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Among all the rock parameters measured by modern well logging tools, the formation factor is essential
because it can be used to calculate the volume of oil- and/or gas in wellsite. A new mathematical model
to calculate the formation factor is analytically derived from first principles. Given the electrical prop-
erties of both rock and brine (resistivities) and tortuosity (a key parameter of the model), it is possible to
calculate the dependence of the formation factor with porosity with good accuracy. When the cemen-
tation exponent ceases to remain constant with porosity; the new model is capable of capturing both:
the non-linear behavior (for small porosity values) and the typical linear one in log-log plots for the
formation factor vs. porosity. Comparisons with experimental data from four different conventional core
rock lithologies: sands, sandstone, limestone and volcanic are shown, for all of them a good agreement is
observed. This new model is robust, simple and of easy implementation for practical applications. In
some cases, it could substitute Archie's law replacing its empirical nature.
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1. Introduction

Oil and natural gas are considered to be the most important
sources of energy in the world. In petroleum industry, well logs play
a fundamental role in exploration and reservoir characterization
e.g. (Egbai and Aigbogun, 2012). The primary objectives of logging
in an exploration site are to locate and to quantify the amount of
hydrocarbons in the vicinity of a borehole. There are many different
types of well logs including gamma ray, caliper, density, neutron,
sonic and electrical resistivity logs, among others e.g. (Yan, 2002).
Possibly, the most important and widely studied of these is the
electrical resistivity log, which is used routinely to calculate the
porosity and saturation of reservoir rocks both quantities related to
the interpretation and analysis of the reservoir content. Strictly
speaking, the electrical resistivity log is a function of several
physical parameters and lithological attributes, including electric
resistivities of formation and pore water; temperature, viscosity,
and degree of saturation of pore water; type and amount of clays;
mechanism of charge fixation at the fluid - solid interface
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(represented by specific surface area and electric surface conduc-
tance); intricate geometry of pores and pore channels (i.e. tortu-
osity among others parameters); the ratio of the volume of voids to
total volume (represented by the effective porosity); formations
ability to transmit pore water (represented by permeability); cation
exchange capacity; and size, shape, type (mineralogy), packing,
sorting, and distribution of grains.

Typically, the study of electrical resistivity of such reservoir
formations is done by saturating the rocks core with a brine solu-
tion (conducting liquid) in order to measure the electrical re-
sistivity of this bulk system, Rq (Sheriff, 1974). Since the resistivity
of the saturating liquid is known, R}, it is possible to calculate the
formation factor defined as:

Ro
F—E- (1)

Extensive experimental work has shown that the bulk resistivity
of a rock, Ry, depends on its porosity, pore fluid resistivity and
saturation (Waxman and Smits, 1968; Waxman, 1974; Clavier et al.,
1977; Givens, 1987). Consequently, from a theoretical point of view,
most of the efforts have been focused on developing mathematical
relationships between water resistivity, porosity and water
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List of symbols

Electrical resistivity of the bulk system
electrical resistivity

symbol for the rock phase

symbol for the liquid phase

formation factor

porosity

cementation exponent

tortuosity

dimensionless electrical current density
dimensionless radial coordinate
pore-rock system radius

dimensional radial coordinate

TS QI emTT Rz

] dimensional current density at any radius

Ja dimensional current density at the pore radius
0 skin depth parameter

€ ratio of the skin depth parameter 6 and pore size.
u magnetic permeability of the medium

) frequency of the electrical signal

6 fitting parameter

c aspect ratio parameter

my cementation exponent based on Archie's law
m average cementation exponent

AT, characteristic temperature drop.

0 dimensionless temperature

¢ temperature coefficient for resistivity

saturation. In a seminal work published by Archie (1942), an
empirical relationship between the formation factor and porosity
(@) for different lithologies was formulated as:

F=@™ 2)

where the constant m is often known as the cementation exponent.
The cementation exponent provides implicit information about the
pore structure. Equation (2) is commonly referred to as Archie's law
and it is still the most widely used expression for resistivity log
interpretation. Practical applications of Archie's law in a particular
area requires a knowledge of ® and m from the laboratory mea-
surements or studies of a well logging data in such area. Despite its
prevalence and simplicity, Equation (2) is, in fact, a coarse and an
oversimplified model. Its limitations are evident when contrasted
with various experimental data.

