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This work describes the fractal modeling of the solubility of n-alkanes, n-alkenes, methylacetylene, allene, ethylacetylene, and
butadiene hydrocarbon gases in glassy poly(vinyltrimethylsilane) (PVTMS). The proposed equation represents satisfactorily the
solubility coefficients of the hydrocarbon gases in glassy PVTMS as a function of the fractal dimension of the polymer and the
effective diameter of a gas penetrant molecule. It is found that the calculated solubility coefficients have a good correlation with the
experimental data. The proposed model can predict the solubility of hydrocarbon gases in glassy polymers.

1. Introduction

The separation of oxygen and nitrogen from air for the
industrial combustion is carried out using membranes tech-
nology [1]. This technology is also used for the removal of
hydrogen from mixtures with nitrogen or hydrocarbons in
petrochemical processes [1]. Frozenness of polymer chains
in the glassy state hinders chains fluctuations that give rise
to the formation of channels through which the diffusant
can migrate to a neighbor cavity. Here both solubility and
diffusion may control gas separation of similar size; however,
when the size of the diffusants largely differs, diffusion may
be the controlling step. Furthermore glassy polymers with
bulky side groups in their structure contain anomalous large
cavities; such fact facilitates the gas permeability without
adversely affecting the permselectivity. These polymers have
in general high glass transition temperatures, and therefore
aging processes that might affect the gas transport are
not important at the temperatures of work. Polycarbonates,
polysulfones, polyimides, and substituted polynorbornenes
have attracted much attention for the gas separation [1–6].

It is important to devise methods that permit the predic-
tion of the membrane performance for the gas separation as
a function of the chemical structure. In this sense, the fractal

modeling is an important tool for this purpose. Recently,
authors proposed the fractal analysis of the gas permeability
in semicrystalline polyethylene [7, 8].

Membranes prepared from PVTMS were industrially
produced and used in the former Soviet Union and France.
Furthermore, this material is known for more than 40 years
as a polymer that exhibits a good O

2
permeability and O

2
/N
2

selectivity. In this regard, the aim of this study consists in
applying fractal analysis to describe the solubility coefficients
of the hydrocarbon gases in glassy PVTMS membranes.

2. Materials and Methods

In the framework of the fractal model, it is assumed that
the solubility of simple gases which are not interacting with
polymers proceeds by deposition of gas penetrant molecules
on the walls of free volume microvoids (true sorption) [12].
In this case, the general solubility model of a gas in a polymer
can be written as [7, 13]

𝑆 ∼ 𝐹
𝑔

𝐷𝑓/2, (1)

where 𝐹
𝑔
is the cross-sectional area for the gas penetrant

molecules and 𝐷
𝑓
is the dimension of extra energy localiza-

tion domains for the polymer structure (𝐷
𝑓
is related to the
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fractal dimension of the polymer layer) [13]. The value of𝐷
𝑓

can be calculated in the following way.
The relative fraction of the closely packed segments in

clusters (𝜑cl) is a parameter of order in strict physical sense,
and it is related to the glass transition temperature of the
polymer (𝑇

𝑔
) through the following percolation correlation

[14, 15]:

𝜑cl = 0.03 (𝑇𝑔 − 𝑇)
0.55

, (2)

where 𝑇 is the temperature at which the parameter is
measured (𝑇 = 293K).

The fractal dimension of the polymer structure 𝑑
𝑓
can be

calculated using [15]

𝑑
𝑓
= 3 − 6(

𝜑cl
Cs ⋅ 𝑆cr
)

1/2

, (3)

where 𝑑
𝑓
is the fractal dimension of the supermolecular

(supersegmental) structure of the polymer, 𝑆cr is the cross-
sectional area of a macromolecule in Å2, and Cs is a
characteristic ratio which is the index of chain flexibility
[16, 17]. The values of Cs and 𝑆cr can be estimated according
to the literature [13, 17, 18]. Finally, the dimension of 𝐷

𝑓
can

be estimated from [19]

𝐷
𝑓
= 1 +

1

(3 − 𝑑
𝑓
)

. (4)

The calculated value of𝐷
𝑓
for the glassy PVTMS is𝐷

𝑓
=

4.33.
For the PVTMS, we have 𝑇

𝑔
= 440K, 𝑇 = 293K, 𝜑cl =

0.467, 𝑑
𝑓
= 2.70, Cs = 6.7, and 𝑆cr = 22.7.

