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In this paper, the dc electronic transport at zero temperature in
aperiodic systems with macroscopic length is studied by using
a real-space renormalization plus convolution method
developed for the Kubo-Greenwood formula within the
tight-binding formalism. We analytically prove the existence
of transparent states in several generalized Fibonacci lattices,

1 Introduction Electric conductivity is one of the most
important properties of solids due to its relevance in the design
and construction of new electronic devices, also is one of the
most susceptible to the presence of defects. The miniatur-
ization of electronic devices has revealed the importance of
quantum effects, such as the ballistic conduction in nano-
electronics when the device length is smaller than the inelastic
scattering mean-free-path of very pure materials. According
to the Abrahams’ theorem [1], all the states are localized in
one- and two-dimensional (2D) systems with an infinitesimal
random-disorder strength. Recently, it is observed that 2D
disordered systems can exhibit dramatic drops in resistivity as
the temperature T7—0, suggesting a metallic ground state in
such systems [2—4]. On the other hand, delocalized electronic
states have been found in one-dimensional (1D) systems with
correlated disorder [5-8] and with random dimers [9].
Analytical results by Damanik and Gorodetski prove the
possible existence of ballistic transport for Fibonacci
Hamiltonian with diagonal disorder when the coupling goes
to zero [10]. A more general analysis about the transparent
states in aperiodic lattices can be found in Ref. [11].

In general, the presence of structural disorders makes
useless the reciprocal space and the analysis of their effects on
the electronic transport is usually carried out in small systems
or by using the perturbation theory. For example, it has been
addressed by computing the scaling behavior of the mean-
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as well as in segmented linear chains, where they always
appear if the number of bonds in each segment is even,
regardless the ordering of segments. For two-dimensional
square-lattice tapes with a periodic or non-periodic Fano-
impurity plane, we found a novel ballistic transport state in the
dc conductance spectra.
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square displacement of the wave packets with respect to time
via a renormalization group approach developed within the
Brillouin—Wigner perturbation theory [12]. Other renormal-
ization approaches based on transfer matrices have also been
used to address the electronic transport in aperiodic
systems [13]. In this paper, we study the ballistic transport
in 1D generalized Fibonacci lattices [14, 15] and N-mer
segmented chains, both with macroscopic length of 10% atoms.
The numerical analysis was carried out by means of an exact
real-space renormalization method developed for the Kubo-
Greenwood formula and the analytical demonstration of
transparent states has been performed through the trans-
mittance within the Landauer formalism. For 2D systems, we
report for the first time the finding of a ballistic conduction
state in conducting tapes with a Fano-impurity plane.

2 The model In this article, we address the bond
problem, i.e., systems containing the same type of atoms but
different electron hopping integrals between them. Let us
consider a cubically structured lattice with two kinds of hopping
integrals between nearest neighbor atoms, 7, and 5, and they are
arranged in a non-periodic way. For the periodic case we
have t4 =t and for aperiodic chains, the hopping integrals
are rdered following a generalized Fibonacci sequence (F})
defined as Fy = mF)_ ;®nF,_, where Fy=A and F;, = A"B".
For example, F;=AABAABAAABAABAAAB for m=2
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and n = 1. In order to isolate the bond-disorder effects on the
physical properties, a single-band tight-binding Hamiltonian
with null self-energies is taken,

H:Z[fj,f+1lj>(i+1|+;jj_1U><j—1|}, (1)

where f;; = (j|H|k) denotes the hopping integral between

nearest-neighbor atoms j and k and |j) are Wannier states.
The electrical conductivity can be calculated within

the linear response theory by using the Kubo—Greenwood

formula given by [16]
/ o E

x Tr[pIm G* (E + ho)pIm G* (E)],

26%h
= Qmm?