The study of the formation factor constitutes in itself a classic
subject of petrophysics research (Archie, 1942; Pérez-Rosales, 1982;
Saner et al., 1996), since it provides a useful and convenient eval-
uation of the nature of the pore structure of reservoir rocks. Archie's
law, according to Equation (2) states that F is a function of a power
of ®; when plotted in a log-log scale, the relation appears as a
straight line whose slope is equal to the power —m (the cementa-
tion exponent). It has been observed and widely reported that,
when the range of porosities is extended (specially for small
values), the data does not follow a power-law trend with a constant
exponent, i.e., the lines are curved in a log-log scale, (Givens, 1987;
Worthington, 1993; Padhy et al., 2006); this non-Archie behavior
has been qualitatively explained by theoretical models, based on
simple mixing laws (Petricola and Watfa, 1995; Fleury, 2002) or
effective medium approximation (EMA) (Sen, 1997). Therefore, to
obtain better predictions for the entire range of porosities and for
different rock lithologies, improvements to Archie's law or new
models are needed. To our knowledge, just a few attempts to model
the non-constant power relation between F and ® have appeared in
the open literature (Givens, 1987; Glover et al., 2000; Bernabé et al.,
2011; Nguyen, 2014).

Recently, due to the development of new software and tools in
the fields of image acquisition/processing, it is possible to perform a
more detailed electrical characterization of core rocks (Knackstedt
et al., 2007; Elmer, 2009; Schlumberger, 2014); unfortunately, they
are expensive.

In the present article we develop an expression to evaluate the
formation factor, defined by Equation (1), as a function of the rock
porosity and its physical properties. Our model is based on a more
general study recently developed by Chavez et al. (2014), which
accounted for the coupled thermo-electrical effects of a composite

material to predict the electrical resistivity. Considering the range
of physical properties of rocks, Chdvez et al. model can be signifi-
cantly simplified and an analytical expression for the formation
factor is, in fact, obtained. Some comparisons between our
approach and another theoretical model for the formation factor of
sandstone lithologies are presented; differences and common
points among both theories are pointed out. To fully validate the
present model, we also conducted comparisons with experimental
data for different conventional rock cores lithologies and porosities,
leading to a good agreement.

The paper is organized as follows. In Section 2, we describe
the mathematical formulation and the assumptions under which
our problem will be set to compute the formation factor. This is
followed in Section 3 with comparisons between numerical re-
sults and experimental data as well as some discussions are
presented. Finally, some concluding remarks are drawn in Sec-
tion 4.

2. Mathematical model

In our recent theoretical work (Chdvez et al., 2014), a nonlinear
conjugate thermo-electric model was developed to study the effect
of frequency, resistivities and thermal conductivities on the current
density and temperature profiles for a two-phase composite me-
dium. Implementing a numerical solution in cylindrical co-
ordinates, current density and temperature profiles were obtained
for each phase. Additionally, based on Equation (1), we established
an expression to evaluate the formation factor in terms of the
dimensionless current densities for each phase as:

Ve/G G R 1
G ey d
F:q)/o 0 g e e

V/C 1
2 /0 ifdz + /mgorsdg

where the symbols | and r stand for liquid and rock phases
respectively, R is the electrical resistivity, G is the tortuosity, ¢ is the
dimensionless electrical current density, ¢ is the dimensionless
radial coordinate, these last two variables are respectively defined
as:

r*
E=5 (4)
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_J

Ja
where b is the pore-rock system radius, r* is the dimensional radial
coordinate, J and J,; are the dimensional current densities at any
radius and at the pore radius, respectively.

