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Abstract: In this work, we demonstrate that the thermodynamic potential calculated from the steady-state
flow curve using the definition of free energy from irreversible thermodynamics, and the mechanical poten-
tial derived from the generalized BMP constitutive equation provide the same information in the unstable
and metastable regions of the flow curve. The contribution of normal stresses in both potentials as well as its
weight on the position of the stress plateau are explicitly exposed. The plateau stress is univocally defined
by the location of the critical shear rates corresponding to the minima in the potential. This demonstration
is carried out using experimental data of wormlike micellar solutions for various concentrations and tem-
peratures, including regions close to the non-equilibrium critical point. A method to accurately determine
the non-equilibrium critical point (or the critical temperature) in a direct form is provided here. Bifurcation
points are defined, notably one located at the high shear-rate branch of the flow curve separating the regions
of one real solution and three real solutions. The first normal stress difference exhibits three real solutions as
sources of elastic instabilities in the high shear band. The contribution of the second normal-stress difference
in both the mechanical and thermodynamic potentials is clearly exposed. These results demonstrate that the
non-equilibrium phase transition and the mechanical instability as sources of the banded flow are essentially
two manifestations of the same reality.
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1 Introduction

There is increasing evidence, both numerical and experimental, of the analogy between mechanical insta-
bility and non-equilibrium thermodynamic phase transition in inhomogeneous flows of wormlike micelles.
Spatially inhomogeneous flow patterns, namely shear bands, resemble the coexistence of two “phases”, the
highly oriented and the non-oriented flow regions. In this regard, the similarities between the shear-banding
transition and a thermodynamic phase transitions have been a provocative and a standing issue [1-8].

The shear-induced phase transition mechanism is supported by several arguments, namely: a reversible
shear-induced structural or non-equilibrium phase transition; the existence of the plateau stress which is
unique, robust and independent of flow history; the long stress oscillations in transient flows that reflect
the kinetics of nucleation and growth of a second phase, similar to that observed in equilibrium first order
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transitions; and the similarities found between the master flow-phase diagram constructed by temperature-
concentration superposition and the equilibrium liquid-vapor phase diagrams [9, 10]. In addition, the lever
rule derived from the Maxwell construction by equating the chemical potentials under gas-liquid equilibrium
is analogous to that derived from the spatial proportion of bands, in which the applied shear rate and the bin-
odals (extremes of the plateau), corresponding to the two critical shear rates, determine this band proportion
[9, 11].

The appearance of the stress plateau is similar to the behavior of thermodynamic first-order phase tran-
sition. Experimental observations and computer simulations have suggested this analogy. To describe such
behavior theoretically, some constitutive models predict a cubic flow curve that strongly reflects the pressure-
volume plot as a function of the temperature predicted by the van der Waals or other cubic equation of state
[12, 13]. To elaborate more on the analogy, the constitutive flow curve exhibits a bands-coexistence envelope,
a region of instability akin to the spinodal region in pressure-volume plots, and two metastable regions that
collapse into a critical or inflection point. As experimentally observed, when the temperature or surfactant
concentration is increased, the shear-banding region diminishes, and it vanishes at a critical temperature or
surfactant concentration [14, 15].

To describe the spinodal and coexistence lines out of equilibrium, thermodynamic models based on non-
equilibrium chemical potentials that include shear effects have been forwarded [16, 17]. The unique stress se-
lection is based on the equality of the generalized Gibbs free energy of the stable flow branches. The criterion
on the equality of the extended free energy not only selects the stress plateau, but it also is closely related to
the stability analysis [18]. Stable and metastable regions of the flow curve are then coupled to the minima or
maxima of the free energy along the constitutive curve [19]. A plot of the normalized stress and the shear rate
for various temperatures maintaining the concentration constant reveals that experimental data collapse in
the regions of homogeneous flow at low and high shear rates, but describe several flat lines in the region
of intermediate stress (the stress plateau) depending on the temperature. As the temperature increases, the
width of the stress plateau (located between the critical shear rates y,, and y,,) diminishes and ends at the
non-equilibrium critical point where for higher temperatures, a monotonic increase instead of a plateau is
observed. The dissipated energy (or extended Gibbs free energy) depicts a single minimum in the low and
high shear rate Newtonian regions (homogeneous flow) and two minima in the multi-valued stress versus
shear rate region (non-homogeneous flow) [19]. The multi-valued region itself contains three sub-regions:
one unstable or shear-banding region, corresponding to the negative slope of the cubic flow curve, and two
metastable sub-regions, where the slope is positive. The first metastable sub-region is located between the
first Newtonian region and the top jumping stress (maximum of the flow curve) and the second metastable
sub-region is located between the minimum of the flow curve and the second Newtonian region (see Figure 1).
It turns out that in the metastable regions the free energy exhibits two minima, one of them is deeper than the
other, while in the shear-banding region both minima have the same depth. The later scenario determines
the location of the stress plateau and of the critical shear rates for shear-banding, y,;, and y,,.