E—|—h(u)

o(u,w,T)

(2)

where £2 is the volume of the system, G'(E) = G(E + in)
is the retarded one-particle Green’s function and
AE)={1 —H:xp[(E—/L)/kBT]}*1 is the Fermi-Dirac distri-
bution with the Fermi energy p and temperature 7, and p is
the projection of the momentum operator along the applied
electrical field, which can be expressed in terms of Wannier
states as
@[H,x lmaZ{tJﬁll/ )G+ 1 = 11l G = 11},
(3)
for systems with a constant lattice parameter (¢) and the
structural disorder is introduced through the arrangement of
hopping integrals. For the case of a periodic chain connected
to two semi-infinite periodic leads, the zero-temperature dc
conductivity is [8]

62(1

op :U(E7O,O) :%(N

- 1), (4)

where (N—1)a is the system length.
In general, the electrical conductance (g) of a two-
dimensional lattice can be written as

g(,u,m,T) :UzD(Mvw’T)Ql/Q||’ (5)

where 2 and 2, are the volumes of parallel and
perpendicular subspaces, respectively. The electrical con-

ductivity of cubically structured two-dimensional lattices
((rZD) can be calculated by using the convolution theorem [17]

= ZO—(M —Eg0,T), (6)
B

P, 0,T)

where Ej are the eigenvalues of the perpendicular subspace.
There is a natural unit of the electrical conductance given
by g, = 2¢?/h. All the systems analyzed in this article are
connected to two semi-infinite periodic leads with hopping
integrals ¢ and null self-energies, and we always take 7z =1.

3 Generalized Fibonacci chains Ballistic conduc-
tion is the electronic transport without scattering having unit
transmittance, called transparent states, whose electrical
conductivity is o0=o0,. In this section we analyze the
existence of transparent states in generalized Fibonacci
chains (GFC) characterized by (m,n), whose numbers of
atoms in the studied systems are summarized in Table 1.

The zero-temperature dc conductivity spectra
[0(1,0,0/0,,)] around =0 in color scale are shown in
Fig. 1 as a function of the chemical potential (1) and the
hopping integral ¢4 for GFC indicated in Table 1, where the
imaginary part of energy is n = 10~ '%|¢|. The systems with
n =1, corresponding to Fig. 1(a—d), have a transparent state at
u=0 every two generations if m is even and every six
generations if m is odd. For these quasiperiodic systems, when
the disorder strength y = t4/tp — 0, the electrical conduc-
tivity also tends to zero except for i = 0. For GFC withn =2,
Fig. 1(e-h), we always find a transparent state at ;. = 0 for all
the generations with even numbers of m. Around this
transparent state the conductivity spectra have an oscillating
behavior. In contrast, we never find a transparent state at u =0
ifn=2andmis odd. For GFC withn = 3, shownin Fig. 1(i-1),
we find transparent states every two generations when m is
even and a gap around u = 0 whenmis odd. In general, there is
anotable similarity between the conductivity spectra of n =2
and of n =4, and both decay slower than those corresponding
to n=1 when y goes to zero.

Figure 2 shows the high conductivity peaks with
o(1£,0,0) > 0.9999999999990,, in the space of the chemical
potential (1) and hopping integral ratio z4/tg for the GFC of
Table 1. Notice that we recover the transparent states
observed in Fig. 1. Additionally, we can see many extreme
high conductivity states located at u/|f| = £t /tp for GFC
with n=3 and m=3, as well as at u/[t| = £0.71z5 /1
for n=4 and m=4. In Fig. 3, o(t=0,0,0) versus the
generation number (k) in 16 types of GFC are shown for

Table 1 Number of atoms (N) and generation number (k) of analyzed GFC (m,n).

N n=1 n=2 n=3 n=4

m=1 433494438 (k=42) 357913942 (k=29) 315732482 (k=24) 235418370 (k=21)
m=2 768398402 (k=24) 268377089 (k=20) 1743392202 (k=20) 234029057 (k=17)
m=3 790171310 (k=18) 253841390 (k=16) 712268722 (k=16) 429496730 (k=15)
m=4 165580142 (k=14) 352738177 (k= 14) 678529304 (k=14) 250597377 (k=13)
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Figure 1 Electrical conductivity (o) in color scale as a function of the chemical potential (x) and the hopping integral ratio z,/t5 for
generalized Fibonacci chains (GFC) with (m,n) equal to (a) (1,1), (b) (2,1), (c) (3,1), (d) (4,1), () (1,2), (f) (2,2), (2) (3,2), (h) (4,2),
@) (1,3), () (2,3), (k) (3,3), D) (4,3), (m) (1,4), (n) (2,4), (0) (3,4), (p) (4,4), whose system lengths are specified in Table 1.

