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cones, and double-truncated cones; while aspect ratios were 
modified from 0.6 to 1.8. There was an excellent agreement 
between experimental results, FEA, and modified Halpin–
Tsai estimations, showing that the predicting ability of the 
Halpin–Tsai model could be improved by introducing dif-
ferent shape parameters.

Keywords  Composite · FEA · Halpin–Tsai · Angle · 
Particles

1  Introduction

Particle-reinforced metal matrix composites (MMCs) 
are materials that have been successfully used for many 
applications, mainly light MMCs, due to their attractive 
lightweight and superior mechanical and thermal proper-
ties [1–3]. Many of their properties are better than those 
of monolithic alloys tensile strength, elastic modulus, and 
high temperature stability; while other properties are con-
siderably lower ductility, fatigue, and fracture toughness 
[4]. The properties of the MMCs depend on the reinforce-
ment shape, volume fraction, distribution, aspect ratio, 
size, orientation, and interfacial bonding. There are numer-
ous analytical and numerical models for the prediction of 
mechanical behavior of composite materials, with reasona-
bly low errors, as the studied by Rafiee et al. [5] and Hashin 
et al. [6]. The analytical models mainly include the Eshelby 
model, the self-consistent model, the variational princi-
ples of elasticity theory, the composite cylinder model, 
and other unit-cell models. Numerical methods mainly 
include the finite difference method, the finite elements 
method (FEM or finite elements analysis, FEA), and the 
boundary element method [7, 8]. An easy way to evaluate 
the effective elastic response of a composite with perfect 

Abstract  In this paper, the effect of particle geometry on 
Young’s modulus for particulate-reinforced composites was 
estimated using finite elements analysis (FEA) and modi-
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modified HT model includes a new parameter (a) which 
depends on the angle of the particle corners. FEA was used 
as a starting point to find the composites behavior depend-
ing on the reinforcement features, results that were com-
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distribution were estimated using an AlA356/SiC(p) com-
posite as starting material . Selected particle geometries 
for modeling were cylinders, truncated cylinders, double 
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particle–matrix bonding under load, is the conventional 
Rule of Mixtures. Nevertheless, this model does not take 
into account the particle aspect ratio, and is inexact when 
estimating the effective modulus of particulate MMCs. This 
approach is based on the condition of isostrain between the 
matrix and the reinforcement, and hence it is more exact for 
continuous fiber reinforcement with high aspect ratio. That 
is why other accurate estimations have been made in order 
to predict anisotropy in Young’s modulus, e.g., the Halpin–
Tsai (HT) model [9], which assumes a perfectly oriented 
discontinuous reinforcement in the composite, parallel to 
the applied load. According to the HT model, the Young’s 
modulus can be determined by

where Ec and Em are, respectively, the Young’s moduli of 
the composite and the matrix, s is the aspect ratio of the 
reinforcement, Vp its volume fraction, and q is a geometri-
cal parameter that can be written as

where Ep the Young’s modulus of the reinforcement.
HT model does not take into account all reinforcement 