The general model considers thermal effects on the current
density distribution, through the Joule heating effect and consid-
ering the temperature-dependent resistivities of both phases. For
the specific case of rocks, however, changes in temperature do not
play a significant role in the calculation of . This is, in fact, expected
since the resistivity tests are commonly conducted using small
currents; thus, the Joule effect becomes negligible. In this case, the
equations for the current density in each phase, Equations (21) and
(22) (see Appendix A), can be uncoupled from the heat conduction
equation. Hence, we consider the temperature to remain constant.

In such a case, we have:

(5)

@

dz(pl 1 d(pl 2i
— o=, 6
PR ST YTl ®

for the liquid phase and for the rock phase:

A2, 1do, 2i
= = 3¢r
e(1-/3/G)

de? ¢ dg
These equations are then subjected to the following boundary
conditions:

(7)

d
£=0: d—?:a (8)
(0] R
=2 =T ()
weRy dop  dor
Ry dE ~ dE (10)
R
E=1: q)r:R—iG. (11)

Boundary conditions given by Equation (8) through (11) repre-
sent a simplified version of Equations (23)-(26) and the are the
well-known symmetry condition, the continuity of the electric field
and a characteristic current density, respectively; for more details
see Chavez et al. (2014).

It is worthy of note that ® <1 and G > 1, therefore the RHS of
Equations (6) and (7) are always finite; furthermore, they are
complex and involve the ¢ parameter, which is defined as the ratio
of the skin depth parameter ¢ and pore size. The skin depth is
defined as 6 = (2R/uw)'/?> where R and u are the electric resistivity
and magnetic permeability of the medium, respectively. The fre-
quency of the electrical signal is w. For rock cores in petroleum
industry characterization, the skin depth effect becomes irrelevant
since resistivity tests are usually performed using direct current or
an alternating electric signal with fixed frequency of order 10! Hz
or higher. Also the tortuosity, G, defined as in Chavez et al. (2014), is
always larger or equal to one. Therefore, the terms ¢; and &, are of
the order of 10# and 108 respectively. Consequently, the right hand
side of Equations (6) and (7) are small, thus

o  1dg,
) 12
de? & dt (12)
d*¢r  1dg;
— t = Oa 13
de? & dg (13)

This set of ordinary differential equations can be readily solved
analytically considering the boundary condition given by Equations
(8)-(11), the solutions for the dimensionless electrical current
density in the liquid and rock phases are respectively given by:

p§)=G 0<E< \/é (14)

(pr(f)zcg \/%dgy (15)

As can be seen, the solutions for the electrical current density in
the liquid and rock phases are proportional to the tortuosity; in
particular, for the rock phase the G parameter is multiplied by the
ratio of the electrical resistivity of the liquid and rock, due to the
higher resistivity of the rock the current density in this phase is
smaller than the one in the liquid. The dependency of both solu-
tions with G is explained by the fact that our model considers a
tortuous liquid phase embedded in a cylindrical rock system
(concentric circles in a cross section plane); therefore, the tortou-
sity parameter comes from the liquid-rock interface and from the
outer surface of the rock system (Equations (9) and (11), respec-
tively); it should be mentioned that the electrical current density
distribution will depend not only on the tortuosity but also on the
R;/R; ratio, for more details see Chavez et al. (2014).

Consequentially, with the closed expressions for both ¢; and ¢,
Equation (3) can be integrated to obtain an analytical expression for
the formation factor:

F(@) — g (16)
r(G—0)+ @

This expression is derived from a well sustained physical model
and represents an alternative to evaluate the formation factor
provided that the tortuosity is known. Alternatively, knowing the
formation factor (from experimental measurements), the tortuosity
can be inferred. In the present work we focus our attention in the
first idea.