In order to construct an effective model for the solubility
coefficient (related to the permeability model of gas transport
in polymermembranes [4, 13]), we include the Lennard-Jones
characteristic constant force potential (𝜀/𝑘) which describes
the interactions between gas-gas molecules as a function of
the distance [11]. Thus, the fractal model of the solubility
coefficient can be written as

𝑆 = 𝑆
0
(𝐹

ef
𝑔
)
𝐷𝑓/2

(
𝜀

𝑘
) , (5)

where 𝑆 is the solubility coefficient of a gas in the polymer
(cm3 of gas (STP)/cm3 of polymer cmHg), 𝑆

0
is a constant,

and (𝐹ef
𝑔
) is the effective square of a cross sectional-area of

a gas penetrant molecule. It is worth noting that the values
of the solubility coefficients of the hydrocarbon gases are
not described by (5) using the known values of maximum
(𝑑max) and minimum (𝑑min) gas diameters [9, 10]. Here we
have estimated for the C

1
–C
4
hydrocarbon gases the effective

diameter values (𝑑ef) taking into account the orientation of
a gas molecule inside the microvoids in the polymer. The
backcalculation of the effective diameter using the values of
gas solubility shows the systematic increase of 𝑑ef/𝑑min ratio
as the Lennard-Jones characteristic constant force potential
(𝜀/𝑘) increases (Figure 1). This correlation can be expressed
by

𝑑ef
𝑑min
= 1 + 1.15 × 10

−3
(
𝜀

𝑘
) . (6)
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Figure 1: Plot of effective diameter and minimum diameter ratio
(𝑑ef/𝑑min) of C1–C4 hydrocarbon gases against the Lennard-Jones
characteristic constant force potential (𝜀/𝑘).

The values of (𝐹ef
𝑔
) in (5) are estimated from the effective

diameter values (𝑑ef) of gas penetrant molecules calculated
using (6).

3. Results and Discussion

The glassy membranes contain microvoids, which account
for the excess volume in the glassy state. The presence of
microvoids in glassy polymers is confirmed by numerous
experiments [20, 21]. The diameters of these microvoids have
the value of several Angstroms and their walls are represented
as vibrating centers around equilibrium positions of chain
fragments. In other words, microvoids are a consequence of
a critical displacement of kinetic units from an equilibrium
position [22]. According to this model, solubility of a gas
occurs in the continuous phase, whereas the microvoids act
as sites where the gas is adsorbed. Successful gas adsorption
requires not only an appropriate orientation of the molecules
in microvoids but also the radius of the channel to be larger
than the radii of the gas penetrant molecules.

The values of the effective diameter andminimumdiame-
ter ratio 𝑑ef/𝑑min of a gas penetrant against the Lennard-Jones
characteristic constant force potential (𝜀/𝑘) (6) are shown in
Figure 1. It is seen that the values of (𝑑ef/𝑑min) ratio increase
as the Lennard-Jones characteristic constant force potential
(𝜀/𝑘) increases. This phenomenon can be explained by the
orientation of gas penetrants during the sorption process.The
orientation of a gas molecule inside the polymer means the
increase of the effective diameter of a gas penetrant molecule.
Consequently, the gas solubility coefficient increases as the
effective diameter increases according to (5). The physical
meaning of a constant 𝑆

0
in (5) can be determined from the

following condition:

(𝐹
ef
𝑔
)
𝐷𝑓/2

(
𝜀

𝑘
) = 1. (7)

Here we discuss the conditions for the realization of (7).
The value of minimumdiameter for the gas He is 1.8 Å, which
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Table 1: Values of diameters and force constants (𝜀/𝑘) of C1–C4 hydrocarbon gases for the calculation of a solubility coefficient in PVTMS.

Hydrocarbon 𝑑, Å [9, 10] 𝑑ef, Å [11] 𝑑ef, Å, from (6) (𝜀/𝑘), K [11]
CH4 3.3–4.2 3.18 ± 0.14 3.30 154 ± 15.6

C2H6 3.7–5.2 3.69 ± 0.08 4.06 250 ± 22

C3H8 4.1–5.8 4.09 ± 0.08 4.76 305 ± 28

C4H10 4.6–6.9 4.40 ± 0.08 5.66 364 ± 35

C2H4 3.6–5.5 3.57 ± 0.08 3.82 225 ± 15

C3H6 4.1–5.4 3.86 ± 0.13 4.63 294 ± 32

C4H8 4.5–5.2 4.18 5.36 356
C2H2 3.5–5.7 3.38 ± 0.06 3.70 223 ± 23

C3H4 (m)a 4.0–4.8 3.62 ± 0.07 4.62 321 ± 25

C4H6 (e)
b 4.4–5.0 3.81 5.26 360

C3H4 (a)
c 4.6–4.9 3.64 ± 0.07 5.38 335 ± 14

C4H6 (b)
d 5.0 3.85 5.45 327

am is methylacetylene.
be is ethylacetylene.
ca is allene.
db is butadiene.