t4=0.8t5 (red solid circles) and 74 =0.5tz (blue open generations of Fig. 3(f), 3(h), 3(p) and 3(r). Finally, there is
circles). For instance, the transparent states appear every six not transparent state at . =0 in Fig. 3(e), 3(g), 3(i), 3(k),
generations in Fig. 3(a) and 3(c), every two generations in  3(0) and 3(q). Analytical proofs of these transparent states
Fig. 3(b), 3(d), 3(j) and 3(1), and they are present in all the will be presented in the next section.
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0.0 (d) N=14 (h) N=14 (1) N=14 Figure 2 High conductivity states with o

2 1 0 1 2 1 0 1 2 1 0 1 2 1 0 1 2 (0,0)>0.9999999999990, as a function of
the chemical potential (1) and the hopping
““! It] ”"r It] H‘I [t] P-" It] integral t4 for the GFC specified in Table 1.
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Figure 3 DC conductivity at u =0 as a function of the generation number (k) for GFC with 7, = 0.8¢5 (red solid circles) and 7, = 0.5t

(blue open circles).

4 Analytical results An alternative way to calculate
the electrical conductivity in one-dimensional systems is by
means of the Landauer formula given by o (u) = opT,
where T is the transmittance [18]. The stationary Schrodinger
equation for Hamiltonian (1) can be rewritten as

Ko g
G+l G PR G
( ) = T,»( ) = | bsr1 Lyt < > (7)
Cj Ci—-1 1 0 Ci—1

Table 2 Transmittance of eight GFC of type (m,n) for generation
k>3.

(m, n) Tij transmittance
[T(n = 0)]

2,2) —1) ifi#j 1
2.4) w(k>—{( S
(4.4) 0 ifi =j
“4.2) —1Y ifi

Tu(k)—{( v ?fl.#]

0 ifi=j

(2,1 syPRED G = 4
43) Tij(k) = { 0 oy [P 4 y—r®)?
2,3) _yp(k)(fl) ifi =j

ij(k) =
1) Tij(k) {0 it

www.pss-b.com

where T, is the transfer matrix and c; is he amplitude of the
wavefunctlon at site j. For chains connected to two semi-
infinite periodic leads with hopping integrals ¢ and null self-
energies, the transmittance (7) in terms of the product of
transfer matrixes, with elements 7;; = ([]\_, T,), j» Is given

by [18]
T(n)=
— (/1) .
[T21—Ti2+ (122 — T1,1)M/2t]2+ (T2,2+T1,1)2(1—M2/4t2)
(8)

For the states at u =0 of eight (m,n)-type GFC, the
elements 7;; are given in Table 2, where p(v) = [(—1)"—11/2.
Notice that there is a transparent state for all the generations
in the first four GFC in Table 2, while transparent states at
1 =0 appear in the last four GFC only if the generation is
even. In particular, the elements 7;; for (2,2)-type GFC are
explicitly obtained in Appendix A.

In addition to those GFC presented in Table 2, we also
obtained analytical results for GFC with m=n=1 and
generation k, whose elements t;; are

7y (k) = —vf (i + ) p(OR) IR0 1 p(1) 0]
= new) (1~ m)yﬂ’wﬂ'%

©)
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which leads to

0) =4[f()(y+y ") +[1—(-1)"]
) {10 g0y )1 (10)
where f(v)=[1+(=1)"/2, v = (k—2)mod(3) € [0,2]

and 0() = (—1)""". Also, for GFC of generation k with
(m,n)=(3,1),

7 (k) = —vf(i +)) [p(V)J/ + (2) (k)yO(i)d:|

—y i1 et (1)
and the transmittance at © =0 is
2
o5 o
Iy [717(‘}) (y72[1+0(k)] + y2[1+0(k)]>
d —d\1Y 2
+f(V)(V2+ 14 )} } | (12)

-

(/1| op

where b= —40(i)p(k), c=k+1—j and d=73fk)— p(k).
Equations (10) and (12) indicate that these GFC present a
transparent state at =0 every six generations.

5 Segmented chains For a periodic chain with one
and two segment defects as respectively shown in Fig. 4(a)
and 4(b), each segment contains two hopping integrals 74
while the periodic chain is formed by hopping integrals
tB =1.

