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Abstract In this work, we study the diffusion of the inter-
face between bands in wormlike micellar solutions that
exhibit shear banding flow regimes, namely, systems under-
going coexistence of states of different shear rates along
a constant stress plateau. The migration of the interface
between bands possessing different birefringence levels is
predicted by the BMP (Bautista-Manero-Puig) model in
which a structural parameter (the fluidity) presents two
states with differing order separated by an interface. The
mechanical potential derived from the constitutive equations
and a diffusion term for the structure evolution equation
predict various time scales of interface migration at the
inception of shear flow and under shear-rate changes along
the plateau stress. It is shown that the extremes of the
plateau (binodals) correspond to the minima in the mechan-
ical potential as a function of fluidity or shear rate. We also
predict the dependence of the diffusive length scale on the
applied shear rate.
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Introduction

Wormlike micellar solutions under shear flow often exhibit
a plateau stress that is independent on fluid history along
moderate shear rates, inducing the formation of shear bands
of different optical and rheological properties. The descrip-
tion of this flow behavior involves a cubic equation of state,
which in analogy with the van-der-Waals theory of phase
separation or gradient theory of gas-liquid interface (Van
der Waals 1895), undergoes spinodal decomposition to pro-
duce two stable states with different order. The macroscopic
order-parameter is usually the micellar stress in the consti-
tutive equations, and the diffusion mechanism of the inter-
face between bands would naturally involve a phase-field
or order parameter related with the current stress. How-
ever, if birefringence bands prediction is sought, alternative
order parameters can be suggested, such as a parameter
representing the fluid structure as in the present study.

Elsewhere (Castillo et al. 2014), we have analyzed the
mechanical potential derived from a constitutive equation
representing the internal structure of the fluid coupled to
an invariant rheological equation for the stress (the gener-
alized BMP model, Manero et al. 2007). It has been shown
that the mechanical potential inherent in the BMP model
is similar to the Ginzburg-Landau (G-L) model for thermo-
dynamic first-order phase transitions (Frank et al. 2012).
In fact, the mechanical potential has two minima of equal
depth that signals the “binodals” or extremes of the plateau
stress. In the construction of the potential, an “order param-
eter” is defined, namely, the modified fluidity, which is
itself the structure variable. Bifurcation parameters are also
defined, in such a way that for conditions where an inter-
face is formed, they determine the locus of the stress plateau
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and hence the minima of the potential. This potential resem-
bles the free energy associated with the interface in the G-L
equation.

Hu and Lips (2005), Hu et al. (2008) produced a flow
curve from local stress and shear rate obtained from mea-
sured velocity profiles in a micellar solution made of
cetylpyridinium chloride and sodium salicylate. Emphasis
is made on the difference between shear-thinning and shear
banding, although both regimes may show non-linear veloc-
ity profiles. For concentrations larger than 4.9 wt. %, large
jumps in the local shear rate at the interface reveal the exis-
tence of an underlying non-monotonic flow curve, where
two stages of temporary banding and permanent banding
occur. Temporary banding manifests abruptly just after the
large overshoot observed at the inception of flow and before
the undershoot appearing past the maximum, corresponding
to the region where the stress becomes multivalued and the
system becomes unstable. For longer times after the stress
undershoot, permanent banding sets in; steady shear band-
ing is observed only in a solution with a non-monotonic
constitutive curve. A distinctive feature of shear banding
flow is the induction time observed under imposed con-
trolled stress. The shear rate presents two steps as a function
of time: before the induction period, the velocity profile
remains linear, but after that the profile becomes banded;
hence the induction time is consistent with the existence of
a metastable state.

López-Barrón et al. (2014) analyzed the microstructure
of a similar micellar solution employed by Hu et al. at the
inception of shear flow and under stress relaxation. After an
initial elastic response at the inception of flow, shear band-
ing kinematics within a metastable regime of nearly homo-
geneous flow follows. Past six relaxation times, the onset
for shear banding occurs. The butterfly patterns in light
scattering reveal shear-induced concentration fluctuations.
During flow startup and after the initial stress overshoot, the
solution is flow-aligned and disentangled, corresponding to
a microstructure consistent with the high shear-rate band
of the underlying constitutive curve, whereas the evolv-
ing low-shear band has a microstructure consistent with the
low-shear branch of the constitutive equation (entangled).
Following the abrupt drop in viscosity, the homogeneous
metastable fluid is flow aligned and corresponds to the
high shear-rate branch, with butterfly patterns that signal
the flow-induced heterogeneities on the micron length scale.
The two stages of stress relaxation have been assigned to
large density fluctuations at short times followed by a relax-
ation of micelle orientation. These two stages of stress
relaxation have been observed and predicted by the BMP
model (see Soltero et al. 1999).

Helgeson et al. (2009) used a solution of CTAB near the
isotropic-nematic thermodynamic transition, which presents
a non-Maxwellian behavior. Results suggest that shear

banding in these micellar solutions is connected to the
underlying non-equilibrium phase transition behavior. The
location of the interface between the high-shear band and
the low-shear band is defined by the location where the
local shear rate exhibits a discontinuity, shown by the sud-
den change of slope of the velocity profiles as functions
of radial distance. A linear relationship between the inter-
face location along the flow cell and shear rate is obtained
along the stress plateau; hence the linear lever rule applies
here. Moreover, SANS data (orientation angle, alignment
factor and flow birefringence) indicate that the structure
changes smoothly along the flow cell, as opposed to the
abrupt variation of the shear rate. With similar methodol-
ogy with respect to velocity profiles, Ballesta et al. (2007)
used small amplitude oscillatory shear superimposed to
steady shear in the shear banding regime, measuring the
velocity profiles to yield the interface position as a func-
tion of time in the flow cell. An exponential change of
the interface position with time is revealed. Among the
papers dealing with the variation of the interface width with
shear rate or imposed pressure gradient, Masselon et al.
(2008) studied the flow of semi-dilute wormlike micel-
lar solution in a straight microchannel by particle image
velocimetry. The correlation length or interface width was
estimated using a non-local diffusive model. This work is
one among the few that predicts a variable interfacial width
with shear rate in the plateau region of the stress as the
applied pressure gradient increases. Fardin et al. (2015)
measured the position of the interface as a function of time
and found an exponential change for various applied shear
rates during the interface migration time. From each of the
curves, a characteristic migration time is extracted, which
was found to increase mono-exponentially with applied
shear rate. Models by Giesekus and Johnson-Segalman do
not predict these experiments, since the migration time
does not follow an exponential increase, but a linear or
slower one, which implies a single value of the interfacial
width.