features, although the shape fitting parameter (ξ) includes 
the aspect ratio (s), and in most cases ξ = 2s [10]. That is 
why we think that experimental results and FEA estima-
tions could be used combined to modified part of the HT 
model, including more particle features. FEA is a viable 
method to study particle-dispersed MMCs due to its mod-
eling capability of the particle, being able to model differ-
ent geometries, and analyze their effect on the composite 
properties, shown by Cook et al. [11]. Particles have been 
successfully modeled by Hanesh and Chawla [12] using 2D 
and 3D analysis with different reinforcement shapes cubic, 
cylinder, truncated cylinder, double cone, and sphere, 
obtaining different results. It is difficult to model the real 
microstructure of a composite due to the fact that particle 
distribution is likely to be random. That is why it is nor-
mally assumed that particles are arranged in a regular and 
periodic square, circular, or hexagonal array or unit cell. 
The selection of the unit cell is also critical for the estima-
tions, where one particle or multi-particle models are nor-
mally used as representative volume element (RVE), as the 
works of Kari et  al. [13]; Liu and Chen [14]; and Pahla-
vanpour et al. [15]. We have previously used FEA to ana-
lyze the case of the cylindrical model for particulate MMCs 
[16], comparing HT and FEA estimations. Nevertheless, it 
is important to study different particle models in order to 
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obtain a better approach to the real MMC microstructure, 
and analyze the possibility to modify the HT model intro-
ducing a correction factor depending on the particle shape. 
HT model has been modified not only using s (aspect ratio) 
but also parameters that depend upon filler geometry, ori-
entation, and loading direction, to fit the Halpin–Tsai equa-
tions to the experimental data [10, 17, 18]. Modifications 
also take into account the effect of interface, filler agglom-
erates, and anisotropy [19]. However, no works were found 
for predicting the effect of the reinforcement shape includ-
ing a different particle feature (besides s). That is why the 
main objective of the present work is to analyze the pos-
sibility of including in the HT model the effect of another 
characteristic feature of the particles, specifically related to 
the particle corners. FEA was used to determine the effect 
of the particle geometry on tensile behavior, and for com-
parative purposes for modifying HT equations. Focusing to 
find the particle model that outputs the estimations in best 
concordance with experimental values, the models were 
obtained from experimental analyses of a MMC compris-
ing SiC reinforcement particles into a Al–7.45Si–0.44Mg 
A356 alloy matrix.

2 � Experimental and modeling

2.1 � Composite microstructure

A MMC was obtained as 2 mm in diameter wires using the 
Ohno Continuous Casting (OCC) method [20], reinforcing 
an AlA356 alloy (Al–7.45Si–0.44Mg) with SiC particles. 
In order to determine the shape, volume fraction, average 
size, and aspect ratio of the reinforcement, the wires were 
polished using standard metallographic techniques and 
examined by optical microscopy. The obtained data, needed 
for modeling purposes, showed that the SiC particles pre-
sented irregular shapes, their minimum and maximum 
average lengths were 6.85 ±  1.75 and 14.02 ±  2.24 μm, 
respectively; while the volume fraction and average aspect 
ratio were 0.12 ±  0.02 and 1.40 ±  0.16, respectively. In 
order to establish the morphological characteristics of the 
MMC for the FEA models, experimentally observed irreg-
ular particles must be related to some standard geometric 
shape. Figure 1 shows an optical micrograph of the MMC 
obtained using the OCC process, remarking some geomet-
ric figures (from A to F) that could be used for modeling, 
in addition to other geometries not presented in this work.

The FEA model selected in this work for the MMC 
consisted of on assuming homogeneous distribution of the 
particles and a constant volume fraction of 0.12: particles 
with a volume of 610 μm3 and the matrix with a volume 
of 5080 μm3. Particle aspect ratios from 0.6 to 1.8 and dif-
ferent geometries were used, i.e., cylinder, double cone, 
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double-truncated cone, and double-truncated cylinder, as 
observed in Table 1. In the cases of double-truncated cone 
and truncated cylinder, for calculation purposes, the ratio 
between the radius of the base and the radius of the top was 
2.0. Note that height and diameter values are dependent of 
the aspect ratio and the volume of the particles.

ANSYS 14.5 FEA software was employed for theoretical 
calculations. Cylindrical RVEs were obtained from the rev-
olution of the square around y axis using the axi-symmetric 
capabilities of the ANSYS finite element code. Figure 2a–d 
shows planar RVEs for the models of particles with aspect 
ratios of 1.4 and different shapes, obtained from the analy-
sis of Fig. 1. The angles of the corners are shown. As can 
be observed the external angles were also defined depend-
ing on the particle geometry. The obtained estimations will 
allow to determine the model that best represents the MMC.

The internal and external angles for the particle mod-
els observed in Fig. 2a–d are listed in Table 2 for different 
aspect ratios.