For the case of a single segment impurity as shown in
Fig. 4a, the analytic solution of Landauer conductivity
through transmittance (8) is obtained,

- (M/t)z 2

rop,
4 — 22y )"

or(p) = (13)

whose conductivity spectrum in color scale versus the
chemical potential (1) and the hopping integral 74 is shown
in Fig. 5a. Observe that when t,—0 but #,7#0 the whole
conductivity spectrum tends to zero except for u =0, where
a unique transparent state is found as indicated in Eq. (13).
When we have two segment defects separated by N
segments as shown in Fig. 4b, the analytic solution of
conductivity becomes

(14)

oL(n) =
PR
tZ

(@) Perlodlc cham with a smgle segment defect
t ! t t ! t

(b) Penodlc cham with two segment defects

— 2)? 2
H L2 g 2 ) - o DO o
et t

(N - 1)

/LT[](N* l)fll(Nf 2)
() t

it bt it bt it trty to it bt bttt
T N 1 L 1 1 1t [ [
(c) Segmented Fibonaccichain -~~~ _ . .
YL 68 Tk bt BL B L B LR LA
e '__4 ______ B Oy B G e N P
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- e o amge= se

R E
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Figure 4 Schematic representations of periodic chains with (a) one and (b) two A-type segment defects, (c) segmented Fibonacci and

(d) segmented periodic chains.
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Figure 5 DC conductivity (o) in color scale as functions of the
chemical potential () and the hopping integral ¢, in segmented
chains with (a) a single segment defect and two segment defects
separated by (b) four and (c) ten segments.

where p(p)=p*? (1265 + 12477 +1%) — (415 + 1657+
6r*)+ b (465 4+52) —4r5rt — B, 0 () =p* (415 + 12657+
3Y) — 4t (P +13) — 45 (242 + 1*) + b and 1, (N) =
280 2100 TN — 20)1]. From Eq. (14)
1=0
we obtain the electrical conductivity spectra in color scale
versus the chemical potential () and the hopping integral ¢4,
asillustrated in Fig. 5(b) and 5(c) respectively for the cases of
two segment defects separated by four and ten segments.
Notice that a transparent state at =0 is present for any
separation of the two segment defects, as shown in Eq. (14).
In contrast to the case of a single segment defect, the spectra
of two segment defects present oscillations along ., whose
frequency is larger when the separation between segment
defects grows.

Let us now consider a segmented chain composed by
two kind of segments. The first ones contain n, bonds with
hopping integral z4 and the others contain ng bonds with
hopping integral ¢5. These segments can be placed following
periodic or quasiperiodic orderings. In Fig. 6, dc con-
ductivity spectra in color scale versus the chemical potential
() and the hopping integral ¢4 are shown for segmented
chains composed by five A-type segments (N4 =5) with
ny =3, separated from each other by B-type segments with
(a) np=9 and (b) ng =24, i.e., constructing the segmented
chain as ABABABABA. In Fig. 6¢ and d, the segments are
ordered following the Fibonacci sequence ABAABABA
with ng =9 and np =24, respectively. In all the cases we
have n, =3 and the segmented chains are connected to two

www.pss-b.com
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Figure 6 DC conductivity (o) in color scale as functions of the
chemical potential (p) and the hopping integral 74 for segmented
chains ordered periodically as ABABABABA with (a) ny =9 and
(b) ng =24 or quasiperiodically as ABAABABA with (c) ng=9
and (d) ng =24, where n, =3 in all the cases.

semi-infinite periodic leads with hopping integrals z.
Observe that these segmented chains do not possess a
transparent state at u =0, because the number of bonds in
A-type segment (ny = 3) is odd and the number of A-type
segments (N4 =5) is also odd, as will be shown in Eq. (15).
Moreover, the B-type segment length and the segment
ordering determine the position of high conductivity peaks.