In summary, the interface generation between shear
bands following start-up of shear flow comprises a stage of
migration (Radulescu et al. 2003; Fardin et al. 2015). The
building of the banding structure starts with the relaxation
of the stress overshoot, accompanied with the formation
of a diffusive interface that migrates from the fixed wall
to its stationary position in the gap. The migration is per-
formed first rapidly and thereafter more slowly. This process
is accompanied with sharpening of the interface, the profile
of which is initially flat along the vorticity direction. The
interface continues to move up to the equilibrium position
associated with the plateau value. Yuan (1999) describes
the dynamics of the mechanical interface in wormlike
micelles using the diffusive model of Johnson and Segalman
(1977). It is shown that the transit period during interface
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migration can be much longer than the stress relaxation
time.

Several models have been proposed to account for the
time scales of interface diffusion (Radulescu et al. 2003).
Therein, the front propagation toward the final equilib-
rium position is controlled by the stress diffusion. Recently,
Fardin et al. (2015) reported diffusive length scales of the
order of few micrometers, revealing that this length scale
is a strong function of the applied shear rate, decreasing
rapidly across the stress plateau. Calculations using sev-
eral constitutive equations cannot predict this behavior, and
argumentation is given on the issue of incorporating the
dependence of the diffusive length scale on the applied shear
rate.

In this work, we consider the BMP mechanical potential
to describe the interface dynamics and properties of sys-
tems of wormlike micelles under simple shear flow. Using
this formulation, it is then possible to describe the interfa-
cial width. For a given control variable, shear stress or shear
rate, the depth and position of the minima in the poten-
tial can be calculated, from which the interface dynamics
can be described. The constitutive equation generates as a
special case, the G-L equation that describes the interface
diffusion in terms of the BMP model parameters. This equa-
tion is a reaction-diffusion equation that allows asymptotic
solutions for a small diffusion coefficient. It is shown that
the fluidity tends rapidly to a minimum in the mechani-
cal potential, and when this potential has several minima,
it tends to a piecewise constant function. Each interface is
found to move along its normal with a constant velocity
determined by the discontinuity in the mechanical potential
across the interface.

This work aims to predict the birefringence data of a
moving interface, where a region of ordered fluid coexists
with a more disordered region, separated by a moving inter-
face, set in motion by step changes in the shear rate, at
the inception of flow and along the stress plateau. For this
sake, the order parameter is here the normalized fluidity.
One of the objectives of this work is to explicitly formulate
the shear rate dependence of the diffusion length which has
not been predicted by other models, such as the diffusive
Johnson-Segalman and Giesekus ones. Experiments also
support that a structure-dependent relaxation time is neces-
sary (Fardin et al. 2015). For this purpose, the dependence of
the stress relaxation time on the system structure, contained
in the BMP constitutive equation, allows the description of
an interface width that varies with shear rate.

Constitutive equations

The set of equations of the generalized BMP model (Manero
et al. 2007) are here expressed by the evolution equations of

the structure parameter (ϕ/ϕ0) and the relaxation equation
for the stress σ . These equations read:

dϕ

dt
= k0

(
1 + ϑ

(√
IID

))
(ϕ∞ − ϕ) σ : D

+1

λ
(ϕ0 − ϕ) + κϕ∇2ϕ (1)

σ + λσ (ϕ)
�
σ = 2

ϕ
D (2)

where D is the symmetric part of the velocity gradient
tensor L. The shear banding intensity parameter, ϑ , is a
function of IID , the second invariant of D (namely, the shear
rate) representing the cubic non-linearity of the constitutive
curve related to the minima of the potential and to the span
of the plateau stress. ϕ, the inverse of the shear viscosity (η)
is the fluidity ϕ0(≡ η−1

0 ) is the fluidity at zero shear rate, ϕ∞
is the fluidity at high shear rates, λσ is the stress relaxation
time that is function of fluidity, λ is a structure relaxation
time, k0 is a kinetic parameter for structure breaking. κϕ is a
diffusion coefficient and the upper-convected derivative of
the stress tensor σ is defined as:

�
σ = dσ

dt
−

(
L · σ + σ · LT

)
. (3)

Notice that the stress relaxation time in Eq. 2, λσ (ϕ) is
a variable that depends on the structure represented by the
local fluidity that evolves according to Eq. 1. For slow flows,
λσ (ϕ0) is the Maxwell relaxation time, and the limit for
strong flows is λσ (ϕ∞).

The mechanical potential of the BMP constitutive
equation

Under simple-shear flow, the shear rate is given by ∂vx/∂y

(x is the flow direction, y is that of the velocity gradient and
z is the direction of the vorticity), Eqs. 1 and 2 become:

dϕ

dt
= k0

(
1 + ϑ

∂vx

∂y

)
(ϕ∞ − ϕ) σxy

∂vx

∂y

+1

λ
(ϕ0 − ϕ) + κϕ

∂2ϕ

∂y2
(4)

σxy + λσ (ϕ)

[
∂σxy

∂t
− ∂vx

∂y
σyy

]
= 1

ϕ

∂vx

∂y
(5)

σxx + λσ (ϕ)

[
∂σxx

∂t
− 2

∂vx

∂y
σxy

]
= 0 (6)

σii + 1

G0ϕ

[
∂σii

∂t

]
= 0, i = y, z (7)
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Small inertia in the stress equation has been considered. The
following conservation equations hold:

∂vx

∂x
= 0, (8)

ρ
∂vx

∂t
= ∂σxy

∂y
+ ηs

∂2vx

∂y2
. (9)

ηs is the solvent viscosity. Under homogeneous steady-
state flow, from Eqs. 4, 5, and 7, we obtain:

0 = 1

λ
(ϕ0 − ϕ) + k0

(
1 + ϑσxyϕ

)
(ϕ∞ − ϕ) σ 2

xyϕ (10)

This is a cubic equation in ϕ, which may be expressed as:

ϕ3 − aϕ2 + bϕ − c = 0 (11)

where

a = ϕ∞ − 1

ϑσxy

, b =
1

k0λσ 2
xy

− ϕ∞
ϑσxy

and

c = ϕ0

k0λϑσ 3
xy

. (12)

Defining the modified fluidity as:

ϕo = ϕ − a/3, (13)

Equation 11 becomes:
(
ϕo

)3 − uϕo + v = 0, (14)

where

u = a2/3 − b and v = ab/3 − 2a3/27 − c. (15)

The integral of Eq. 14 gives the BMP mechanical potential:

V = 1

4

(
ϕo

)4 − u

2

(
ϕo

)2 + vϕo. (16)

If v = 0, the potential is symmetric, and Eq. 14 gives the
following solutions:

ϕo
1 = √

u, ϕo
2 = −√

u, ϕo
3 = 0. (17)

Substituting the roots given in Eq. 17 in Eq. 16, the value
of the minima of the potential is obtained (located at the
values given in Eq. 17):

V = −u2/4. (18)

