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Phosphorene nanoflakes of different shapes and sizes were studied at the hybrid BHandHLYP level of the-
ory. This functional accurately reproduces the experimental bond lengths and valence angles of black
phosphorus. All nanoflakes were found to have a singlet ground state and their band gaps (Egs) decrease
linearly with 1/N, where N is the number of P atoms in the nanoflakes. It seems that the topology of the
nanoflake edges does not affect Eg. The ionization potentials (IPs) and electron affinities (EAs) generally
grow smaller with increasing nanoflake size. The change in IPs and EAs with size correlate with the delo-
calization pattern of polaron cations and anions. The shape and nature or the longest edge (zig-zag or
armchair) affect both the IP and EA. Nanoflakes with a long zigzag edge have higher IPs and lower EAs
compared to square systems. Low theoretically calculated hole reorganization energies (less than 0.1
eV) are in agreement with the experimentally determined high hole mobility in phosphorene. The low
hole reorganization energies are due to the better ability of phosphorene nanoflakes to delocalize polaron
cations compared to polaron anions.

� 2018 Elsevier B.V. All rights reserved.
1. Introduction

Black phosphorus (BP), an allotropy of phosphorus, was discov-
ered more than a century ago [1]. The BP structure is similar to that
of graphite, consisting of layers united by dispersion forces [2].
Similarly to graphene, a single layer of graphite, which was pre-
pared by mechanical exfoliation in 2004, a single layer of BP was
successfully exfoliated from bulk BP ten years after that, in 2014
[3]. A single layer of BP is called phosphorene, in similitude with
graphene. However, phosphorene is different from graphene in
many aspects. Graphene has a completely planar structure consist-
ing of fused benzene rings, with no band gap (Eg) and a semimetal
nature [4]. Conversely, phosphorene is not planar. It has a puckered
structure, as shown in Fig. 1.

Unlike graphene, the properties of phosphorene are strongly
anisotropic. Thus, the conductance of phosphorene is up to 50%
higher in the armchair than in the zigzag direction [3]. Many of
the properties of phosphorene can be modified by applying strain
to the material [5]. The most recent experimental data show that
phosphorene in a bilayer is a semiconductor with a Eg of 1.88 ±
0.24 eV [6]. The band gap of phosphorene can be modified by
applying strain [7].
Since graphene has a band gap of zero, its application in elec-
tronic devices is restricted. Graphene nanoribbons and nanoflakes,
however, have a finite band gap. The electron confinement and the
effect of the edges open up a band gap that depends on the size of
the nanoribbon or the nanoflake. Although phosphorene itself has a
finite band gap, phosphorene nanoflakes are unique objects from
both experimental and theoretical points of view.

Most of the theoretical work on phosphorene has been con-
ducted using periodic boundary conditions models (PBC) [8–13].
Normally, PBC models use pure functionals that suffer from the
self-interaction error [14], resulting in overestimated bond lengths
and overdelocalization problems. Moreover, some of the important
characteristics of the material related to the charge mobility, like
reorganization energies, can only be obtained using finite models.
PBC models have been applied to study both phosphorene itself
and phosphorene nanoribbons.

Phosphorene nanoflakes are interesting potential synthetic tar-
gets. The electron confinement in a nanoflake affects its electronic
properties. Therefore, the electronic properties of a nanoflake can
be tailored by the modification of its size and shape. The shape
modification of phosphorene is especially interesting due to the
strong anisotropy of the phosphorene properties. Another possibil-
ity to tailor the electronic properties of phosphorene nanoflakes is
the modification of the terminal groups, which is not an option for
phosphorene itself. In a very recent work, hydrogen and fluorine
passivated square phosphorene nanoflakes were studied using

http://crossmark.crossref.org/dialog/?doi=10.1016/j.comptc.2018.03.007&domain=pdf
https://doi.org/10.1016/j.comptc.2018.03.007
mailto:fomine@unam.mx
https://doi.org/10.1016/j.comptc.2018.03.007
http://www.sciencedirect.com/science/journal/2210271X
http://www.elsevier.com/locate/comptc


Fig. 1. Experimental bond lengths (Å) and valence angles (degree) geometry in
black phosphorus from ref 18.

Fig. 2. Optimized structure
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gradient-corrected functionals. Phosphorene nanoflakes have been
proposed as promising materials for solar cells [11].