The effect of the temperature and pressure on the electrical
parameters will involve the knowledge of mathematical expres-
sions that relate both thermodynamic variables to the electrical
resistivities of rock and liquid phases; nevertheless, this is out of the
scope of this paper. Furthermore, Fleury et al. (2004 ) reported that F
does not depend significantly on the net overburden pressure even
for vuggy samples and that cementation exponent values measured
at ambient conditions can be used for log calibration with a
reasonable accuracy. In fact, the variation of porosity and resistivity
are compensating each other; yielding a quasi-constant formation
factor. On the other side, F behavior as a function of the tempera-
ture, depends on the rock core lithology, for the sandstones, F de-
creases with temperature up to 150—175°C and then stabilizes at
higher temperature, this behavior may be attributed to physical
changes in pore construction because of thermal expansion (Ucok
et al, 1979). In our model, the temperature effect might be
included in the estimation of the resistivity value for the water
saturating the core, for instance the experimental measurements
reported by Xiao et al. (2013); however, the model does not take
into account changes in pore construction due to thermal
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expansion.

In summary, the relevant parameters to evaluate the formation
factor are the resistivity ratio, R;/R;, which can be easily obtained
from the tables or from direct measurements, the tortuosity G and
the porosity ®. Even though the model is compact and robust its
usefulness depends on the knowledge of resistivity values for the
rocks core, which might represent a limitation for those lithologies
where the electrical characterization represents a problem (Murray
and Marsden, 2009; Kumar and Hoversten, 2012).

For some of the rock lithologies different studies report the range
for the R, values; i.e. for the sedimentary rocks like sandstones
1<R <6.4x10% Q-m, for the sands 500 <R, <1 x 104 Q-m
(Winkler, 1973), for the limestones 50 < R, < 1 x 107 Q-m (McNeill,
1980) and for volcanic rocks 1 < R, < 160 Q-m (Shevko et al., 2013).

The tortuosity is discussed in more depth in the next section.

It is worthy of note that, for most of core lithologies R- >R,
which makes %—»0, thus Equation (16) becomes F = G/®, in
accordance to the expression reported by Tiab and Donaldson
(2004). This simple relation exhibits a simple power-law depen-
dence of the formation factor with porosity, similar to Archie's law.
On the other hand, for rock core lithologies with small R; values,
the formation factor no longer shows a constant power relation
with porosity. It will be shown in the next section that this
behavior is in agreement with experimental data reported in the
literature.

3. Results and discussion

Before showing the results of the model, it is important to
discuss the tortuosity factor; it represents complex microstructure
in porous media and much affects the macroscopic transport
properties characterized by parameters such as F. Literature shows
that there is no clear consensus on its definition; in fact, for tor-
tuosity estimation there are (Clennell, 1997; Ghanbarian et al.,
2013): geometric models (Bo-Ming and Jian-Hua, 2004; Lanfrey
et al., 2010), hydraulic models (Comiti and Renaud, 1989; Mota
et al, 2001), electric models (Maxwell, 1873; Coleman and
Vassilicos, 2008; Matyka and Koza, 2012), and diffusive models
(Weissberg, 1963; Beeckman, 1990). All of them different in terms
of their basic concepts: geometry, fluid mechanics, electrody-
namics, and diffusion equation. Those models for each tortuosity
are hard to be obtained from first principles analysis; however most
of them are a function of ® despite of the difference between the
background concepts. Typically, an empirical model has to be used.
For the results presented in this section and due to their simplicity
we consider the expression proposed by Matyka and Koza (2012):

G=ad" (17)

where G depends on the core lithology through the fitting
parameter (3, it cannot be universal, at least not without replace-
ment of the porosity by some more general function. Conversely, if
the tortuosity is known, or inferred from another method, the
fitting parameter can be obtained.

It is important to emphasize that the expression for the for-
mation factor given by Equation (16), assuming that G is given by
Equation (17), predicts physically sound limiting values. For
instance, as ® tends to one, the formation factor, Falso tends to one,
as one would expect. For vanishing values of the porosity, we obtain
that F — R, /R; which also makes physical sense. These limits cannot
be obtained with simpler power laws, i.e., Archie's law.