The Ginzburg-Landau or Allen-Cahn equation

The G-L equation governs the evolution of an order param-
eter which denotes a field whose values describe the phase
of the system under consideration. To obtain it from the
BMP equations, we assume that the stress relaxes in a time
scale shorter that of the structure; such assumption agrees
with the predictions by Yuan (1999) and with experiments
of Hu et al. (2008) and López-Barrón et al. (2014). In this

regard, the equation for the structure and the relaxed stress
equations are:

dϕ

dt
= k0

(
1 + ϑ

∂vx

∂y

)
(ϕ∞ − ϕ) σxy

∂vx

∂y

+ 1

λ
(ϕ0 − ϕ) + κϕ

∂2ϕ

∂y2
(4 revisited)

σxy = 1

ϕ

∂vx

∂y
(19)

Upon substituting the relaxed stress (19) into Eq. 4, we
obtain:

1

k0ϑσ 3
xy

dϕ

dt
= ϕ0

k0λϑσ 3
xy

−
(

1

k0λϑσ 3
xy

− ϕ∞
ϑσxy

)
ϕ

−
(

1

ϑσxy

− ϕ∞
)

ϕ2 − ϕ3

+ κϕ

k0ϑσ 3
xy

∂2ϕ

∂y2
(20)

Or, alternatively,

1

k0ϑσ 3
xy

dϕ

dt
= c − bϕ + aϕ2 − ϕ3 + κϕ

k0ϑσ 3
xy

∂2ϕ

∂y2
(21)

where a, b, and c are given in Eq. 12.
In terms of the modified fluidity (as defined in Eq. 13),

Eq. 21 becomes:

1

k0ϑσ 3
xy

dϕo

dt
= −v + uϕo − (

ϕo
)3 + κϕ

k0ϑσ 3
xy

∂2ϕo

∂y2
(22)

where u and v are given in Eq. 15. If v = 0, upon defining
the following relations: ε = 1

k0ϑσ 3
xy

and V ′ (ϕo) = ∂V
∂ϕo ,

Eq. 22 becomes:

ε
dϕo

dt
= −V ′ (ϕo

) + κϕε
∂2ϕo

∂y2
(23)

In the particular case where κϕ is of order ε, and ε is
a small parameter, we seek solutions to the following
reaction-diffusion equation:

ε
dϕo

dt
= −V ′ (ϕo

) + ε2 ∂2ϕo

∂y2
(24)

In fact, under homogeneous steady-state, V ′ = 0 and we
recover Eq. 14 with v = 0. We seek the asymptotic behav-
ior of ϕ0 as ε → 0. We also assume that the initial and
boundary conditions are satisfied:

ϕo (y, 0) = ϕo
1 , y <yi (interface) ; ϕo (y, 0) = ϕo

2 , y >yi

(25)

dϕo/dy = 0, y ± ∞ (26)
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where the derivative is normal to the interface. Three time
scales are here considered. The shortest time scale derives
from Eq. 24 as the diffusive term goes to zero:

dϕo

dt
= −ε−1V ′ (ϕo

)
. (27)

The solution of Eq. 27 is

ϕo (y, t) = ϕo
1 , y <yi (interface) ; ϕo (y, t) = ϕo

2 , y >yi

(28)

The discontinuity at y = yi represents a shock and it is
a manifestation of the fact that we neglected the diffusion
term. If we restore the diffusion term, the discontinuity
becomes smooth. Since the second term in Eq. 27 becomes
large as ε → 0, a particular perturbation is suggested:

ϕo (t) = ϕo
0 (1 + δ (t)) (29)

Substituting (29) in Eq. 27, to order δ we have:

∂δ

∂t
= −2uδ → δ (t) = δ (0) exp (−2ut) . (30)

The perturbation δ decays exponentially to a steady-state
solution (ϕo)2 = u, with ϕo

1 = −√
u and ϕo

2 = √
u. This

is called forward pitchfork bifurcation, which has inversion
symmetry with respect to ϕo and the bifurcating solutions
must be symmetric about ϕo = 0. For u < 0, there is a sin-
gle stable point at ϕo = 0. For u > 0 the ϕo = 0 fixed point
remains, but is unstable and two new, stable fixed points ϕo

1
and ϕo

2 develop.

Convective time scale

In the general case of a moving interface, assuming that the
interface speed is s = dy/dt and introducing the stretched
variable:

y = (y + st) /ε (31)

such as ϕo = ϕo (y (y) , t), the material time derivative can
be expressed as:

dϕo

dt
= ∂ϕo

∂t
+ ∂ϕo

∂y

dy

dt
= ∂ϕo

∂t
+ ∂ϕo

∂y

∂y

∂y

dy

dt

= ∂ϕo

∂t
+ s

ε

∂ϕo

∂y
(32)

Equation 22 becomes:

∂ϕo

∂t
+ s

ε

∂ϕo

∂y
+ 1

ε

∂V

∂ϕo
= 1

ε

∂2ϕo

∂y2
(33)

The leading order equation is then:

s
∂ϕo

∂y
+ ∂V

∂ϕo
= ∂2ϕo

∂y2
(34)

with boundary conditions given in Eq. 25. Equation 34 rep-
resents a non-linear eigenvalue problem with eigenvalue s.

This equation is similar to Newton’s equation for an inertial
particle in an inverted potential (−V ) with a friction term.

Under the convective time scale, that corresponding to
negligible diffusion, Eq. 34 can be multiplied by ∂ϕo/∂y

on both sides and integrate from y = −∞ to y = +∞
to obtain the following relation involving the jump [V ] =
V

(
ϕo

1

) − V
(
ϕo

2

)
across the interface:

s = V (ϕ1) − V (ϕ2)

+∞∫
−∞

(∂ϕ/∂y)2 dy

(35)

At this time scale, the interface moves to the region of
lowest free energy, with a constant normal velocity, than
depends on the difference in the free energy between the
two minima ϕo

1 and ϕo
2 . When V

(
ϕo

1

) − V
(
ϕo

2

) = 0 the
interface velocity is zero, which indicates that the front will
not move. Then, it justifies the fact that the potential V (ϕo)

is symmetric, with two minima located at the positions ϕo
1

and ϕo
2 (see Eq. 16) and also justifies the condition v = 0

in Eq. 16.