Therefore, this manuscript provides a detailed study of the elec-
tronic properties of phosphorene nanoflakes of different sizes and
different shapes.
2. Computational details

All calculations were performed using the TURBOMOLE 7.2 code
[15]. Geometry optimizations were carried out using the D3BJ [16]
dispersion-corrected BHandHLYP functional [17] in combination
with the def2-SVP basis set [18]. All studied nanoflakes are shown
in Figs. 2–4. The free valences of edged atoms were saturated with
hydrogens. All nanoflakes are denoted as m � n where m is the
number of hexagons in the zigzag direction and n is the number
of hexagons in the armchair direction, (�) or (+) represents the
anion and cation radicals, respectively.

We tested different functionals using the experimental geome-
try of BP as a reference [19]. All tested pure or gradient-corrected
s of n � n nanoflakes.



Fig. 3. Optimized structures of m � 14 nanoflakes.
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functionals overestimated the P-P distances by 0.05–0.07 Å. Hybrid
functionals performed better and the best results were delivered
by the BHandHLYP functional.

The D3BJ dispersion-corrected BHandHLYP functional in combi-
nation with a def2-SVP basis set predicts the bond length of two
nonequivalent P-P bonds as 2.242 and 2.212 Å for the central hexa-
gon of the largest studied nanoflake, 14 � 14, which compares very
favorably with the experimentally determined 2.244 and 2.224 Å,
respectively, [19], obtained from the X-ray diffraction data of BP.
The deviation of the calculated P-P-P angles from those experimen-
tally determined did not exceed 1�.

The structures of the smallest nanoflakes were optimized
assuming the C1 symmetry group. After optimization, all systems
adopted C2h symmetry, therefore, all other systems were opti-
mized assuming C2h symmetry.

The band gaps of the nanoflakes were calculated as the S0? S1
excitation energies using the time dependent (TD) DFT method.
Although the band gaps for BP and phosphorene have been deter-
mined experimentally, there are no experimental data available for
phosphorene nanoflakes. Therefore, we used excitation energies
obtained with the approximate second order couple cluster
method (CC2) [20], in combination with a large def2-TZVP [18]
basis set for the 2 � 2 nanoflake as a reference. The CC2 calculated
S0 ? S1 excitation energy for the 2 � 2 nanoflake and the experi-
mental Eg of the phosphorene were used to select the functional for
TD calculations. The optimum results were obtained for the B3LYP
functional. The TD-B3LYP method predicts a Eg of 1.77 eV for the
14 � 14 nanoflake, in good agreement with the experimentally
determined band gap for the bilayer of phosphorene of 1.88 eV
[6]. Alternatively, the CC2 and TD-B3LYP methods gave S0–S1 exci-
tation energies of 3.30 and 3.25 eV, respectively, for 2 � 2 nano-
flakes, in very good agreement with each other. All TD
calculations were carried out using the same def2-TZVP basis set,
the same basis set applied for the CC2 calculations.

It is crucial to understand factors related with the conductivity
of the nanoflakes. It is known that in the solid state, the hole mobil-
ity in arylamines is closely related to the internal reorganization
energy (k) [21–23]. One can estimate the hole reorganization
energy (k+) in systems dominated by local vibronic coupling as
follows:

kþ ¼ ðEþ
n � EnÞ þ ðEn

þ � EþÞ
where En and E+ are the energies of the neutral and cationic species
in their lowest energy geometries, respectively, while En+ and E+n are
the energies of the neutral and cationic species with the geometries
of the cation and neutral species, respectively. For electron trans-
port, the reorganization energy can be defined similarly:

k� ¼ ðE�
n � EnÞ þ ðEn

� � E�Þ
In this case, En and E� are the energies of the neutral and anion

species in their lowest energy geometries, respectively, while En�

and E�n are the energies of the neutral and anion species with the
geometries of the cation and neutral species, respectively.

3. Results and discussion

3.1. Neutral nanoflakes

Figs. 2–4 show the optimized structures of the phosphorene
nanoflakes.

Fig. 2 shows nanoflakes of the n � n series, while Figs. 3 and 4
show nanoflakes of the m � 14 and 14 � n series, respectively.



Fig. 4. Optimized structures of 14 � n nanoflakes.
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Unlike graphene nanoflakes (GNFs), where the nature of the
ground state is not necessarily singlet and higher multiplicity
ground states are common [24–26], all studied phosphorene nano-
flakes have singlet ground states. The optimized geometries of
neutral and charged phosphorene nanoflakes are given in the Sup-
porting information.

According to the calculations, the geometries of neutral nano-
flakes do no vary significantly with the size or shape of the nano-
flake. The bond lengths vary only within 0.01 Å. The only
exception is the smallest 2 � 2 nanoflake, where the edge effects
are very strong, leading to a shorter bond length by some 0.03 Å,
compared to larger systems.