Figure 7 shows the conductivity spectra of the same
systems as in Fig. 6, except that the lengths of segments are
now ny =8 and (a) ng=3_§, (c) ng =28, (b) ng=064, and (d)
ng=064. Observe the existence of a transparent state at
u =0, for both periodic and quasiperiodic ordering, as well
as both B-type segment lengths. In fact, there is a general

10 a g ; 6(11,0,0)5,

1.00
== 0.99
= 0.90
0.80
0.70
0.60

0.40
0.20
0.01

Wit

Figure 7 DC conductivity (o) in color scale as a function of the
chemical potential () and the hopping integral 74 for segmented
chains ordered periodically as ABABABABA with (a) ng =8 and
(b) np =64 or quasiperiodically as ABAABABA with (¢) np=9
and (d) ng =64, where ny =8 in all the cases.
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theorem about the existence of a transparent state at 4 =0 in
a chain of N atoms connected to two semi-infinite periodic
leads if

IN/2]
21201

=1 (15)

o P2

as demonstrated in Appendix B. From Eq. (15), for instance,
if the number of bonds in all the segments is even, there is
always a transparent state at u =0 regardless the number
and ordering of segments neither the value of hopping
integrals. In contrast, if n, and N, are both odd, there is no
transparent state at p =0.

In the next section, we extend the analysis to two-
dimensional tapes with a Fano impurity plane.

6 Multidimensional systems For a two-dimen-
sional cubically-structured tape with a single Fano impurity
plane as shown in Fig. 8, the Hamiltonian given by Eq. (1) is
separable and then the convolution theorem (6) can be used to
calculate its conductance. In this section, we prove that such
tapes with null self-energies and constant hopping integral
have a transparent state at ;. = 0 if their width is equal to the
Fano impurity length minus two bonds. In fact, this proof can
also be applied to tapes with aperiodic transversal section
when the Fano impurity has the same aperiodicity, regardless
the nature of the first two connecting bonds.

For periodic chains with an attached periodic Fano
impurity chain of Ny atoms, both formed by hopping
integrals ¢, there are transparent states at the eigenvalues of a
(Nr—1)-atom periodic chain [19]. In general, the Landauer
conductivity of a periodic chain with a coupled Fano
impurity chain of arbitrary hopping integrals is shown in
Appendix C to be

4— (/1)

or(p) =

4= (/0 + 1k, By (W) [P, ()]

Figure 8 Schematic representation of a two-dimensional periodic
tape of infinite length and a width of N, atoms (green balls) with an
attached Fano impurity plane of NzN, atoms (orange balls).

© 2015 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim

which becomes op when By, () = 0, where

w -t 0 0
-1 H I
Bn(u) =det]| ¢ —h U 0
—IN-1
0 - 0 —ty, w

(17)

By using the convolution theorem of Eq. (6), the
conductivity of two-dimensional periodic tapes with a Fano
impurity plane (0°°) can be obtained from Eq. (16),

o (11,0,0) =

3 4—[(u—Ep) /1]
54— (= Ep) /1 +13, By, (1 —Ep) /[P By, (1 — Ep)]

op,

(18)

where E; are the eigenenergies of the perpendicular
subspace of N, atoms. If the hopping integrals in the
transversal section are #,t,, -+, and ty, ,, all Egz become
solution of By, ;(Eg)=0 and then

o™ (1=0,0,0)=N op, (19)
showing the existence of a ballistic state at 4 =0 in a two-
dimensional tape with a Fano impurity plane. In fact, if the
self-energies of the Fano impurity plane are &g, this ballistic
conduction state would be at u=¢p.

30} (a) 4 (o) 4
§ L
S 20f + .
S I
= 10+ + -
D) -
0+t I S e
16000 | (b) + (@ ]
2 12000 | i 3
o_ ks
< 8000} + -
3 5 L 4
S 4000 F + -
0 1 1 1 1 1 1

Wit Wit

Figure 9 Electrical conductance (g) as a function of the chemical
potential (u) for the system of Fig. 8, whose transversal section has
(@) N; =33 and (b) N, =17710 atoms following a periodic
sequence or (¢) N, =33 and (d) N, = 17710 atoms following the
Fibonacci sequence with #4 = (/5 — 1)/2, for Ne=N| + 1 (red
lines) and Nr=0 (black lines).
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Figure 9 shows the electrical conductance spectrum (g)
versus the chemical potential (1) of two-dimensional tapes
with a Fano impurity plane as illustrated in Fig. 8, whose
transversal section is periodic with (a) 33 atoms and (b)
17710 atoms, or is quasiperiodic with (c) 33 atoms and (d)
17710 atoms. The black lines show the conductance of tapes
without Fano defects and the red lines display g of tapes with
Nrp=N,+1 where the hopping integrals along the Fano
impurity plane follow the same ordering as in the transversal
section. In all quasiperiodic systems of Fig. 9 14 = t(\/_ —
1)/2 is taken. Observe the step pattern in electrical
conductance spectra for systems without Fano impurities,
such behavior have been experimentally confirmed by Ron
and Dagan [20]. In particular, there is a ballistic wide zone
around p =0 for periodic tapes with quasiperiodic trans-
versal sections and the width of such zone grows when 74