From the extended free energy it is possible for the particular case of shear flow, to relate the free energy
to the two important conjugate variables: the stress and shear rate [20]. Likewise, the free energy itself under
isobaric and isothermal conditions can be related to the dissipation arising in a flowing micellar solution.
The equal area construction in this case represents the dissipated energy above and below the plateau stress,
which reflects the equal minima of the thermodynamic potential [19]. Thus, the stress plateau is defined as
the set of points along which the extended Gibbs free energy exhibits two equal minima when plotted against
the shear rate.

In this work, we derive the mechanical potential from the constitutive equations of the generalized BMP
model [18], which includes normal stresses within a tensorial formulation, and the thermodynamic potential
from the same model, using the known relationships derived from irreversible thermodynamics.
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Figure 1. Stress versus shear rate for a 20 wt.% CTAT solution at 25°C (¢, = 4.2 X 107>, ¢, = 12, kA = 43 x 1075, 9 = 1.5 x 107°).
Regions I, Il and Ill correspond to the first metastable, unstable and second metastable regions, respectively. o,, 0, and o3

are the stresses located at the bifurcation points, and op is the plateau stress. Sections 1-6 correspond to homogeneous flow
(1 and 5), metastable flow (2 and 4), unstable flow (3) and multivalued region at high shear rates (6). y,; and y,, correspond to
the critical shear rates (extremes of the plateau stress or binodals).

2 The generalized BMP model

We start with the following constitutive equations comprising the set of the generalized BMP model equations
[18]:

dp 1. O
i X(l ¢) + ko(1 + 9(IIp)) (b ¢)g : 2+ pV I, 2.1
v
¢J +1,] = -DVe - pD'V¢ + 7,V - g, (2.2
¢ + 7,0 = 27D + ¥,D - D + D(V)’, 2.3)

where (V])® stands for the symmetric part of grad(J). The upper-convected derivatives of the mass flux vector
and of the total stress tensor o are defined, respectively, as

Y 4
=——-L-],
J== J
y do
g=g ~Lrgre L)

Here L is the velocity gradient tensor, D is the symmetric part of the rate-of-strain tensor, and IIj, is its second
invariant. Moreover, ¢ = ¢/¢,, where ¢ is the fluidity (inverse of the shear viscosity #) and ¢, = #," is the
fluidity at vanishing strain rates, ¢, is the fluidity at high strain rates, A is a structure relaxation time, k, can
be interpreted as a kinetic parameter for structure breaking, 7, is a relaxation time for the mass flux, z, is
the stress relaxation time, D is the Fickean diffusion coefficient, D’ is the structure diffusion coefficient, ¥,
is the second normal stress coefficient, c is the local equilibrium concentration, and 9 is the shear-banding
intensity parameter.
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Equations (2.1)—(2.3) together with the conservation equations represent a closed set of time evolution
equations for all the independent variables chosen to describe the behavior of complex fluids. Conservation
of mass, concentration, and momentum reads

V-u=0, 2.4)
0
a_i =-V.J, (2.5)
v 2

Py = -V-g+nVo. (2.6)

For simple-shear (where x is the direction of the macroscopic flow velocity, y the direction of the velocity
gradient, and z the vorticity direction) we assume small inertia and that the mass flux relaxation time is
negligible small compared to the stress relaxation time, i.e., 1/G,¢ > 7. The set of resulting equations is