The bond angles vary more. However, they vary not between
but within a nanoflake. The difference is most notable for the
atoms belonging to the edges. Thus, the zigzag angle in the nano-
flakes for the atoms at the juncture between the armchair and zig-
zag edges rises from 96 to 108�. This effect is similar for all
nanoflakes, independent of the size and shape.

Fig. 5 depicts the evolution of Eg in the phosphorene nanoflakes
with size and shape. As seen, Eg drops notably with size for all
types of the nanoflakes from 3.30 eV for 2 � 2, approaching 1.8
eV for the largest 14 � 14 nanoflake, very close to the Eg of pure
phosphorene. The Eg of the phosphorene nanoflakes depends also
on their shape. To explore this effect, we plotted the calculated
Eg against the total number of phosphorus atoms in the nanoflake
(Fig. 6).

As seen, the Eg is lower for square n� n nanoflakes compared to
14 � n or m � 14 ones with similar numbers of atoms. All other
things being equal, rectangular nanoflakes have higher Eg com-
pared with square ones. The difference between the Egs of rectan-
gular and squared nanoflakes decreases withm or n for 14 � n and
m � 14 systems as the nanoflakes are converged to the 14 � 14



Fig. 5. Evolution of the band gaps with the reciprocal of the number of atoms (1/N).

Fig. 6. Evolution of the band gap with number of P atoms and the corresponding R-
squared (R2).

Fig. 7. HOMO for14 � 14 nanoflake.
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system. The 14 � n nanoflakes show constantly lower bandgaps
compared to them � 14 ones. The 14 � n systems have long zigzag
edges, whilem � 14 have long armchair edges. The difference in Eg
between the two types of nanoflakes is probably not related to the
different topology of the edges, but to the different number of
atoms. The 14 � n systems have more P atoms than the corre-
sponding n � 14 nanoflakes, resulting in systematically smaller
Eg. Therefore, the modification of the size of the nanoflake could
be an effective tool for tuning the Eg of the nanoflake.

It is interesting to note the similarity between the evolution of
Eg with the shape and size of phosphorene nanoflakes from the one
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side, and the conjugated polymers and GNFs from the other. The
drop of the Eg in the GNFs is more rapid with size compared to con-
jugated polymers [27]. The analogy can be noted when comparing
the Eg of n � n with these of the 14 � n or m � 14 nanoflakes. As
shown in [27], the evolution of Eg for carbon-based conjugated sys-
tems depends on the number of connections per atom. The higher
the number of connections per atom, the faster the drop of Eg with
size. The number of connections per atom in n � n nanoflakes is
Fig. 8. Highest occupied and lowest unoccupied natural transition orbitals (HOTO and
greater compared to the 14 � n or m � 14 nanoflakes, resulting
in smaller Eg for n � n nanoflakes with a similar number of atoms.
This is rather unusual, given the puckered structure and lack of
conjugation in phosphorene nanoflakes. Moreover, Fig. 5 shows
the correlation between Eg of three different types with the recip-
rocal of the number of atoms (N). As seen from Fig. 5, there is a
good correlation between Eg and 1/N, similar to the organic conju-
gated polymers [28]. This similarity between the phosphorene and
LUTO) for S0? S1 transitions in selected nanoflakes with associated eigenvalues.



Fig. 9. Evolution of ionization potentials in phosphorene nanoflakes with shape and size.

Fig. 10. Evolution of electron affinity in phosphorene nanoflakes with shape and size.
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Fig. 11. Evolution of ionization potentials and electron affinity in phosphorene
nanoflakes with number of P atoms.
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GNFs can be understood by analyzing the molecular orbitals of the
phosphorene nanoflakes.

Fig. 7 shows the HOMO of the largest calculated nanoflake, 14 �
14. The HOMO is composed of 3Pz orbitals associated with a lone
electron pair of phosphorus atom, which are almost parallel to
one another. This arrangement resembles that of 2Pz conjugated
orbitals in GNFs. The only difference is that the separation between
3Pz orbitals in phosphorene nanoflakes is more than 3 Å, much lar-
ger than that of 2Pz orbitals in graphene. However 3Pz orbitals are
also more diffuse, compared to 2Pz, thus still allowing overlap. This
explains the similarity in evolutions of Eg with size between the
graphene and phosphorene nanoflakes.