Diffusive time scale

The dynamics of the interface at longer time scales can be
described by rescaling the problem by replacing t by εt∗ in
Eq. 24 to obtain:

ε
dϕo

dt∗
+ 1

ε
V ′ (ϕo

) = 1

ε

∂2ϕo

∂y2
(36)

The leading order equation now becomes:

κϕ

∂2ϕo

∂y2
= ∂V

∂ϕo
= (

ϕo
)3 − uϕo (37)

with boundary condition limy→±∞ ϕo = ±√
u, and in

which we have introduced the constant diffusion coefficient.
The solution of Eq. 37 is:

ϕo (y) = ±√
u tanh

(
y√
2ξ

)
, (38)

where the interface thickness (correlation length) is ξ =√
κϕ/u.
For long times, after the profile has settled down, the

spatial integration of Eq. 37 gives

V (y) = κϕ

∂ϕo

∂y
. (39)

Equation 39 expresses the spatial variation of the
mechanical potential. To obtain Eq. 39, use has been made
of the following linear relation: dϕo = ∂ϕo

∂y
dy.

Summarizing, when [V ] = 0, the interface has velocity
zero. Equation 24 can be written as a gradient flow in space
in the form:
∂ϕo

∂t
= −δF (ϕo)

δϕo
(40)
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Here, the functional F (ϕo) is defined as:

F
[
ϕo

] =
∫



{
1

ε
V

(
ϕo

(
x
)) + 1

2
ε

∣∣∣∇ϕo
(
x
)∣∣∣

2
}

dx (41)

Equation 40 expresses that ϕo moves in the direction of
decreasing F , so it tends to a stable local minimizer of F .
In this regard, when V has two minimizers ϕo

1 and ϕo
2 with

V
(
ϕo

1

) = V
(
ϕo

2

)
, any local minimizer converges as ε → 0,

to a piecewise constant function ϕo
C with values ϕo

1 and ϕo
2 .

Furthermore, the interfaces across which ϕC jumps are local
minimizers of surface area.

When the solution ϕo (y, t) of the gradient flow, Eq. 40,
converges to ϕo

C , the solution of the gradient flow is:

∂ϕo
C

∂t
= −δF

(
ϕo

C

)

δϕo
C

. (42)

Variable diffusion length

The coefficient of the diffusion term in Eq. 38 may be
shear-rate dependent. In our case, a dependence on the fluid
structure is suggested, in such a way that

κϕ (ϕ) = D′λσ (ϕ) (43)

where D′ is a diffusion constant and the relaxation time is
function of the structure represented by the fluidity. Accord-
ing to Eq. 43, the interface width corresponding to Eq. 38 is

ξ =
√

κϕ

u/ϕ2∞
=

√
ϕ2∞D′λσ (ϕ)

u
(44)

where u has been normalized with respect to the maxi-
mum fluidity. The proportionality implied in Eq. 44, ξ ∼
λ

1/2
σ (ϕ), is a new result. In fact, if the fluidity increases

as the shear rate increases along the plateau stress (around
2 decades, as normally observed in micellar systems), and
λσ (ϕ) is a decreasing function of fluidity, for instance
λσ (ϕ) = λσ0/ϕ, the interface width should decrease one
decade. This proportionality is shared with experiments
reported recently (Fardin et al. 2015).

Methodology

Two set of experimental data of a wormlike micellar solu-
tions were used (experiments were not conducted in this
investigation). The first one, is a 5 wt. % CTAT wormlike
micellar solution at 38 ◦C whose BMP parameters were
reported in a recent study (Castillo et al. 2014): ϕ0 =
0.069 (Pa · s)−1, ϕ∞ = 10 (Pa · s)−1, k0λ = 5×10−5 s/Pa,
ϑ = 0.012 s, λσ = 1/G0ϕ s, G0 = 57.5 Pa and λ =
0.05G0ϕ0 s, ρ = 1000 kg · m−3, ηs = 0.001 Pa · s and
l = 0.02 m, while the the second one, a 11 wt. % CTAB-
NaNO3 wormlike micellar solution at 28 ◦C, was used to

compare the predictions of our model with the experimental
data of Fardin et al. (2015). For this solution, the BMP
model was fitted using a the Nelder-Mead simplex algo-
rithm as described in Lagarias et al. (1998), obtaining the
following parameters: ϕ0 = 3.03 × 10−3 (Pa · s)−1, ϕ∞ =
0.909 (Pa · s)−1, k0λ = 9.14 × 10−6 s · Pa−1, ϑ = 0.135 s,
λσ = λσ0 (1 − ϕ/ϕ∞) / (1 − ϕ/ϕσ ) s, λσ0 = 0.168 s,
ϕσ = 1.01 (Pa · s)−1 and λ = 0.1λσ0 s, ρ = 1000 kg · m−3,
ηs = 0.001 Pa · s and l = 0.002 m (all quantities in
international units).

Equations 4–6 and 9 were solved using a partial dis-
cretization method: first the spatial derivatives were approx-
imated using central finite differences to transform the
system into a set of ordinary differential equations that were
solved using an implementation of TR-BDF2, an implicit
Runge-Kutta formula with a first stage that is a trapezoidal
rule step and a second stage that is a backward differen-
tiation formula of order two (Hosea and Shampine 1996).
The interface migration was studied by analyzing the spatial
gradient of both the potential function and the velocity profile.

Results

Figures 1, 2, 3, 4, 5, 6, and 10b present results using the
parameters for the 5 wt. % CTAT wormlike micellar solution
at 38 ◦C, while Figs. 7, 8, 9 and 10a present results using
the parameters for the 11 wt. % CTAB-NaNO3 wormlike
micellar solution at 28 ◦C.

The mechanical potential shows two minima of equal
magnitude, symmetrically distributed around ϕo

3 = 0, where
the maximum is located. The well of the potential and span
of the minima are solely functions of the parameter u. For an
imposed shear stress σxy , the parameters a, b, and c (12) can
be calculated, from which the bifurcation parameters u and
v can also be evaluated (15). There is a value of the stress
(plateau stress) at which v = 0, determining a u-value that
signals the position of the minima and depth of the poten-
tial (see Figs. 1 and 2), and therefore, the two minima define
the position of the plateau stress. It is important to men-
tion that along the plateau the stress is constant, and hence
u is also constant. A unique mechanical spectrum V (ϕo) is
generated along the plateau stress, and therefore, the depth
of the potential and the location of the minima are hence-
forth equal at the extremes of the plateau (see Fig. 2). This
is a fully mechanical spectrum whose minima do not need a
thermodynamic potential or free energy to be specified.

Solution of Eqs. 4–6 gives the constitutive flow curve
(stress versus shear rate, σ (γ̇ )], the potential, fluidity and
modified fluidity as a function of shear rate defined as:

1

l

∫ l

0

∂vx (y, t)

∂y
dy = γ̇ , (45)
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Fig. 1 Bifurcation parameters u and v as functions of the applied
stress for a 5 wt. % CTAT wormlike micellar solution at 38 ◦C. Inset:
Amplified view which indicates the u-value corresponding to v = 0.
Notice that as v = 0, there is a u-value that determines de plateau
stress

where l is the distance between the parallel plates of the flow
cell. In Fig. 3a–c the mechanical spectrum, stress, fluidity
and modified fluidity are shown as functions of shear rate.
Notice that the mechanical spectrum as a function of shear
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Fig. 2 The mechanical potential and its derivative as functions of
modified fluidity for a 5 wt. % CTAT wormlike micellar solution at
38 ◦C. Notice that the potential is symmetric, and the two minima
define de extremes of the plateau stress. The two minima are located
at values of the modified fluidity given in Eq. 17, and the poten-
tial depth is given in Eq. 18. Notice that this construction requires a
constant value of u, which is only achieved along the plateau stress.