Y - 109k - -2 [ 2] - 2 [ (GF)] e

aO'x . . DT orl1 aO'
¢o, + 1, [_aty] =1y + pT,N, + 5 ay[¢ % ] (2.8)
oN, 1 0¢ 0 (1oc
N 2 A [ ] D [ ( )] 2.
¢1+T[a ya] 7+ p 53y + y\pay (2.9)
N w,j% - pDD' 2 [ ] D [ ( )] 210
‘/’ZH[at] o =P aylgay ay\pay (2:10)
where N, =0, -0, and N, = g, - 0,,. Under steady-state, Egs. (2.5)-(2.10) become
= —(1 = @) +ko(1 + ) (Peo — POy, Vs (211)
¢ny = TIOY + YTUNZ’ (212)
¢N, = (21,0,, = 20)7; (213)
$N, = V7", (2.14)
Integration of Eq. (2.6) under steady-state gives the total stress, independent of y:
o +1,Vu = const. = ¢
Substituting Eq. (2.14) into Egs. (2.11) and (2.12) gives
¢ +a'¢g+bp-c =0, (2.15)
a' =k A1+ )y’ — 1, (2.16)
b = koA + 991 [ Y7, — Hodeo s 2.17)
¢ = kA1 + )Y,y by, - (218)

For an imposed shear rate, Eq. (2.15) renders the three roots for the fluidity, from which the stress can be
calculated. However, it is difficult to find the multivalued region for a given stress. It is then necessary to
modify the equations for a controlled stress scheme, i.e.,

</>3 - a</>2 +bp—-c=0, (2.19)
a=¢y, —1/p9 (2.20)

= (kgAda,, /3 ! - ¢oo/ 3O, (2.21)
¢ = (kM0 )7, 2.22)
B =04,/ (1 + T,N). @2.23)

Here N, will be considered as a small perturbation. For a given input stress, and knowing the solutions of
Egs. (2.15)-(2.18), Eq. (2.12) gives new values of the shear rate. Calculation of Egs. (2.19)-(2.23) provides the
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roots of the fluidity, which must be the same roots found using the exact Eq. (2.15). The procedure is repeated
for various values of the second normal stress coefficient as follows:

¥, = N,/j° = ¥,x,

where x = 1071,1072,107%,107%.

3 Derivation of the mechanical potential

The three roots of Eq. (2.19) are themselves functions of the applied stress. The first root covers the region of
positive slope from low values of the stress up to the top-jumping stress or first maximum in Figure 1 (regions
1 and 2). The second root goes from the minimum of the curve to high stress values in the positive slope region
(regions 4 to 6 of Figure 1) and the third root goes along the negative slope region (from the top-jumping stress
down to the minimum in the flow curve, i.e., region 3 of Figure 1).

The regimes corresponding to a single root and three real roots are separated in the space of parameters
u and v by the cubic equation, 41> + 27v* = 0, where u and v are defined in Eqgs. (3.2) and (3.3). This cubic
equation sets the loci of the bifurcation points along the flow curve, inasmuch as it sets the limits of the
single-valued regions and multiple-valued regions. The first and second bifurcation points are located at the
crossing points of the flow curve and the dashed line in Figure 1, which correspond to the applied stress o,
and o,, respectively. As observed, these are the bounds of the multiple-valued region.

There are six different sections of the flow curve depending on the nature of the roots. The first section
(1) covers the homogeneous low-stress region up to the first bifurcation point, corresponding to one real
and two imaginary roots of Eq. (2.19). Sections 2, 3 and 4 have three real roots; section 2 goes from the first
bifurcation up to the top jumping stress, section 3 covers the negative slope, and section 4 goes from the
minimum up to the second bifurcation point. As indicated in Figure 1, sections 2 and 4 are the meta-stable
sub-regions and section 3 is unstable or the shear-banding region. The limits of section 3 (maximum and
minimum) correspond to two points belonging to the spinodal line. Finally, section 5 has one real root and
two imaginary roots, as a counterpart similar to section 1. An unexpected result is the existence of a third
bifurcation point in the high-stress region of the flow curve. In fact, section 6 again has three real roots, but
two of them are negative. Therefore, although sections 5 and 6 are homogeneous flow regions, we may expect
differences in the flow and fluid behavior.