2.2 � Simulation

An 8-Node 2D Structural Solid (Plane 82) triangular element 
was selected to create the finite element mesh. This element 
may be used as an axi-symmetric element. It is defined by 
eight nodes, having two degrees of freedom in each one, i.e., 

translations in the nodal x and y directions. Mesh conver-
gence analysis was carried out by incrementally increasing 
the number of elements and verifying the local stress behav-
ior, to ensure convergence of the numerical solution. The 
coupled-node boundary condition (keeping the nodes in the 
same plane) was used for X (upper) and Y (right) faces. This 
condition is applied, since the particles and the matrix have 
different moduli, provoking un-even surfaces, and making 
the deformation measurement hard to define [21]. Young’s 
modulus can be obtained from the response of the tensile 
test, and along the y axis (Ey) can be determined by

where σy and εy are the stress and the strain in y axis, respec-
tively. The displacement of the RVE in y axis (uy) is meas-
ured from the FEA estimations, and used for the strain 
determination

where Ly is the original length of the RVE along y axis.
The properties of the materials used for the analyses are 

given in Table 3. The experimental Young’s modulus for the 

(3)Ey = σy/εy,

(4)εy = uy/Ly,

Fig. 1   Optical micrograph of the AlA356/SiC(p) MMC showing 
geometric figures that could correspond to the particle shapes: A 
cone, B partial rounded cylinder, C cylinder, D truncated cone, E dou-
ble cone, and F rounded cylinder. Composite models

Table 1   Aspect ratios, 
diameters, and heights for 
different particle geometries

NP model is not possible

Aspect ratio (h/d) Cylinder
h/d (μm)

Double cone
h/d (μm)

Truncated cone
h/d (μm)

Truncated cylinder
h/d (μm)

0.6 6.53/10.89 9.42/15.72 13.04/7.83 NP

1.0 9.19/9.19 13.26/13.26 11.00/11.00 11.00/11.00

1.4 11.5/8.21 16.58/11.84 13.77/9.83 12.94/9.24

1.8 13.59/7.55 NP 16.28/9.04 14.85/8.25

Fig. 2   Particle–matrix systems with different particle geometries and 
aspect ratios of 1.4 for: a cylinder, b double cone, c double-truncated 
cylinder, and d double-truncated cone
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MMC was determined using a GrindoSonic Mk5, follow-
ing ASTM E1876-97, and will be further compared to the 
estimated values.

Young’s moduli of the MMCs with different particle 
geometries and aspect ratios were uni-axially estimated 
when applying a 5 MPa tensile stress on the upper end nodes 
of the RVE, and compared to both, HT model estimations 
using Eqs. (1) and (2), and experimental measurements. Dif-
ferent analyses of the effect of the angles of the particle cor-
ners on Young’s modulus and stresses distribution were done 
to try to include a new shape parameter, and to obtain a mod-
ified HT model with improved predicting ability.

3 � Results and discussion

Figure  3a shows the dependence, estimated using FEA, 
between the maximum axial stress and the aspect ratio for 

different particle geometries. As can be observed, maxima 
stresses slightly increase while the aspect ratio increases 
in similar ways for all modeled particle geometries, except 
for the double cone model, which abruptly increases and 
presents the highest stresses values. Models with the sharp-
est particles originate the highest degree of disturbance in 
the matrix and present the highest stresses values. After the 
analysis of these results, it was found that external angles 
can be used as a characteristic particle feature for relating 
the particle geometry to the composite behavior. Figure 3b 
shows the variation of the external angles depending on 
the aspect ratio for different particle models. This behav-
ior for the external angles can be related to the maxima 
axial stresses behavior observed in Fig.  3a, increasing in 
similar way for each particle model, and being almost con-
stant for cylinders. It is also important to notice that angle-
maximum stress relation is inversely proportional; maxima 
stresses being for the the models with the lowest angles 
(cones), while the minima stresses were obtained for the 
models with the highest angles (cylinders).