The roots of V (ϕo) are
(
−√

2u, 0,
√

2u
)

. The first derivatives (max-

imum and minima) are located at
(−√

u, 0,
√

u
)
, which coincide with

the extremes of the plateau. The second derivative (inflection points)
are located at

(−√
u/3, 0,

√
u/3

)
and the third derivative signals the

maximum located at ϕo = 0

Fig. 3 The mechanical potential (a), stress (b), fluidity and modified
fluidity (c) as functions of shear rate for a 5 wt. % CTAT wormlike
micellar solution at 38 ◦C. Notice that the minima shown in Fig. 3a coincide
with the minima of the potential in Fig. 2. Concurrently, the extremes
of the plateau stress in b coincide with those in Fig. 2. Because the
scale shown in c, the values of the modified fluidity at the extremes of
the plateau

(−√
u,

√
u
)

are difficult to observe

rate possesses two minima located at the critical shear rates
γ̇1 and γ̇2 (extremes of the plateau) similarly to the min-
ima in the V (ϕo) spectrum (see Fig. 3a). There is another
minimum located at the inflection point of the σ (γ̇ ) curve
(Fig. 3b) corresponding to ϕo = 0 (Fig. 3c). Therefore, the
plateau stress is univocally determined in the V (ϕo) and
V (γ̇ ) spectra. Indeed, at the extremes of the plateau (bin-
odals), the relation between shear rate (γ̇ ) and modified
fluidity (ϕo) is γ̇ = σp (ϕo + a/3). For a constant stress σp,
dγ̇ = σpdϕo, hence ∂V/∂γ̇ = σ−1

p ∂V/∂ϕo, and thus the
minima located at ϕo

1 and ϕo
2 coincide with the locus of the

critical shear rates γ̇1 and γ̇2.
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Fig. 4 Dissipation as a function of shear rate for a 5 wt. % CTAT
wormlike micellar solution at 38 ◦C. Dashed line signals the equal area
line
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Fig. 5 Convective time scale. a
Velocity profiles, b polymeric
stress, c fluidity and d interface
migration as functions of space
and time for a 5 wt. % CTAT
wormlike micellar solution at 38
◦C. Two-stage step-shear: 0 -
44s−1 and 44-120 s−1 (between
two banded states). s and e
denote the start and end of the
interface migration

Momentum conservation and the equal-area rule

Under steady-state, the momentum conservation (9) yields:

∂

∂y

(
σ (γ̇ ) + ηs

∂vx

∂y

)
= 0 (46)

The constitutive flow curve σ (γ̇ ) and the solvent contribu-
tion lead to:

σ (γ̇ ) + ηs

∂vx

∂y
= � (47)

where the total stress � is independent of y. To meet the
requirement that the free energy should be dissipated (i.e.,

calculating dF/dt), we consider an interface between a low
and high shear rate regions. Integration of Eq. 47 yields:

0 =
∫ γ̇2

γ̇1

(
σ (γ̇ ) + ηs

∂vx

∂y
− �

)
dγ̇ . (48)

Any inhomogeneity or diffusive contribution to the inter-
face vanishes since in the low and high shear rate phases
(extremes of the plateau) the stress is constant, independent
of y. Equation 48 implies stress selection by a Maxwell
equal area construction in the stress versus shear rate plane,
since:
∫ γ̇2

γ̇1

(
σ (γ̇ ) + ηs

∂vx

∂y

)
dγ̇ = � (γ̇2 − γ̇1) . (49)

Consequently, � = kernel (γ̇2) = kernel (γ̇1). In Fig. 4, the
equal-area construction is shown by plotting the dissipation

Fig. 6 Diffusive time scale. a
Velocity profiles, b polymeric
stress, c fluidity, as functions of
space and time and (d) interface
migration for a 5 wt. % CTAT
wormlike micellar solution at 38
◦C. The spatial variation of the
mechanical potential is shown at
the initial and end stages of the
interface migration. Two-stage
step-shear: 0 - 44s−1 and 44-120
s−1 (between two banded states).
s and e denote the start and end
of the interface migration
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Fig. 7 Shear and normal stress predictions of the BMP model for a
11 wt. % CTAB-NaNO3 wormlike micellar solution at 28 ◦C (Fardin
et al. 2015)

versus shear rate. The areas above and below the plateau
are equal, validating the equal-areas criterion based on the
mechanical potential.

Mechanism for inception of banding instability

This mechanism pertains to a bifurcation point reached
as the stress increases along the homogeneous constitu-
tive curve. Upon defining a bifurcation parameter R =
− (u/3)3 + (v/2)2 (where u and v are defined in Eqs. 15), a
bifurcation point is reached if R = 0. By observing Fig. 1,
before the intersection point of v and u, u becomes positive.
As the stress is increased, u and v come to a point where the
sum of their contributions fulfill the condition R = 0. This
condition signals the beginning of the flow region where the
stress is multivalued and corresponds to the stress reaching,
simultaneously, that of the minimum of the flow curve and
a point located along the positive slope at low shear rates
(see Figs. 2 and 3). At this point, the so-called Pitchfork
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t (s)
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0.6
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1

Fig. 8 Interface position as a function of time for various step
shear rates from rest to the indicated shear rates for a 11 wt. %
CTAB-NaNO3 wormlike micellar solution at 28 ◦C
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Fig. 9 Migration time of the interface and interface position as a func-
tion of applied shear rate for a 11 wt. % CTAB-NaNO3 wormlike
micellar solution at 28 ◦C. The migration time was predicted from the
fluidity profile and from the time of formation of the discontinuous
velocity profile

bifurcation sets in, and the system becomes unstable. From
this point up to the stress maximum (metastable region), a
transient shear banding may occur, since the system oscil-
lates between two attractors (see kinetics of shear banding
in Garcı́a-Sandoval et al. 2012). The first attractor is located
at the first minimum in V , whereas the second attractor is
located at the second minimum. For increasing values of the
stress, the condition v = 0 is fulfilled and the correspond-
ing value of u signals the position of the stress plateau. For
decreasing shear rate starting on the high-shear branch of
the flow curve, the process is the same, except that the bifur-
cation point includes now the maximum of the flow curve.