Eq. (2.19) can be expressed as follows:

0=¢"+u¢’ +u, (3.1

where ¢’ = ¢ — a/3, and
u=>b-a’/3, (3.2
v=ab/3-2a/27 -, (3.3)

which can in turn be written in terms of the mechanical potential V as

_av
e
where
V=¢"4+up”?/2+v¢. (3.4)
The following expressions provide an insight into the solutions of Eq. (3.1). Defining
R=(u/3) + (v/2)%, (3.5)
A= (-v/2+ VR, (3.6)

B = (-v/2 - VR)'7, (3.7)
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the solutions of Eq. (3.1) are

¢, = A+B, (3.8)
¢y = —1/2(A + B) + V3/2(A - B)i, (3.9)
¢; = —1/2(A + B) - V3/2(A - B)i. (3.10)

As observed, these solutions depend on the parameter R and v. As explained later, the zeros of these param-
eters define the loci of the plateau and bifurcation lines. Four cases can be analyzed.

3.1 CaseR >0

In this case A and B are real and so the first solution of Eq. (3.1) is real. The other two are complex conju-
gates. Given applied stresses corresponding to regions 1 and 5 in Figure 1, u, v and hence R, A and B can be
calculated. Then Eq. (3.1) gives the value of the modified fluidity in these regions.

3.2 CaseR =0

In this case, Egs. (3.5)-(3.10) give three real solutions, two of them are equal. These are

¢; = £2ul/3, (.11)
¢, = b5 = FV|ul/3. (.12)

The stresses corresponding to R = 0 are shown as dashed lines in Figure 1. The smallest one intersects
the first bifurcation point and the minimum of the flow curve. These intersections are located at the positions
given by Egs. (3.11) (negative root) and (3.12) (positive root), respectively. The intermediate stress intersects the
flow curve in two points: the maximum (Eq. (3.12), negative root) and the second bifurcation point (Eq. (3.11),
positive root). In fact, the first derivative of Eq. (3.1) gives the position of the maximum and the minimum
of the flow curve (Eq. (3.12)). Finally, the largest stress for R = 0 corresponds to the third bifurcation point
located in the high shear rate branch (Eq. (3.11)), dividing regions 5 and 6.

3.3 CaseR <0

In this case, Egs. (3.8)-(3.10) render three real solutions corresponding to regions 2, 3 and 4 in Figure 1, re-
spectively. These are

¢ = 2+/|ul/3 cos(8/3), (3.13)
¢y = —2/[ul/3 cos((0 + m)/3), (3.14)
ér = —2+/|ul/3 cos((8 - 1)/3), (3.15)

0 = cos ' ((—v/2)/(u/3)*?). (3.16)

For stresses between those corresponding to the first and second bifurcation points, three points of inter-
section are located in the two metastable flow regions (2 and 4) and one unstable flow region (3). Egs. (3.13)
and (3.14) meet at the maximum and Egs. (3.14) and (3.15) meet at the minimum of the flow curve.

3.4 Casev =0

This case is associated to the location of the plateau stress. In fact, Eq. (3.1) or Egs. (3.13)-(3.16) give the
following solutions:

¢ =0, ¢y=—\lul, ¢=lul. (3.17)



DE GRUYTER H.A. Castillo et al., Mechanical and thermodynamic potentials from the generalized BMP model = 237

25 T T T T T T T

20

-10 Il Il Il | Il Il Il

-4 E - 0
(z)/
Figure 2. Mechanical potential as a function of modified fluidity for a 20 wt.% CTAT solution at 25°C. The three roots of the mul-

tivalued region are indicated, two at the minima and one at the maximum. The depth of the potential and the separation of the
two minima are functions of u as indicated.

T 9o Poo kA 9 Gy
30°C 0.01 7 2% 1074 0.015 54.5
38°C 0.069 10 5% 107 0.012 57.5
40°C 0.105 11 3%x107° 0.01 64
45°C 0.24 16 1x107° 0.007 68
50°C 0.45 17 9x107° 0.004 68
55°C 1.3 19 7%107° 0.001 69

Table 1. Parameter values used for the BMP model (5 wt.% CTAT solutions).

The first solution corresponds to the inflection point of the flow curve, coinciding with the null second
derivative of Eq. (3.1). As shown later, the plateau stress has two main properties: the areas above and below
the plateau stress are equal, and the potential associated to this stress has equal heights. In fact, Eq. (3.4)
gives, for v = 0,

V= ¢4+ up”/2. (3.18)

Substituting Eq. (3.17) into Eq. (3.18) gives
V= —(u)’/4.