As can be observed in Fig. 4, Young’s modulus increases 
as the aspect ratio increases for all particle geometries, 
for estimations using both HT and FEA models. For low 
aspect ratios, the strengthening effect of the particles is low, 
increasing this effect for higher aspect ratios. Among the 
various theoretical methods to predict the elastic modulus 

Table 2   Internal (i) and 
external (e) angles (in °) of the 
corners for different particle 
geometry models

NP model is not possible

Aspect ratio Cylinder (i/e) Cone (i/e) Truncated cone (i/e) Truncated cylinder (i/e)

0.6 90/270 57/123 130/230 NP

1.0 90/270 45/135 115/245 115/245

1.4 90/270 35/145 107/253 113/247

1.8 90/270 NP 104/256 113/247

Table 3   Mechanical properties for matrix and SiC particles [1, 22]

Material Young’s modulus, E (GPa) Poisson ratio, ν

Al A356 Matrix 72.4 0.33

SiC particles 401.4 0.18

Fig. 3   a Maximum axial stress versus aspect ratio for the models under uni-axial load, and b external angles of the particle corners depending 
on the aspect ratio for different particle models
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of the particulate dispersed MMCs, Halpin–Tsai equation 
is found to be closer to the experimental results. The advan-
tage of FEA over these empirical equations is that it can 
model various types of particle shapes. That is why for HT 
model only one estimation can be obtained, as observed 
in Fig.  4. For FEA estimations, Young’s moduli highest 
values were found for cylindrical particles and the low-
est for double cones. Values in ascending order were for 
double cone, truncated cylinder, double-truncated cone, 
and cylinder, the same order that followed the external 
angles already observed in Fig.  3b. This fact remarks the 
important effect of the particle geometry on the composite 
behavior. The cylinder particle model presented the clos-
est values to the experimental result (for an aspect ratio 
of 1.4 E =  99.67 ±  12.12  GPa). These results show that 
the particles that preserve highest cross sections presented 
the highest Young’s modulus. Cylindrical particles have 
a greater stiffening effect than rounded or sharp particles 
due to the fact that load is more effective across a planar 
interface [23]. It is important to notice that for particulate 
MMCs different particle geometries can be modeled, as 
was observed in Fig.  1, where the AlA356/SiC(p) MMC 
presented different particle shapes. The selection of the 
correct reinforcement geometry is very important in order 

to obtain a good correlation between simulated and experi-
mental values. That is why it is important for an early anal-
ysis of the different particle features. Despite the variety of 
particle shapes that presented the MMC, the easiest one for 
modeling (cylinder) presented the best correlation with the 
experimental results, and the use of more complicated par-
ticle models would be unnecessary.

After the analysis of the above results, a modification 
to the HT equation is proposed, introducing an angle fac-
tor (a) that depends on the external angle of the corner of 
the particles (see Fig. 2a–d). This factor could be taken as a 
part of the already reported shape-fitting parameter (ξ = 2s) 
[10]. That is why the modified Halpin–Tsai equation could 
be re-written adding the factor a, as follows:

where q can be calculated in its new form as

and as can be seen, ξ = 2as instead of only 2s.
For calculating the value of a, it is necessary to deter-

mine the external angle of the particles, as observed in 
Fig. 1, and then dividing this angle by 360°. For rounded 
particles the value of a is 1 (a = 360°/360°, no angles to 
measure, 360° is used), and the value of the Young modulus 
remains without any change. The values of a for different 
models are listed in Table 4.

Figure  5a–d shows the Young moduli estimations for 
different aspect ratios and particle shapes, using FEA, un-
modified (Eqs. 1, 2) and modified (Eqs. 5, 6) Halpin–Tsai 
models. For all the particle models, the modified HT esti-
mations are closer to the FEA predictions than for the un-
modified HT model. This result is more remarkable for high 
aspect ratios and for the models of cylindrical (see Fig. 5a) 
and conical particles (see Fig.  5b). Comparing Young’s 
moduli, the modified HT model presented the closest val-
ues (92.7  GPa, for cylinder) to the experimental results 
(99.67 ± 12.12 GPa, for particle aspect ratios of 1.4). The 
value for the un-modified HT model was 91.63  GPa. For 
the modified HT estimations, Young’s modulus highest val-
ues were found for cylindrical particles, while the lowest 
were obtained for the double cone model. Values in ascend-
ing order were for double cone, truncated cylinder, double-
truncate cone and cylinder.