Interface migration

Figures 5 and 6 depict the variation of the velocity profile,
polymeric stress, fluidity and interface diffusion as func-
tions of time and distance between plates. Equations 4–6
and 22 were solved at the inception of flow applying a two-
step imposed shear rate history: first, protocol A used by
Fardin et al. (2015) was employed to jump from rest up to
44 s−1 during 20 s and thereafter, protocol B of Fardin et al.
(2015) was used to jump from 44 to 120 s−1 (along the stress
plateau) subjected to the following boundary conditions:

[vx]y=1 = vx0 (t) = lγ̇ , and [vx]y=0 = 0.

It is interesting that the solution of Eqs. 4–6 and 22 gives
same results, exhibiting the fact that the migration time to
reach steady-state is much longer than the stress relaxation
time. This flow history focuses on the transient response of
shear banding systems following step shear rates, wherein
it combines the usual start-up of flow and the step shear
rate between two banded states along the stress plateau. The
plots exhibit the formation of two velocity profiles of the
banded flow and a jump across the interface in the poly-
meric stress. Initially, the first overshoot in the stress is
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Fig. 10 Interface width as a function of applied shear rate for (a) a 5
wt. % CTAT wormlike micellar solution at 38 ◦C and (b) a 11 wt. %
CTAB-NaNO3 wormlike micellar solution at 28 ◦C

developed upon the inception of flow, and the second over-
shoot is produced by step shear rate along the stress plateau.
The overshoot time scale is similar to that of the viscoelastic
relaxation time. The fluidity profile, representative of fluid
structure, reveals the regions of a more-structured fluid and
less-structured fluid separated by an interface. The interface
migration after the second change in shear rate (that occur-
ring along the stress plateau) is depicted in Fig. 5d. Here,
the interface separates two regions where the order parame-
ter (the modified fluidity) is constant in space, and diffusion
is negligible. This is predicted within the convective time
scale.

In Fig. 6, an important observation is revealed: the min-
ima in the spatial variation of the mechanical potential is
preserved at the initial and the final end stages of the inter-
face diffusion. This result derives from the fact that the
diffusion occurs along the plateau stress where the spa-
tial variation is given in Eq. 39. Accordingly, the interface
achieves a constant value of ±√

u as y → ±∞ (Fig. 6d,
upper curves, ϕo (y)), and hence the minima of the mechan-
ical potential are located at the binodals of the plateau,
where ϕo = ±√

u (Fig. 6d, lower curves, V (y)). Notice
that the spatial integration of Eq. 37 gives the equality of

the mechanical potential with the first derivative of the spa-
tial profile (39). Hence, in Fig. 6d, the mechanical potential
curves are the derivatives of the ϕo (y) profiles. In the case
of the sharp interface (Fig. 5a–d), the derivative approaches
a delta function in space, and consequently, u → 0.

Observation of the velocity and structure profiles reveals
that the structure does not show discontinuities in the same
way that the velocity profile does. This is in accord with
results by Helgeson et al. (2009).

Figure 7 shows the rheometric data and model predic-
tions for the stress and first normal-stress difference for the
CTAB/NaNO3 solution. Agreement of predictions and data
is excellent.

The migration of the interface to a new imposed shear
rate starting from rest is illustrated in Fig. 8. Symbols are the
results of the simulation for each shear rate and continuous
lines follow a fitting procedure according to the expressions:

yi (t) =
{ − (Absence of interface) if t < td

yf + (
1 − yf

)
exp

[− (
t−td

τ

)]
if t ≥ td

As depicted in Fig. 8, a mono-exponential decay is approxi-
mately obtained. From these curves, a characteristic migra-
tion time τi is extracted from the fitting process and this is
shown in a semi-log plot in Fig. 9 for various shear rates
along the stress plateau. The migration time was calculated
by two methods: the first one involves predictions of the dis-
placement of the interfacial fluidity profile and the second
one calculates the time of formation of the non-homogenous
velocity profile. Differences in the migration time follow-
ing the two methods are small. The migration time increases
abruptly at small shear rates, followed by an exponen-
tial increase and a quasilinear relation at high shear rates.
Indeed, the non-linear relationship of migration time with
shear rate is a novel prediction of the model. Since the vari-
ation of the migration time with shear rate is non-linear, this
indicates that the correlation length or the interface width
may vary with the applied shear rate. Figure 8 shows that the
position of the interface with time follows an exponential
function, similarly as data on interface migration presented
by Ballesta et al. (2007) using superposition rheology in
shear banding systems.

Figure 9 further illustrates the position of the interface
as a function of shear rate, revealing a linear relation that
complies with the lever rule, a result that depicts agreement
with data of Hu et al. (2008) and Helgeson et al. (2009).

Discussion

Elsewhere (Radulescu et al. 2003) the selection of the
plateau stress in shear banding flows has been carried out by
adding a stress diffusion term to the constitutive equations.
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This criterion enables the discontinuous shear banding tran-
sition to be replaced by a smooth transition (over a length
scale of order ξ ), but the diffusion coefficient is not to
what would be considered realistic. According to Renardy
(2014), there are basically two assumptions underlying the
idea of stress diffusion, i.e., particles diffuse according to
Fick’s law, stresses are determined by the moments of a
single particle distribution function and that the mathemat-
ical consequences of stress diffusion are difficult to assess
in general. The two first assumptions are quite reasonable
for dumbbell models of dilute solutions, where the polymer
molecules interact solely with solvent molecules. Stress dif-
fusion resulting from Brownian forces acting on polymer
molecules should be more complicated than Fick’s law.

Birefringence data by Cappelaere et al. (1997) show
clearly an advancing interface with increasing shear rate
along the stress plateau. To model such behavior, here it is
considered that the interface divides two regions of differ-
ent refractive index or different order. We have identified
these regions by a structural parameter which is the normal-
ized fluidity, such as an increase in fluidity is related to a
low-structured system and vice versa.

The calculated flow curve from the constitutive equations
of the BMP model written in terms of the order parameter
(the modified fluidity, Eq. 13) allows the calculation of the
bifurcation parameter u, which is constant along the plateau
stress. The extremes of the plateau (the binodals) correspond
to the equal minima of the mechanical potential, from which
the plateau stress is defined. It turns out that the areas above
and below of the curve drawn of the product of the shear
stress and shear rate (i.e., the dissipation) are equal.

Considering the reaction-diffusion G-L Eq. 23, its solu-
tion tends to a stable equilibrium value of the reaction
process, namely, to a minimum of the mechanical potential.
The effect of diffusion is to alter the rate of approach. If
there are more than one local minima in the potential, then
the solution will tend to the regions corresponding to the
basin of attraction for the pure reaction equation (that with-
out the diffusion term). In the neighborhood of the interface,
the gradient of the fluidity is large, and diffusion is impor-
tant. The description considered here is a boundary layer
expansion, which involves the solution of Eq. 23 along the
normal to the interface. This solution evolves into a travel-
ing wave whose speed is proportional to the difference in the
minima of the mechanical potential. The values of the min-
ima in the mechanical potential are the asymptotic values of
the fluidity in front and behind the interface, respectively.
Following the motion of the front, it is possible to determine
how the solution evolves in time.