This means that the potential has two minima with equal magnitude symmetrically separated from the origin
(see Figure 2), i.e., the potential, Eq. (3.18), describes two minima and one maximum corresponding to the
three roots (Egs. (3.17)). The plot of u and v as a function of the stress reveals that the crossing at v = 0 gives
the value of the plateau stress, corresponding to a negative value for u. This value for u sets the symmetric
position and magnitude of the minima of the mechanical potential.

When the two minima have equal heights, they are located at the critical fluidities ¢, and ¢.,. Further-
more, the ratio of the critical shear rates to critical fluidities is precisely the plateau stress:

0p = (/1 = el

The influence of the second normal stress difference on the position of the plateau stress can be analyzed,
and the results are exposed in Figure 3. In Figure 3a, data for a 5 wt.% CTAT solution at 40 °C (see Table 1) is
used. The variable u is plotted versus the second normal-stress coefficient. It is observed that for values of the
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coefficient larger than 0.01, the plateau stress is modified by ¥,, and no modification is observed below this
value. This is clearly seen in Figure 3b, where the plateau stress value is plotted versus the second normal-
stress coefficient.

In Figure 4, the mechanical potential for this system is plotted against the modified fluidity. For this value
of the second normal-stress coefficient (0.0028 units), equal minima in the potential lead to the determination
of the position of the stress plateau. In Figure 5, the normal stresses are plotted versus the shear rate. At high
shear rates, the magnitude difference between N, and N, is around two decades. In view of the experimental
uncertainties to determine the value of the second normal-stress difference, this is a reasonable prediction.

Changes in the flow curves arising from increasing the value of the second normal-stress coefficient are
depicted in Figure 6. In Figure 6a, a small coefficient gives the same results compared to ¥, = 0, but a sub-
stantial change in the flow curve at high shear rates is observed when ¥, is increased. Similarly, the position
of the third bifurcation point at high shear rates, represented by the value of the shear rate, does not change
substantially for the second normal stress coefficients smaller than 0.0028, as observed in Figure 6b. Notwith-
standing, the same plateau stress is predicted.

4 Behavior near the non-equilibrium critical point

As the non-equilibrium critical point (NECP) is approached, the span of the plateau gradually diminishes
and the two critical shear rates merge into a single one. This leads to the situation where the minima of the
potential in Figure 2 approach each other while their magnitude decreases. In fact, as the NECP is approached,
u tends to zero. Thus, the conditions of the location of the NECP are u = 0 and v = 0. These conditions are
fulfilled for a pair of critical values of the plateau stress and shear-banding intensity parameter (o}, and 9,).
Predictions for the 5 wt.% solution of CTAT in water at several temperatures are provided in Figure 7,
where the normalized stress is plotted against the normalized shear rate. The value of each model parameter
corresponding to a given temperature describing the experimental were taken from Rehage and Hoffmann [2].
To interpolate and find the precise location of the NECP, each parameter was plotted as a function of the
temperature. At a given temperature, the plateau stress was found using the condition v = 0 (see Figure 8a)
and given the value of the plateau stress, u is then calculated for various temperatures. (In Figure 8a we can
identify the plateau stress at the critical temperature.)
This procedure gives way to the construction of a plot of u as a function of the temperature (see Figure 8b).
As the NECP is approached, the two roots of u tend to zero at the critical temperature, as indicated in Figure 8b.
Similarly, the difference in critical shear rates Ay = y,, — y,, also tends to zero near the NECP (see Figure 8c).
Figure 8d shows the variation of the shear-banding intensity parameter with temperature, allowing the
evaluation of the critical value of the parameter 9, at the critical temperature. For higher temperatures, 9(T)
tends to zero, signaling in fact the transition from cubic to quadratic-monotonic behavior of the flow curve.
The characteristic lines in Figure 7 are displayed according to the position at each temperature of the
spinodal, coexistence (binodal) and bifurcation lines. They are determined by the conditions set in Egs. (3.11),
(3.12) and (3.17), respectively. In summary, we have the following loci of the characteristic lines with respect
to the reference ¢’ = 0:

-~

¢ =+|ul/3 spinodal line, (4.1)
¢ = +V|ul coexistence line, (4.2)
¢' = +2+Jul/3  bifurcation line. (4.3)

An interesting observation is that the line corresponding to the third bifurcation prevails even beyond the
NECP into isotherms with higher temperatures than the critical isotherm. Within the low temperature range,
Figure 7 also shows that for temperatures lower than 30 °C the second and third bifurcation lines meet (not
shown).