Fig. 8 shows the natural transition orbitals (NTO) for the S0?
S1 transition for selected nanoflakes. The smallest one, 2 � 2, the
biggest one, 14 � 14, and two rectangular nanoflakes with arm-
chair and zigzag edges, 2 � 14 and 14 � 2, respectively. The NTO
orbitals [29] allow visualization of the electronic transitions when
more than two molecular orbitals have important contributions to
the excitations. For small n � n nanoflakes, the S0? S1 transitions
are almost pure HOMO-LUMO excitations. For larger systems,
there are more orbitals involved in the S0 ? S1 excitation, how-
ever, as seen from Fig. 8, no S0 ? S1 excitation shows significant
charge transfer character, thus validating the data of Eg obtained
with the TD-B3LYP functional, which could underestimate the S0
? S1 excitation energies if a significant charge transfer is involved
during the excitation. Normally, there is only one or two pairs of
NTOs that dominate electronic transitions.

3.2. Charged nanoflakes

Figs. 9 and 10 demonstrate the evolution of the adiabatic ioniza-
tion potentials (IPs) and the electron affinities (EA) of the nano-
flakes with size and shape. There are two important differences
between graphene and phosphorene nanoflakes that can immedi-
ately be seen. The first and most obvious is that unlike GNFs
[26], both the IPs and EAs do not change uniformly with size in
phosphorene nanoflakes and the second one is that both IPs and
EAs in phosphorene nanoflakes do not change as much with size
as for GNFs. The evolution of IPs and EAs for the phosphorene
nanoflakes with size is similar to that of GNFs in other aspects.
Generally, EAs become larger and IPs become smaller with the size
of the nanoflake. To the best of our knowledge, there are no exper-
imental data on the IP and EA of the phosphorene or phosphorene
nanoflakes. The theoretically estimated work function for the
phosphorene at the GGA level is 5.1 eV [13], notably lower than
the almost 6.5 eV IP calculated for the largest 14 � 14 nanoflake.
GGA functionals, however, suffer from the self-interaction error,
leading to overdelocalization problems [14], with underestimated
IPs and overestimated EAs. Unfortunately, the irregular behavior
of IPs and EAs with the nanoflake size does not allow for extrapo-
lation for an infinite 2D structure. However, one can observe that
even for the largest 14 � 14 nanoflake, the IP is not yet saturated.
The shape of the nanoflakes and, especially, the nature or the long-
est edge (zigzag or armchair) have an important impact on both
the IP and EA. Thus, all other things being equal, the 14 � n nano-
flakes have higher IPs and lower EAs compared to n � n systems,
which is most notable for the smallest members of the series
where the shape factor is most important (Fig. 11). Actually, the
nanoflake with the highest ionization potential is not the smallest
system, 2 � 2, but 14 � 2. The nanoflake with the lowest IP is not
14 � 14 but 8 � 14. A similar situation holds for EAs, where the
highest EA is calculated for 2 � 14, however, the lowest EA, as
expected, corresponds to the smallest 2 � 2 nanoflake.

Figs. 12 and 13 show the spin density distribution in polaron
cations and anions for selected nanoflakes, respectively, to explain
the unusual behavior of the IP and EA with nanoflake size. The spin
density is associated with the positive charge in polaron cations
and with the negative charge in polaron anions, correspondingly.
As can be seen from Figs. 9–12, the unusual increase of IP and
decease of EA with size is always accompanied by a change in
the delocalization pattern of the polaron cations and anions. When
the delocalization pattern changes from a single delocalization
area to two or from two to four, with the size of a nanoflake, then
we observe an increase in IP or a decrease in EA. The explanation of
this phenomena is rather straightforward. Multiple delocalization
areas imply stronger electron confinement compared to a single
delocalization area and, therefore, an increase of total energies of
charged species. The increase of the energy of the charged species
leads to the increase of IP or the decrease of EA.

As an example we can compare the IPs of 8 � 8 and 10 � 10.
(Fig. 9). The IP of 8 � 8 is 6.5 eV and the IP of 10 � 10 is 6.8 eV.
When we look at the delocalization pattern of cation radicals in
8 � 8+ and 10 � 10+ (Fig. 12), we can observe a single delocaliza-
tion pattern in 8 � 8+ and a double delocalization pattern in 10 �
10+. A similar situation holds for all cases except for the nanoflakes
14 � 8 and 14 � 10, where the delocalization pattern of the cation
polaron changes from double to quadruple (Fig. 12).

Polaron delocalization causes local geometry distortions in a
nanoflake. In the area of polaron anion delocalization, the P-P bond
lengths increase to 2.25–2.26 Å, while in the polaron cation delo-
calization area, the P-P bonds shorten to 2.20–2.21 Å.