The F vs. @ behavior of the present model is analysed as a
function of the § and the resistivity ratio parameters, R;/R;; results
are shown in Fig. 1 (top and bottom, respectively). The following
analysis in based on the experimental results reported by Archie

10000
1000 i
F 100 <
10 k!
10000 : -
Ri/R, =3x107° .
R//R,=3x107*
Ri/R, =3x1073
Ri/R, =3x 1072 ——
1000 i
F 100 . i
"~
.
.
\'\.‘
10 £ N J
1 I
0.01 0.1 1

Fig. 1. Parametric studies for: the § parameter (top) using R;/R; = 3 x 10~* and the
resistivity ratio, R;/Ry, using § = 1.05.

(1942) for the sands core rock lithology (see Fig. 6); firstly, we
started by decreasing ( from 1.05 to 045 and fixing
R;/R: =3 x 1074, as a result decreasing and more linear behavior
for F is observed, there is a clear difference in the whole porosity
range. Secondly, by increasing the resistivity ratio from 3 x 10~3 to
3 x 102 and now fixing 8 = 1.05, it is clear that at least for the
three R;/R; smaller values, a variation of one order of magnitude for
Fis observed, but only for the smaller ® values, because if 0.6 <® <
1 the four curves show similar results for F. The previous results
would indicate that for a core rock with a given ® value, the larger
the ¢ parameter the larger the G and F values, which makes physical
sense. On the other side, for a core rock with a fixed small porosity
value the larger R; values the larger F values, this is also reconciled
with physics.

Recently a few models have been proposed as an alternative to
Archie's law, for instance the one by Nguyen (2014) in which F is
obtained numerically from a micromechanical approach to model
the electrical resistivity/conductivity of sandstone assuming pore
inclusions whose shape is characterized by the pore aspect ratio
parameter, c; F values are obtained by numerical solution of the
model. Particularly, the formation factor for compacted sandstone
for the case of crack-like pores (c = 0) with non-conductive or
conductive solids can be calculated with the following expression

PR +3-@

e 18
(3-20) g + 2 (18)

FNguyen =

similarly to our model, Equation (18) is a function of the resistivity
ratio, R;/Ry; it also obeys the same limiting values, as ® tends to one,
the formation factor, F also tends to one, while for vanishing values
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of the porosity F— Ry /R;; so in the limits both expressions given by
Equations (16) and (18) give the same values for F.

Figs. 2 and 3 show the comparisons between the numerical
solution of the Nguyen's general model, some experimental data
(Nguyen, 2014), and our model. It should be noted that the lines
from Nguyen's model were computed for non-null values of the
parameter c. At first glance, both models seem to match well to the
experimental data; however it is worth noting some differences
between these two approaches. Nguyen's model predicts F curves
showing a non-linear growth as ® tends to zero, this is a conse-
quence of taking non-zero values for the fitting parameters R;/R;
and ¢, which in physical terms corresponds to microcracks filled by
conductive fluid that strongly reduce the electrical resistivity of
rock (Nguyen, 2014). Interestingly, Nguyen found a correlation
between the cementation exponent m from Archie's law and the
pore aspect ratio c; in this way, he argues a physical meaning of m.
The current model predicts F lines with a nearly linear growth as ®
tends to zero; in this case the fitting parameters are R;/R; and §.

It is important to mention that Equation (16) also satisfies the
limits for the model of Voigt (1889) (upper limit) and Reuss (1929)
(lower limit), commonly known as rule of mixtures, useful to pre-
dict various properties of a composite material made up of
continuous and unidirectional fibres; in terms of the formation
factor these limits can be read as:

-1
(o4 ga-o) <F<erga-o (19)
Ry R,

As can be seen in Fig. 4, where formation factor and upper and
lower limits are plotted vs. the porosity, it is clear that Equation (16)
clearly satisfies both limits for the same values of the R;/R; and §
parameters used in Fig. 1. Both limits could be useful to determine
the validity of the model for specific parameters.