Figure 9 shows the variation of R as a function of the applied stress for the 5 and 20 wt.% CTAT solutions.
In Figure 9a, the locations of the bifurcation points correspond to the zeros of the function R, where the value
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of the plateau stress is also indicated. The positive values of R correspond to a single homogeneous solution;
the negative values correspond to the multivalued region (where the plateau stress is located). The high stress
multivalued region corresponds to that when the three roots are real, but only one is positive. In Figures 9b
and 9c the plots are for the 5 wt.% solution, where it is clearly shown that the first and second bifurcation
points approach each other as the temperature increases. Finally, at the critical temperature (50.8 °C), the
first and second bifurcation points merge, leaving the third bifurcation point outside the region of the critical
point. The critical isotherm contains a multivalued region at high stresses, as shown in Figure 9d.

The variation of the parameters u and v as a function of the applied stress is shown in Figure 10. Near the
critical temperature (50 °C), the plateau set by the condition v = 0 corresponds to a negative value of u (see
Figure 10a) giving rise to a symmetric position of the potential. At the critical temperature (50.8 °C), the values
of u and v are zero as illustrated in Figure 10b. The three roots of Egs. (3.13)—(3.15) have the value of zero at
the critical point according to Eq. (3.1).

A three-dimensional plot of the fluidity as a function of the parameters u and v is shown in Figure 11 for
several temperatures. This phase-space projection indicates that at u = v = 0 only the data corresponding
to T = 50.8°C crosses the line drawn in the 3-D plot. Most points corresponding to the curves of the fluidity
at various temperatures lie on the multivalued region near the critical line. The plot gives different symbols
to the specific regions of each curve. The projection of the different curves on the u-v plane is displayed in
Figure 12 for increasing temperature. The position of the three bifurcation points again is described as the
temperature tends to the critical isotherm. The third bifurcation point remains away from the region near the
critical point. In fact, as the temperature increases, the first and second bifurcation points approach each
other and merge at the NECP, where u = v = 0. This is similar to the behavior shown in Figure 9.

5 The thermodynamic potential

According to the Extended Irreversible Thermodynamics of viscoelastic fluids, the extended Gibbs free energy
for constant temperature and pressure is given by [16]

dG = %g La. (5.1)

For simple-shear flow, Eq. (5.1) becomes

vy
dG = E(z%daxy +0ydo, +o,do,, +0,.dd,,).

0
From Eqgs. (2.11)—(2.14), we obtain

. A .4 .3
dG = Gio(aﬁy% + 4aiy-r§£ ¥ Zaxyra‘I’Z% ¥ 4(fxyrg‘1/2% ¥ ‘I’;%)dy. (5.2)
The first term is the contribution of the shear stress to the free energy, the second term is that of N, and the
last three terms represent the contributions of N,. We then calculate the integral in Eq. (5.2) and find that
the thermodynamic potential in fact has two minima and one maximum, and when the minima have the
same height, the plateau stress can be obtained (Figure 2). A most interesting result is that the contribution
of the normal stresses modifies the shape of the potential but does not change the position of the minima in
the thermodynamic potential. Hence, it does not change the position of the binodals or the extremes of the
plateau stress (see Figure 13).

Having set the location of the plateau stress, we then calculate the areas above and below the plateau. In
fact, by plotting the product of the stress and shear rate (i.e., the dissipation versus shear rate; see Figure 14)
the areas become equal, validating the equal-areas criterion derived from the mechanical potential.

It turns out that when comparison is made between the plateau stress calculated using Eq. (5.2) and
that calculated from the mechanical potential, a slightly different value is obtained (128.8 versus 130.1 Pa).
In Figure 15 we compare the thermodynamic and mechanical potentials for the three cases of the unstable
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Figure 10. Parameters u and v as functions of the stress for a 5 wt.% CTAT solution. (a) Temperature just below the critical
temperature (50 °C); (b) critical temperature (50.8 °C). At the NECP, v = u = 0.
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Figure 11. 3-D plot of the fluidity as a function of the parameters v and u, for various temperatures and for a 5 wt.% CTAT
solution. Dashed line signals the location of the NECP, and the critical isotherm intersects this line only.
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Figure 12. Projection of the lines in Figure 9 on the u-v plane, for several temperatures including the critical temperature. As
the temperature increases to values close to the critical temperature, the first and second bifurcation points (circles and stars)
approach the v = u = 0 limit at the NECP. The third bifurcation point (triangles) remains away from the NECP.
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Figure 13. Free energy plotted with shear rate. Contributions from the shear stress, first normal stress difference, and second
normal stress differences are indicated.

and two meta-stable regions for a 20 wt.% CTAT solution. For stresses below and above the plateau stress,
the two minima have different depths, while at the plateau stress both minima have equal depths. Notice in
Figure 15a that the critical shear rates of the thermodynamic and mechanical are slightly shifted, although
they have equal minima.