Table 5 shows the differences (in %) between FEA and 
HT estimations, using modified and un-modified equa-
tions. As can be observed, the average difference is lower 
for modified HT equations than for un-modified. The most 
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Fig. 4   Estimated Young’s moduli versus particle aspect ratio for the 
MMCs using different models of particles

Table 4   Values of the angle factor (a) for different particle geometry 
models

NP model is not possible

Aspect ratio 
(h/d)

Cylinder Cone Truncated cone Truncated cyl-
inder

0.6 0.75 0.34 0.64 NP

1.0 0.75 0.38 0.68 0.68

1.4 0.75 0.40 0.70 0.69

1.8 0.75 NP 0.71 0.69
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significant differences were observed for cones, as also 
observed in Fig. 5b.

Results estimated using the modified HT model show 
that the predicting ability of the Halpin–Tsai model was 
improved by introducing the new parameter (a), being pos-
sible to estimate the Young’s modulus for different particle 
geometries. Estimations obtained using this modification 
agree with different experimental and theoretical works, 
which state that composites with cylindrical reinforcements 
have higher Young’s moduli than the composites reinforced 
with other kind of particles [23–25]. These works clearly 
show that particle shape has a significant influence on the 
overall tensile behavior of the composite. Cylindrical par-
ticles strengthen the composite more than the other shapes 
under a constant reinforcement fraction, and particles 

possessing the sharpest type of corners, as shown for dou-
ble cone particles, presented the lowest strength. Truncated 
cylinders and spheres have similar behaviors [23]. Cylinder 
and double cone result in, respectively, the highest and the 
lowest degrees of disturbance of the local plastic flow paths 
in the matrix. This directly reflects the different extents of 
constrained plastic flow and hence the strengthening behav-
ior in the composite. Figure  6a–d shows the stresses dis-
tribution for different particle geometries, and aspect ratios 
of 1.4. As can be observed, maxima stresses are located at 
the corners of the particle–matrix interfaces (see circles), 
exactly the points that were used for our modification to the 
HT model, demonstrating their importance. These results, 
beyond the possible error attributed to the RVE selection 

Fig. 5   Comparative estimated Young’s moduli versus particle aspect ratio for the MMCs using FEA, un-modified, and modified HT models for 
different models of particle geometries: a cylinder, b double cone, c truncated cylinder, and d double-truncated cone

Table 5   Differences (in  %) 
between FEA and HT 
estimations for modified and 
un-modified models

HT estimations (modified/un-
modified)

Cylinder Cone Truncated cone Truncated cylinder Average

1.17/1.94 1.34/3.09 0.97/1.59 0.56/0.75 1.01/1.84
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and restrictions of the unit cell, could be of interest for esti-
mating the effect of the particles for these materials.

4 � Conclusions

In this study, the Halpin–Tsai model was modified for 
particulate-reinforced composites, using FEA estima-
tions obtained for different particle geometries. There 
was found a new parameter (a), which depends on the 
angle of the particle corners, and could be introduced as 
a part of the shape-fitting parameter (ξ), modifying the 
Halpin–Tsai model. From the results obtained using this 
modified model, it can be concluded that the predicting 
ability of the Halpin–Tsai model could be improved, 
being possible to directly estimate the Young’s modu-
lus for different particle geometries by the introduction 
of the modified ξ. Predictions obtained using the modi-
fied Halpin–Tsai model were in better agreement with 
FEA estimations, and also with the experimental results, 
than the un-modified Halpin–Tsai estimations. Further, 
the results showed that Young’s modulus and maxima 
stresses are highly dependent on the particle geometry, 
and the cylinder model presented the closest values to 
the experimental results and could be used for the esti-
mation of the tensile properties of this kind of particu-
late-reinforced MMC, which present particles with a 
wide range of shapes.
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