An important result derives from the fact that the G-L
equation provides a methodology to predict the interface
diffusion if the mechanical potential of a cubic equa-
tion of state is known. Here the interface lies between

bands of different flow structure, which can be mea-
sured by flow birefringence. If stress diffusion is sought,
then the system of constitutive equations needs a diffu-
sion term in the stress equation, which in addition to the
structural diffusion, is known to produce spatial patterns
(Turing patterns).

Regarding the stress diffusion coefficient, computations
using the “diffusive” version of the Johnson-Segalman or
Giesekus models, contrast with experimental data reported
by Masselon et al. (2008). The “diffusive” version of the
above models predicts that the time scale of the interface
migration scales linearly with shear rate for all shear-banded
states, implying a single value of the interface width. These
predictions are not in agreement with data of the rapid expo-
nential increase in the time scale with the applied shear rate,
which incidentally, is predicted in Figs. 8 and 9. In Mas-
selon et al. study (2008), a single strain diffusion coefficient
is measured, which readily suggests that a possible depen-
dence of the relaxation time on shear should be taken into
account. This conclusion is clearly in accord with Eq. 5
or Eq. 44 of the BMP model, in which the relaxation time
depends on structure. This particular behavior is not pre-
dicted by the “diffusive” version of the mentioned current
models.

Data provided for the CTAT solution can be used to eval-
uate the variation of the interface thickness with shear rate.
Given values of the diffusion coefficient D′ = 10−11m2/s
(which is within the range of values reported by Fardin
et al. 2015 and Mohammadigoushki and Muller 2016),
G0 = 58 Pa and ϕ = 0.2 Pa−1s−1 (fluidity at the onset of
the plateau, obtained from Fig. 3) gives an interface width
of approximately 6 microns. At the end of the plateau, we
have ϕ = 5 Pa−1s−1, which gives a width of 1.3 microns.
This yields a decrease of five times the interface width along
the plateau stress. This decrease is in quantitative agree-
ment with experimental observations of Fardin et al. (2015).
Figure 10 shows the interface width as a function of the
shear rate along the plateau.

It is important to mention that the model predictions
exposed here agree with those shown elsewhere (Radulescu
et al. 2003) where different time scales in the shear banding
process of wormlike micelles are identified (band desta-
bilization, reconstruction-sharpening and migration of the
interface). Here, we identify the first process at short time
scales as that produced by the existing “pitchfork” bifurca-
tion, followed by the convective time scale (reconstruction
and sharpening-flat profile) and migration (diffusion time
scale). Following start-up of shear flow, the building of the
banding structure starts with the relaxation of the stress
overshoot, followed by the three stages for which at long
times, the formation of a diffusive interface that migrates
from the fixed wall to its stationary position in the gap is
observed.
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Finally, one notices that the structure of the G-L Eq. 24
is similar to those describing the “kink” migration or the
dynamics of solitary waves. The similarities with these
systems are exposed in the Appendix. It is tempting to sug-
gest that the interface migrates as a soliton in time, or strictly
speaking, as a solitary wave (Rajaraman 1987).

Conclusions

The steady-state version of the BMP model under shear flow
written in terms of the modified fluidity (the order parame-
ter) is a cubic equation from which a mechanical potential
can be derived. The addition of a diffusion term in the
equation for the fluidity (structural parameter) gives rise to
the spatial profile of the interface between the two bands
with different order. The interface width can be calculated
according to Eq. 38. Given an input stress, the bifurcation
parameters u and v can be calculated for every stress value,
and thus the mechanical potential can be constructed. When
v = 0, the mechanical potential possesses equal minima
whose positions are functions of a single constant bifur-
cation parameter u, which corresponds to a plateau stress.
The dissipation calculated along the plateau stress agrees
with the equal-area rule. Concurrently, as a special case of
the BMP equation, the G-L equation describes the interface
migration through several time scales. The longest one cor-
responds to the diffusive one, with a displacement of the
hyperbolic tangent profile with time. The derivative of such
profile gives the potential with equal minima in the start
and end of the interface migration. Since in the BMP model
the stress relaxation time is structure-dependent, the diffu-
sion coefficient of the interface is also structure-dependent,
and hence, it is shear rate dependent. This dependency
arises naturally from the formulation of the constitutive
and conservation equations. Using data from experiments in
wormlike solutions, predictions are in agreement with the
reduction of interfacial width with shear rate.
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Appendix A: Similarities with the soliton equations

It is interesting that the expression for the free energy (41)
is similar to that of the Landau mean field free energy of
a flat interface and to the so-called ϕ4-kink model. The
potential shown in Fig. 2b is identical to that of the ϕ4-kink
model (Klein-Gordon model), which relies on the following
expression for the free energy f :

f
(
ϕo

) = (
ϕo

)4
/4 − u

(
ϕo

)2
/2 (50)

and therefore is the same as Eq. 16 with v = 0. The
ϕ4-kink model starts from Eq. 50 and produces the follow-
ing equations for the order parameter and energy density,
respectively:

ϕo (y) = ±√
u tanh

(
y√
2ξ

)
(51)

e (y) = 1

2
u2sech4

(
y√
2ξ

)
(52)

The energy density is strongly localized in space with a
maximum in the center of the interface (or kink) and falling
rapidly to zero for y >

√
2ξ . This result coincides to that of

Eq. 38 (see Fig. 6d) where the order parameter profile and
the potential are plotted with y.