20000 4 -9(k,0,0)(g,©2))
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5x10™ 1x107

Sx10% 0
/It

Figure 10 Amplification of the conductance spectra (g) around
u =0 in color scale as functions of the chemical potential (1) and
the number of atoms along the Fano defect (V) for (a) N, =15,
(b) N; = Ng— 1 with hopping integrals in the Fano impurity plane
and transversal section following the periodic sequence and (c)
N, =Nr—1 for such hopping integrals following the Fibonacci
sequence. Insets: Width of the ballistic conductance peak versus
Ny measured at g(u,0,0) = 0.9N, g, (solid magenta circles) and
g(1,0,0) = 0.8N_ g, (solid blue triangles).

-1x107
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diminishes. In general, the conductance of these tapes is
larger than that obtained from tapes with periodic trans-
versal section and the same N, because that a smaller
hopping integral in the perpendicular subspace causes lower
interference between conducting channels. Moreover, there
is a ballistic state at u =0 as expected from Eq. (19).

In fact, if the eigenvalues of the transversal section (Ep)
are a subset of the solutions of By, |(E) =0, there is
ballistic conductance at u =0. For example, in systems of
Fig. 8 with all hopping integrals ¢ we find such ballistic
conduction if Np=2P(N,+1), being p a positive integer
number. Figure 10 shows in color scale a magnification of
the conductance spectra around the ballistic conduction
peak at u = 0 as a function of the Fano impurity length (Nr),
for the cases of (a) all the hopping integrals #, N, =15 and
Np=2P(N, 4+ 1), and the hopping integrals following (b)
periodic and (c) Fibonacci sequence with N, =Np—1.
In insets 10(a’—c’) we plot the width of the ballistic
conductance peak measured at g(i,0,0) = 0.9N, g, (solid
magenta circles) and g(u,0,0) =0.8N, g, (solid blue
triangles).

Observe in the insets of Fig. 10 that the widths of
ballistic conductance peaks (Au) decrease with the length of
Fano impurity plane. This fact can be understood by
considering that the two-dimensional ballistic conductance
peak is a sum of many one-dimensional ballistic peaks and
its width is related to the averaged width over one-
dimensional ballistic peaks, which decreases with the length
of Fano impurity. In addition, Insets 10(a’—c’) reveal
Au/|t| = CN7' and C depends on the cutting level at a
given value of the conductance.

7 Conclusions In this paper, we have studied analyti-
cally and numerically the ballistic conduction in one- and
two-dimensional non-periodic macroscopic lattices with
bond disorder in the tight-binding formalism by using a real-
space renormalization plus convolution method developed
for the Kubo-Greenwood formula.

In one-dimensional systems, for hopping integrals
following the generalized Fibonacci sequences characterized
by (m,n), we found transparent states at . =0 for n =1 and
every two generations if m is even or every six generations if m
is odd. These chains are quasiperiodic since they accomplish
the Pisot conditions and the unimodular substitution
matrix [21]. For GFC with n##1, there is a transparent state
at u =0 for all the generations if n and m are both even and
every two generations if n is odd and m is even. We also found
high conduction with o(44,0,0) > 0.9999999999990,, at 11 =
+t, for GFC with n=m =3 or 4. These transparent states
were confirmed in analytical way.

For the case of segmented chains, based on the
numerical results we demonstrated analytically in appendix
B that if the segments are composed by an even number of
bonds there is always a transparent state at p =0. This
analytical result also ensures other possibilities to obtain
transparent states at u =0, for example, in chains with two
kinds of segment when one of them has an odd number of
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bonds, the other has an even number, and the chain contains
an even number of the first kind of segment. These
affirmations are true for any possible segment ordering and
values of hopping integrals. This is a generalization of the
Dunlap finding about the apparition of transparent states in
any dimer-composed chain [9].

