

PP Refers to the particle-particle interaction

R Refers to the reduced yield streess

ps Refers to the particle-solvent interaction

y Refers to the yield-stress regime
Superscripts

T Transpose of a matrix
Abreviations

BMP Bautista-Manero-Puig model

UME Upper-convective Maxwell equations

CD Codeformational time derivative
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