Dynamics

The time-dependence of the kinks depend on the field
ϕo (y, t). A kinetic energy proportional to (∂ϕo/∂t)2 is
introduced so that the dynamic Hamiltonian associated with
the free energy of Eq. 50 is:

H =
∫

dz

[
1

2
κϕv−2

o

(
∂ϕo

∂t

)2

+ 1

2
κϕ

(
∂ϕo

∂y

)2

+ f
(
ϕo

)]

(53)

where v0 is a reference velocity and κϕ/v2
0 is analogous

to the mass density in the Lagrangian elasticity theory. H

should be interpreted as a Hamiltonian in which the first
term of the integral is a momentum density. The equation of
motion for ϕo (y, t) is:

1

v2
0

∂2ϕo

∂t2
+ 1

κϕ

∂V

∂ϕo
− ∂2ϕo

∂y2
= 0 (54)

Equations 53 and 54 are invariant under the Lorentz trans-
formation. In particular, if the time-independent solution of
Eq. 54 as t → ∞ (38) is ±√

u, then the time-dependent
solution is:

ϕo (y) = ±√
u tanh

(
y − ωt√

2ξ ′

)
(55)

ξ ′ =
√

κϕ

(
1 − (ω/v0)

2) /u (56)

where ω is the interface velocity or kink velocity. There
are special solutions to non-linear wave equations in which
non-linearities and dispersion produce a wave packet whose
shape is constant in time. Such constant shape solutions are
called solitary waves. Equation 55, the dynamical kink solu-
tion is a solitary wave. Solutions in which well-separated
solitary waves collide and emerge at large positive times
with same shape as they have at times before the colli-
sion are generally called solitons. Strictly speaking, solitary
waves are not in general solitons, unless the potential is
harmonic.
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Moreover, since the analysis exposed here concerns with
wave equations where the order parameter is the fluidity
representing two structures separated by the traveling inter-
face or kink, experimentally this approach is consistent
with the view of a traveling interface between birefrin-
gence bands. The process develops along the plateau stress,
namely, a constant stress. Therefore, the fluidity times the
stress is a shear rate, which implies that these birefringence
bands and the interface between them can be associated with
a shear wave.

Appendix B: modified BMP equation for Solitons

Consider an expression for the monotonic BMP equation
plus a diffusion term as follows:

∂ϕ

∂t
= a + bϕ − cϕ2 + κϕ

∂2ϕ

∂y2
(57)

The third-order mechanical potential V is given by:

V = 1

3
cϕ3 − 1

2
bϕ2 − aϕ (58)

So that Eq. 57 can be written as:

∂ϕ

∂t
+ V ′ (ϕ) = κϕ

∂2ϕ

∂y2
(59)

It is well known that solitons and solitary waves are the
class of special solutions of the Korteweg-de Vries (KdV)
equation:

∂ϕ

∂t
+ ϕ

∂ϕ

∂y
+ β

∂3ϕ

∂y3
= 0 (60)

This equation is an integrable Hamiltonian solved exactly
by the inverse scattering transform, giving rise to a soliton
solution. Solitons are localized traveling waves that have
bell-shaped sech (ϕ) profile and tend asymptotically to zero
at large distances. A particular soliton interacts with other
solitons preserving its permanent form.

If a diffusion term is added, Eq. 60 is transformed into
the so-called KdV- Burgers Equation (KdVB):

∂ϕ

∂t
+ ϕ

∂ϕ

∂y
− α

∂2ϕ

∂y2
+ β

∂3ϕ

∂y3
= 0 (61)

wherein the Burgers equation is recovered as a special case
(β = 0):

∂ϕ

∂t
+ ϕ

∂ϕ

∂y
− α

∂2ϕ

∂y2
= 0 (62)

Notice that in Eq. 61 two limiting cases may be addressed:
a dominant dissipation (α > β) and a dominant dispersion
(α < β).

Applying the following transformation of a traveling
wave:

ζ = y − ωt (63)

Equation 61 becomes:

−ω
∂ϕ

∂ζ
+ ϕ

∂ϕ

∂ζ
− α

∂2ϕ

∂ζ 2
+ β

∂3ϕ

∂ζ 3
= 0 (64)

The traveling wave solution, i.e. ϕ = ϕ (ζ ) shall be consid-
ered here. The integration of Eq. 64 with respect to ζ yields
the following non-linear differential equation:

∂2ϕ

∂ζ 2
− α

β

∂ϕ

∂ζ
− ω

β
ϕ + 1

2β
ϕ2 = C (65)

where C is an integration constant. Notice that this equation
is similar to the traveling-wave transformed (57). If shear
waves are considered in Eq. 57, an expression consistent
with Eq. 62 is produced:

∂ϕ

∂t
+ ∂

∂y
V ′ (ϕ) = κϕ

∂2ϕ

∂y2
(66)

or:

∂ϕ

∂t
− b

∂ϕ

∂y
+ 2cϕ

∂ϕ

∂y
= κϕ

∂2ϕ

∂y2
(67)

Applying the transformation (63) gives:

−∂ϕ

∂ζ
(v + b) + 2cϕ

∂ϕ

∂ζ
= κϕ

∂2ϕ

∂ζ 2
(68)

Equation 68 is similar to Eq. 64 (with β = 0). If dispersion
is included, then Eq. 66 should be generalized as follows:

∂ϕ

∂t
+ ∂

∂y
V ′ (ϕ) = κϕ

∂2ϕ

∂y2
− β

∂3ϕ

∂y3
(69)

Furthermore, in the case of a cubic equation of state,

V ′ = ϕ3 − uϕ (70)

Equation 69 gives:

∂ϕ

∂t
+ 3ϕ2 ∂ϕ

∂y
− u

∂ϕ

∂y
− κϕ

∂2ϕ

∂y2
+ β

∂3ϕ

∂y3
= 0 (71)

Equation 71 is called the modified KdVB equation.

Discussion

Starting from the original BMP equation, namely,

∂ϕ

∂t
= a + bϕ − cϕ2 (72)

Equation 72 can be expressed in terms of the mechanical
potential as:

∂ϕ

∂t
+ V ′ (ϕ) = 0 (73)

where

V = 1

3
cϕ3 − 1

2
bϕ2 − aϕ (74)
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Overall, the general equation that includes dissipation
and dispersion can be expressed as:

∂ϕ

∂t
+ ∂

∂y
V ′ (ϕ) − κϕ

∂2ϕ

∂y2
+ β

∂3ϕ

∂y3
= 0 (75)

which contains the generalizations of the soliton solutions.
Equation 75 is the main result. It contains the two par-

ticular cases of dissipation dominated system (κϕ > β) or
the dispersion dominated system (κϕ < β). Both situations
depend on the derivatives of the mechanical potential V .
Therefore, if the flow curve is monotonic or non-monotonic,
there are situations where the soliton states form indepen-
dently of the nature of the flow curve. In other terms,
shear banding and shear waves can occur in monotonic or
non-monotonic flow curves.

The constitutive equations consistent with these premises
are then:

dϕ

dt
= k0

(
1 + ϑ

(√
IID

))
(ϕ∞ − ϕ) σ : D

+1

λ
(ϕ0 − ϕ) + κϕ∇2ϕ + β∇2 |∇ϕ| (76)

σ + τσ (ϕ)
�
σ = 2

ϕ
D (77)

where the contributions from dissipation, diffusion and
dispersion are explicitly exposed, although authors else-
where consider the diffusion term part of the dissipative
contribution.

Summarizing, Eq. 76 gives rise to a cubic flow curve or
constitutive curve and to the modified-KdVB (71), whereas
(76) with ϑ = 0 gives rise to a monotonic constitutive curve
and to the KdVB (Eq. 61).
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