For two-dimensional systems, we proved that infinite
periodic tapes with a single periodic Fano impurity plane
have a ballistic conductance peak at i = 0 if the eigenvalues
of the transversal subspace are a subset of those obtained
from a periodic chain with one atom less than the Fano
impurity length. Furthermore, there is transparent state at
u =0 for any values of hopping integrals along the Fano
impurity plane if the transversal section with one atom less
than the Fano impurity has the same sequence of hopping
integrals. The analysis of the ballistic-peak width reveals a
power law decay with the Fano impurity length. In fact, we
can move the location of transparent state in the conductance
spectra by changing the self-energies of Fano defect.
Experimentally, the chemical potential position in the band
structure of a nanowire can be modified by an applied gate
voltage [22]. This finding of ballistic conduction in
multidimensional lattices with Fano impurities could be
relevant for the design and understanding of branched
nanowires [23].

Appendix A In this appendix, we prove the
matrix elements t;; of Table 2 for the case of a
generalized Fibonacci chain (GFC) with (m =2, n=2).
The generation k of this GFC is built through F; =
Fr 1®F_1 D Fir®F;_, with initial conditions of
Fi=AABB and F,=AABBAABBAA. For example,
the GFC with k=1 consists of five atoms and four bonds.
In general, the GFC is connected to two semi-infinite
periodic leads with hopping integrals ¢t =15 at its both
ends, as schematically shown in Fig. 11 Hence, the
product of transfer matrixes is

= ([IL ), = Ma®MEMB],, (A1)

J

where M (k) [Mr(k)] is the transfer matrix of the connection
between the GFC and the left [right] lead, and M(k) is the
product of transfer matrixes associated to inside atoms in
GFC.

M(1)

Figure 11 Schematic representation of a (2,2)-type GFC of
generation k = 1 connected to two semi-infinite periodic leads with
hopping integral ¢. My (1), M(1) and Mg(1) are respectively the
transfer matrixes associated to the left end, middle atoms and the
right end of the GFC.

© 2015 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim

For example, for © =0 we have

ML(1><? _Zt“>, MR<1><? _tg/t),
(A2)
and
<0 —1)(0 —tA/tB><0 —1>
M(1) =
1 0 1 0 1 0
(A3)

0 1
B <—IA/IB O>'

Hence, 7;; = (=11
lation, we obtain

0 -1 M(3) — 0 1

<1 0 )7 ()_ <—IA/IB 0)
0 1

an<:1M(4)=<_l o)'

In general, for an electron incident from the left side of
GFC we have

— 8;j). By straightforward calcu-

M(2) =
(A4)

M(k) = M(k — 2)U(k — 2)M(k — 2)U(k — 1)

x M(k— 1)Uk — 1)M(k — 1), (A5)
where
o (= D [+ (<)
U(k) = a 2t4
1 0
(A6)

is the transfer matrix of the union between the end of F and
the initio of any GFC, which starts always with a hopping
integral #4.

Let us assume that for k>3

0 1
ME = mi-c2 o )

The cases k=3 and k=4 are proved in Eq. (A4). By
noticing that

(A7)

1= (=D s+ 14 (=1)"14

214
(1 )
01 7

(A8)

X
/-~
<
S
~
oy
=
- o

AL
=
[} %)
o —
~__—
Il
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we obtain immediately that while for N odd we have
M 1)=M(k—1 —1)M(k—1 (N+1)/2
(k-+1) =Mk~ 1)Uk~ Mk~ 1) (19) ; Coen T
x U(k)M(k)U(k)M(k) = M(k — 1), 11
M) = (N=1)/2
which proves by mathematical induction Eq. (A7). D2 0
On the other hand, given that all GFC start with a =1
hopping integral 2,4, (B5)

B 0 —t/ta
M, (k) = ( Lo ) (A10)
and for the right side we have

o L= 1+ [+ (1)
Mg(k) = a 2t

1 0

(A11)

Therefore,
Ty = Mr(OMK)ML(K)];; = (=1)'(1 = 8,).  (A12)

Appendix B For the bond problem and a
Hamiltonian of single s-band with real hopping integrals
(tjj+1 = tj1; < 0) like Eq. (1), the stationary Schrodinger

equation (HY = EVY) can be rewritten as
tjji+1Cjt1 +tjj—1Cj—1 = EC;, or in the matrix form as
E
Cit1 C; — =X C;
< : > B TJ( j > - thJrl : ' ’
Cj ijl 1 0 ijl

where x; = t;;-1/tj;+1. For E=0 in a linear chain of two
sites, the product of two transfer matrices [M(2)] is