Table 2: Comparison of calculated (𝑆cal) and experimental (𝑆exp) values of solubility coefficient of hydrocarbon gases in PVTMS.

Hydrocarbon 𝑑ef, Å, from (6) 𝑆exp × 10
−3a [11] 𝑆cal × 10

−3a, from (6)
CH4 3.30 10 15
C2H6 4.06 70 109
C3H8 4.76 400 421
C4H10 5.66 1660 1766
C2H4 3.82 47 63
C3H6 4.63 310 332
C4H8 5.36 — 1163
C2H2 3.70 33 49
C3H4 (m)b 4.62 300 357
C4H6 (e)

c 5.26 — 1022
C3H4 (a)

d 5.38 315 403
C4H6 (b)

e 5.45 — 981
aUnits of 𝑆: cm3 of gas (STP)/(cm3 of polymer cmHg).
bm is methylacetylene.
ce is ethylacetylene.
da is allene.
eb is butane.

corresponds to 𝐹ef
𝑔

= 2.54 Å [23]. The value of 𝐷
𝑓
can be

alternatively estimated using

𝐷
𝑓
= 2
(1 − 𝜐)

(1 − 2])
, (8)

where 𝜐 is Poisson’s coefficient.
The minimum value of 𝜐 (𝜐 = −1) in (8) corresponds to
𝐷
𝑓
= 1.33. In this case, the criterion for (7) has the condition
(𝜀/𝑘) = 0.583K. This value about 3 orders of magnitude is
lower than the values of 𝜀/𝑘 for the hydrocarbons of C

1
–C
4

[19]. This means that the value of 𝑆
0
in (5) corresponds to a

minimum solubility of a gas molecule where a gas molecular
interaction does not count. Thus, the estimated values of 𝑆

0

for PVTMS are equal to 4.0 × 10−8. Table 1 shows the values of
diameters and force constants (𝜀/𝑘) of C

1
–C
4
hydrocarbons.

As shown in Table 1, the 𝑑ef values of hydrocarbons,
calculated by (6), are higher than the 𝑑min values according
to [9, 10]. The latter could be attributed to the orientation
of the gas penetrant molecules during sorption inside the
microvoids in the polymer.

Table 2 shows the experimental 𝑆exp [11] and calculated
𝑆cal results of the solubility coefficients for the hydrocarbon
gases in PVTMS. The results indicate that a good concor-
dance between the calculated 𝑆cal, using (5), and experimental
𝑆exp values of the solubility coefficient is observed. A rea-
sonable agreement is also observed for the larger molecules
of C
4
H
6
and C

4
H
8
. The values of the solubility coefficient

follow the trend 𝑆(CH
4
) < 𝑆(C

2
H
2
) < 𝑆(C

2
H
4
) < 𝑆(C

3
H
4
) <

𝑆(C
2
H
6
) < 𝑆(C

3
H
6
) < 𝑆(C

4
H
10
).

As a powerful tool, the fractal model can also be used to
estimate other variables such as permeability and selectivity
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in gas transport through polymeric membranes. In this
regard, we are trying to obtain the experimental parameters
of the fractal model to achieve the theoretical values of
the permeability and solubility coefficients in amorphous
polymers such as polynorbornene dicarboximides with dif-
ferent pendant groups (phenyl, adamantyl, and cyclohexyl),
reported in previous work [24].

4. Conclusions

Equation (5) represents satisfactorily the solubility coeffi-
cients for the C

1
–C
4
hydrocarbon gases in a glassy PVTMS.

According to this equation, the values of the solubility
coefficient depend on the size of the gas penetrant molecules,
their molecular interactions with the polymer, and frac-
tal dimensions of the polymer. The solubility coefficients
increase as the effective diameters of the gases also increase.
In all cases, the calculated results are in good agreement with
experimental data. The fractal modeling proposed in this
study should be useful for the prediction of the gas solubility
in glassy polymer membranes.
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