Another effort for the F calculation is the one proposed by
Bernabé et al. (2011); using the network simulation approach by
Bernabé et al. (2010), they extended the model to include the
electrical formation factor. In particular, they developed a joint
permeability-formation factor model which consists of three
equations and is solved via a numerical method; it does not
explicitly include ®, making difficult a direct comparison with our
model. Furthermore, for the calculations, numerical values for the
exponents and prefactors of the power laws of the equations are
necessary. In high contrast our model is simple.

In order to continue validating our model we used physical

100 F T Ngl‘lyen‘—————‘——f”
’ Measured o
Actual model ------

0.1 1
P
Fig. 2. Comparison between numerical values for F and experimental data for rocks

core with a sandstone lithology, both reported by Nguyen (2014); and the present
model for which § = 0.9, R; = 0.1 Q-m and R, = 10000 Q-m values were used.

100 ‘ Ngl‘lycn‘ ——————————

Measured o
Actual model ------

0.1 1
]
Fig. 3. Comparison between numerical values for F and experimental data for rocks

core with a sandstone lithology, both reported by Nguyen (2014); and the present
model for which § = 0.9, R, = 0.1 Q-m and R, = 10000 -m values were used.

10000 F ' F E—
Lower limit -=--------
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1000 | e
£ 100 |
10 |
1 L
0.0001 0.001

P

Fig. 4. Comparison between the limits for the model of Voigt (1889) (upper limit) and
Reuss (1929) (lower limit) and the present model for which the R;/R = 3 x 10~# and
8 = 1.05 values were used.

properties for three representative sedimentary rocks present in oil
reservoirs (Bassiouni, 1994): sandstone (SiO;), sands (SiO,) and
limestone (CaCOs); additionally, comparisons with data from vol-
canic rocks were also performed; G values for sedimentary rocks
were obtained from the literature (Frosch et al., 2000; Wang et al.,
2005); while the ones for volcanic are fixed in order to get the best
fit with our model. Furthermore, based on power law nature of
Archie's law, a cementation exponent m,4 can be deduced as:

~In(F)
AT Tin(®)

Considering this equation it is possible to calculate the cemen-
tation exponent for different values of @ if F is obtained from
Equation (16). In this manner, the average cementation exponent,
m¢, can be calculated for a given range of porosities. If the data is
closely represented by Archie's law then m; =my,. If these values are
not close, then Archie's law will fail to model the data, at least for
the given porosity range.

Firstly, we performed comparisons with experimental data for
sandstone and sands rock core lithologies, in particular with the
data from Archie (1942), who measured the resistivity of the rock
saturated with brine and determined F for a variety of sandstones

(20)
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from the Gulf of the United States. Fig. 5 shows the comparison
between experimental data and Equation (16) for the formation
factor. Reported values for the cementation exponent m,4 by Archie
are in the range of 1.8—2. Clearly, our model fits the data well.

Archie (1942) also reported measurements for rocks core of a
sand lithology type. A comparison between his measurements and
our model is shown in Fig. 6. G values were obtained from (Guillon
et al., 1998). In this case the comparison between experiments and
predictions from the model agree well. Note that porosity values
for both, sandstone and sands core rock lithologies reported by
Archie are in the range between 0.1 and 0.4. The measured for-
mation factor matches well with the analytic expression, which for
this range of porosity values exhibits a constant m power-law
behavior.

More recently, experimental data for the formation factor for
sandstone rock core lithologies have been reported (Xiao et al.,
2013). Figs. 7—9 show a comparison between their experimental
results and model predictions. The comparison is, again, good for
the entire porosity range. In this case, the porosity values are in
the range of 0.04—0.2, smaller than those reported by Archie
(1942). For such a range of porosities the data does not follow
the constant cementation exponent behavior of Archie's law. The
prediction of our model, on the other hand, readily captures this
behavior.

Additionally, we also present comparisons with experimental
data for the volcanic lithologies, whose main characteristic is that
they tend to be extremely hard compared to sedimentary rocks.
Volcanic rocks have been ignored by the petroleum industry
because of a perceived lack of reservoir quality (Farooqui et al.,
2009). Recently, using the electrical resistivity tomography
method values for F have been reported by Shevko et al. (2013).
Figs. 10 and 11 show comparisons between our model for F and
experimental data for andesite and andesidacites (volcanic rocks),
respectively.