0 =X\ (0 —X%- -x 0
v ()G )0 )
1o /J\1 o 0 —xii

(B2)
For the case of three sites we have
0 —x -x 0
M(3) = ik ’
1 0 0 —X]'_]
> ' (B3)
_ ( 0 (-1 Xj+1Xj—1>
—X; 0
In general, if the number of atoms (N) is even,
N/2
(_I)N/ZHXM 0
M(N) = = . (B4)

NJ2

0 (- 1)N/2HX21—1
I=1

www.pss-b.com

For a linear chain connected to two periodic semi-
infinite leads, we have tyn4+1 =t and then a unitary
determinant [det/M(N)| = 1]. Hence, the transmittance (7)
at E=01is

T(E =0) = !

(m1,1 + mz,z)z + (ml,z - 7112,1)2 ,

(B6)

being m; ; the elements of matrix M(%V). In consequence, for
the case of an even number N of atoms, the condition for a
transparent state (7=1) is

N/2 N/2 2
H)(z[ + HXZlfl =4 (B7)
=1 =1
and then
NH/ZX L Aﬁx _ Dalasles - INN-1
e A e -1 th3laste7 * INN+1
Hol3plsa - IN~1N-2 ) (B8)

2034856 " IN-IN

Let us define the first term in Eq. (B8) as x and then
(B9)

which leads to the unique physical solution of x=1.
Therefore, the condition of transparent state is

N/2 N/2

lel,zH = Hl21,21+1.
I=1 I=1

On the other hand, if N is odd, the transparent state
appears only if

(B10)

(N+1)/2 ~-1)/2 7?2
[ H Xoi-1 t H Xa| =4 (B11)
=1 =1
1.€.,
(N+1)/2 (N-1)/2
H X1t H X1
=1 =1
_hoBsalsalre  INN-1 (B12)

12034856178  INN+1

1y 114316 5187 B .thl,N72 P

12 31456,718.9 IN-1N
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Using again that #; =1ty .1 and defining the second
term of Eq. (B12) as y, we obtain

1
Jry=2=y=t (B13)

Equation (B13) implies the same result that for the even
N case, i.e.,

(N-1)/2 (N-1)/2 (N-1)/2

H Vo = H hupl-1 = H L1141,
1=1

Condition (B10) or (B14) is fully satisfied, for example,
if the system is composed by segments and each of them has
an even number of bonds.

(B14)

Appendix C The transmittance (7) of an infinite
periodic chain with hopping integral ¢ and a single site
impurity of self-energy &mp is [24]

- (/1)
— (/1) + (eimp/1)*

For the case of a periodic chain with a coupled Fano
impurity chain as shown in Fig. 12, &, in Eq. (C1) is
replaced by the continued fraction ay, (1), which can be
obtained from the recursive relation

7o) =+ )

i (€2)

an(p) = n— 0N-] (,u)

with &y (i) = #}/1. Defining

nw -t 0 0
- n I
By(w)=det| o _4 4 0
—IN-1
0 -+ 0 —ty m

Figure 12 Schematic representation of an infinite periodic chain
with a Fano impurity chain of Ny atoms

© 2015 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim

and calculating the determinant using expansion by minors,
we have

By (1) = By 1 (1) — ty_1 By 2 (10)- (C4)
From Egs. (C2) and (C3) we obtain ay(pn) =
5B81(1)/Br(). Let us assume that
tnBy-1(1t)
= NONV- A C5
OlN(M) ,BN(M) ( )
Hence, using Eq. (C2), (C4) and (C5) we have
B By (1)
U8 = an (1)~ () — By ()
tN+1/3N(:u')
) C6
By () (€6)
which proves the relation (C5) by mathematical

induction. Therefore, the transmittance of an infinite
periodic chain with a finite Fano impurity chain of Ng
atoms becomes

— (/1)

N
2 Tzl_ﬂ/v “1(w)
- o + (B

T(u) = (C7)

Notice that there are transparent states with T(u) =1
when By (i) = 0, which occur at the eigenvalues of a
chain formed by hopping integrals #;,%,,---,and ty,_».
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