6 Discussion and concluding remarks

In Ref. [19], we have shown that an effective or extended free energy can be constructed from the BMP model
using Eq. (5.2). The present formulation is similar to that of the Ginzburg-Landau model for thermodynamic
first-order phase transitions, or particularly, it belongs to the class of Cahn-Hilliard dynamics. In a relevant
work [21], a mathematical proof of an analogy between the mechanical instability and thermodynamic phase
transitions is established for the diffusive Johnson-Segalman model (DJS). Starting from a mechanical con-
stitutive model (DJS), the time-dependent Ginzburg-Landau equation was derived by reducing the degrees
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Figure 14. Dissipation above and below the plateau stress as a function of the shear rate for a 20 wt.% CTAT solution at 25 °C.
The maximum corresponds to the area above the plateau, and the minimum correspond to the area below the plateau. They

have equal values.
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Figure 15. The thermodynamic (free energy) and mechanical potentials as functions of the shear rate for a 20 wt.% CTAT solution
at 25°C. The insets show an amplified view of the minimum at low shear rates. (a) Plateau stress. (b) Stress below the plateau
stress. (c) Stress above the plateau stress.
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(c) 5% CTAT, T, = 50.8°C
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Figure 16. First normal stress difference as a function of shear rate squared, for two temperatures below the critical tempera-
ture (a, b) and at the critical temperature (c). Notice that for N; larger than its value at the bifurcation line (dashed line), three
states are possible, two of them with physical meaning. Similarly, for increasing shear rates, N; is double-valued and becomes
single valued for shear rates larger than that at the unstable region.

of freedom of the equations in the vicinity of the critical point. It was shown that a thermodynamic potential
for the mechanical constitutive equation could be constructed.

In the present work, we have shown that the mechanical potential inherent in the BMP model also corre-
sponds to the thermodynamic potential derived from the model itself, again similar to the Ginzburg-Landau
model. We have illustrated that the constitutive equations of the model inherently possess a mechanical po-
tential, which can be identified with the free energy (Eq. (5.2)). Furthermore, it has been shown that the contri-
bution of the normal stresses to the free energy and to the mechanical potential can be evaluated. For values
of the second normal-stress difference lower than 0.01 N,, these contributions are not substantial, and the
same plateau stress and position of the binodals are obtained.

The construction of the mechanical potential has illustrated the form to build the characteristic curves
of the system. In fact, by knowing the parameters u and R, the spinodal, co-existence and bifurcation lines
can be defined. This information provides the necessary premises to determine the NECP for the system.

Finally, concerning the elastic instability observed along the high shear-rate branch of the flow curve
[22, 23], it is tempting to relate the predicted bifurcation in the high-shear-rate branch to this instability. In
fact, the formulation of the BMP model for the first normal stress difference along the high-shear branch of the
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flow curve, reveals a region of stability (region 5, one root) and a region of three roots (section 6) separated by
a bifurcation point. Figure 16 shows the first normal stress difference plotted against the shear rate squared for
three temperatures, including the critical isotherm. At the bifurcation point, two of the three roots are equal,
and for larger N, these roots correspond to three shear rates where two of them have physical meaning: the
largest root corresponds to the region where the elastic instability is observed, and the second root roughly
corresponds to that along the observed shear-banding region. For increasing shear rates, two values of N, are
predicted and an apparent jump from the high branch to the low branch is observed at a shear rate located
along the negative slope of the low branch, after which a single value of N, with increasing shear rates is pre-
dicted along the positive slope of the low branch. As shown in Ref. [22], the inclusion of normal stresses does
not change substantially the position of the plateau stress nor the minima in the thermodynamic potential.
The analysis linking the multi-valued region with the elastic instability is currently under attention in our
group.

Funding: The authors acknowledge the financial support from CONACYT (National Council for Science and
Technology).
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