As a final test to assess the validity of the model presented
here, we compare the predictions of Equation (16) with our own
experimental data. Two different kind of rock cores (sandstone
and limestone) were extracted from two sites in Mexico, located
near the coast of the Gulf of Mexico. The cores were then sent to
Core Laboratories Inc. for a complete characterization. The pro-
tocol followed to obtain the formation factor can be found in CORE
Laboratories (2012). Figs. 12 and 13 show comparisons of the data
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Fig. 5. Comparison between analytic expression for F and experimental data for rocks
core with a sandstone lithology reported by Archie (1942), where the theoretical
cementation exponent is m; = 1.88 and the experimental one is my = 1.8 — 2.0, for the
analytic calculation, values for § = 0.88, R; = 0.3 Q-m and R = 100 Q-m were used.
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Fig. 6. Comparison between analytic expression for F and experimental data for rocks
core with a sands lithology reported by Archie (1942), where the theoretical cemen-
tation exponent is m; = 2.0 and the experimental one is my = 1.93, for the analytic
calculation, values for § = 1.05, R, = 0.3 Q-m and R, = 1000 Q-m were used.
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Fig. 7. Comparison between analytic expression for F and experimental data for rocks
core with a sandstone lithology reported by Xiao et al. (2013), where the theoretical
cementation exponent is m; = 1.57 and the experimental one is m, = 1.24, for the
analytic calculation, values for § = 0.7, R; = 0.07 Q-m and R; = 8 Q-m were used.
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Fig. 8. Comparison between analytic expression for F and experimental data for rocks
core with a sandstone lithology reported by Xiao et al. (2013), where the theoretical
cementation exponent is m; = 1.91 and the experimental one is my = 1.60, for the
analytic calculation, values for § = 1.08, R, = 0.07 Q-m and R, = 20 Q-m were used.
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Fig. 9. Comparison between analytic expression for F and experimental data for rocks
core with a sandstone lithology reported by Xiao et al. (2013), where the theorical
cementation exponent is m; = 1.56 and the experimental one is m, = 1.16, for the
analytic calculation, values for § = 0.77, R; = 0.07 Q-m and R; = 10 Q-m were used.
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Fig. 10. Comparison between analytic expression for F and experimental data for rocks
core with an andesite lithology reported by Shevko et al. (2013), where the theorical
cementation exponent is m; = 2.58 and the experimental one is my = 2.19, for the
analytic calculation, values for § = 1.9, R; = 0.9 Q-m and R, = 150 Q-m were used.
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Fig. 11. Comparison between analytic expression for F and experimental data for rocks
core with an andesidacites lithology reported by Shevko et al. (2013), where the
theorical cementation exponent is m; = 2.33 and the experimental one is my = 2.11,
for the analytic calculation, values for § = 1.5, R; = 0.9 Q-m and R, = 150 Q-m were
used.
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Fig. 12. Comparison between analytic expression for F and experimental data for rocks
core with a sandstone lithology reported by CORELAB, where the theorical cementa-
tion exponent is m¢ = 1.98 and the experimental one is m, = 1.96, for the analytic
calculation, values for § = 0.98, R, = 0.085 Q-m and R, = 1000 Q-m were used.
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Fig. 13. Comparison between analytic expression for F and experimental data for rocks
core with a limestone lithology reported by CORELAB, where the theorical cementation
exponent is m; = 2.0 and the experimental one is m, = 2.0, for the analytic calcula-
tion, values for = 1.0, R, = 0.085 Q-m and R, = 10000 Q-m were used.

with model predictions for the cases of sandstone and limestone
lithologies, respectively. The values of G were obtained from Dolch
(1959); Wang et al. (2005). It can be noticed that although the
porosity range for these samples is smaller than that in Fig. 5, the
formation factor does show the constant m behavior. Clearly, in
this case the predictions of the model fit the data very well,
despite the changes in porosity and different petrophysical
properties.

As can be seen in Fig. 13, experimental data are quite dispersed;
anyway, we performed comparisons with other experimental
data for the limestone lithology reported by Widarsono (2011)
and also a good agreement is found, for instance see Figs. 14
and 15.

The previous results show that depending on the porosity range
and on the physical properties of the core (specifically the value of
R;/Ryr), the formation factor can exhibit two different behaviors. A
single constant-m power law is observed for large porosities (0.2
<®< 0.5) and small values of R;/R;. On the other hand, the for-
mation factor does not follow a constant m-power behavior when
the porosity is smaller (0.001 < @ <0.2) and the ratio R;/R; is large.
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Fig. 14. Comparison between analytic expression for F and experimental data for
rocks core with a limestone lithology reported by Widarsono (2011), where the
theorical cementation exponent is m; = 1.72 and the experimental one is my = 1.76.,
for the analytic calculation, values for § = 0.72, R, = 0.1 Q-m and R; = 10000 Q-m
were used.
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Fig. 15. Comparison between analytic expression for F and experimental data for
rocks core with a limestone lithology reported by Widarsono (2011), where the
theorical cementation exponent is m; = 1.72 and the experimental one is my = 1.73,
for the analytic calculation, values for § =0.72, R, =0.1 Q-m and R, = 10000 Q-m
were used.

Hence, both porosity and R;/R; need to be known to determine the
change of the formation factor with porosity. Our model reproduce
very well experimental data for the four different lithologies pre-
viously shown.

4. Conclusions

We derived an analytical expression for the formation factor
based on physical principles. The predictions of our model were
validated by comparing with experimental data that considered
different ranges of porosity and different rock lithologies. The
formation factor can be calculated directly if the resistivity ratio,
R;/Ry, the tortuosity G and the porosity ® are known. Results for
different rock core lithologies are shown and validated. Our model
is capable of reproducing the different trends observed in experi-
mental data and compares well with other expressions for F. The
implementation of the expression proposed here is simple and

robust. This new model could also be extended to attempt to
predict the electrical conductivity of more complex materials; for
instance, the shape of pore inclusions or even microcracks filled by
conductive fluid. Furthermore, it could be useful to infer the tor-
tuosity for core samples whose formation factor values are ob-
tained from experimental measurements. We plan to explore these
ideas in the future.

Acknowledgments

A. Beltran thanks UNAM-DGAPA-PAPIIT for support under
Project No. IA102315. We also thank two anonymous reviewers for
their constructive comments, which helped us to improve the
manuscript.

Appendix A

In this section we present the information to derive the pro-
posed model for the dimensionless electrical current density, ¢,
given by Equations (6) and (7) and the respective boundary con-
ditions, Equations (14)-(15); for more details see Chavez et al.
(2014).

The propagation of a dimensionless electrical current density in
a composite medium of two non-deformable phases depicted
schematically in Fig. 16, allow us to evaluate the formation factor,
Equation (3), by solving the following equations for the:

Internal phase model:

dz(pl K] 601 1 dqo, K] 620[ 1 691

FJF (2(1 +&10)) 375+g> @ T Trx, @+?¥ el
2i

(1 +10)0/G"

(21)

and external phase model:
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(22)
with their boundary conditions:
_o. Yo _
£=0: G0, (23)
D Re[1 + kr6r)
£ — — - -,
5 = \/; . (pl Rl[l + Klﬁl} (pT7 (24)
#eRp (1 + K10y (%+ K 90 ):(%+ Kr 06y )
wRr (1 + 1,0, \df " T+x,0 08" df 140 0277 )
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Fo1: g =Rg (26)

Rr

where k. = ¢; AT, ¢ is the temperature coefficient for resistivity,
AT, is a characteristic temperature drop and # is the dimensionless
temperature.
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Fig. 16. Schematic representation of the composite medium under study.
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