Fig. 14 shows the geometries of the 10 � 10+ and 10 � 10�
nanoflakes as an example, where bonds of different lengths have
different colors. Thus, the blue colored bonds in the 10 � 10+ cor-
respond to the shortest bonds in the molecules (between 2.20 and
2.21 Å), all other bonds are larger, while the red colored bonds in



Fig. 12. Spin density distribution in selected polaron cations.
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10 � 10 correspond to the longest bonds in the molecule (between
2.25 and 2.26 Å), all other bonds are shorter. In neutral phospho-
rene, the P-P bond lengths are between 2.224 and 2. 244 Å [19].
When comparing the bond lengths patterns from Fig. 14 with those
for the spin density delocalization patterns for the same nanoflakes
(Figs. 12 and 13), one can see that there is almost a perfect match
between them, demonstrating that the electron detachment or
electron attachment causes local geometrical distortion in the
nanoflake, which is polaron formation. Electron attachment (for-
mation of a polaron anion) increases electron repulsion, resulting
in an increase of the bond lengths in the polaron delocalization
area. The electron detachment causes the opposite effect.

Fig. 15 shows calculated reorganization energies for the phos-
phorene nanoflakes. At first glance, one can observe two important
features. The reorganization energies generally decrease with the
size of the nanoflake and the hole reorganization energies are
smaller than the electron reorganization energies. The low hole
reorganization energies estimated theoretically agree very well
with the experimentally determined high hole mobility in phos-
phorene [30], since the low reorganization energies are related
with high charge carrier mobility [21–23] Normally, the reorgani-
zation energies decrease with size for organic conjugated mole-
cules. Thus, the reorganization energies for triphenylene,
coronene and hexa-peri-hexabenzocoronene are 0.18, 0.13 and
0.10 eV, respectively [21–23]. Larger electron reorganization ener-
gies compared with hole reorganization energies in the studied
phosphorene nanoflakes are due to the different ability of phos-
phorene to delocalize positive and negative charges. This is espe-
cially evident for the 2 � 14 nanoflake, where the difference
between k� and k+ is more than 0.8 eV.

Fig. 16 shows delocalization patterns of the polaron cation and
anion for 2 � 14. As seen, the polaron cation is delocalized almost



Fig. 13. Spin density distribution in selected polaron anions.
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over the entire nanoflake, while the polaron anion is localized in
the center of the molecule. This behavior explains the differences
between the hole and the electron reorganization energies of the
phosphorene nanoflakes.

As seen from Fig. 15, the hole reorganization energies saturate
with size much faster than the electron reorganization energies.
This is due to much better delocalization of the polaron cations,
compared to polaron anion. Actually, for the nanoflakes of the m
� 14 series, the hole reorganization energy barely depends on
the nanoflake size. A very similar situation can be observed for
the n � n series, where k+ drops from 2 � 2 to 4 � 4 and then
changes very little with size. Both the hole and electron reorgani-
zation energies do not change uniformly with size, since the
polaron delocalization patterns do not change uniformly with the
size of the nanoflakes either.
4. Conclusions

Phosphorene nanoflakes of different sizes and shapes passi-
vated with hydrogen atoms were studied at the hybrid DFT level
of theory. The BHandHLYP functional reproduces the experimental
bond lengths and valence angles in BP within 0.01 Å and 1�, respec-
tively. All nanoflakes were shown to have singlet ground state and



Fig. 14. Molecular geometry deformation in polaron cation and polaron anion of 10 � 10. Blue color corresponds to the shortest bonds in molecules (2.20–2.21 Å), the red
color corresponds to the largest bonds in molecule (2.25–2.26 Å).

Fig. 15. Evolution of the electron (k�) and hole (k+) relaxation energies in phosphorene nanoflakes with shape and size.
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Fig. 16. Difference in the delocalization patterns of cation and anion polarons of 2�
14 nanoflake.
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their Egs decrease linearly with 1/N, where N is the number of P
atoms in the nanoflakes, similar to organic conjugated polymers
due to the overlapping of 3Pz orbitals of the P atoms. Square nano-
flake always have lower Eg than rectangular nanoflakes with the
same number of atoms due to larger number of connections per
atom. The topology of the nanoflake edges does not seem to affect
the Eg.

IPs and EAs tend to decrease with nanoflake size, similar to
organic conjugated systems. The change of IPs and EAs with size
correlates with the delocalization pattern of polaron cations and
anions. The shape and nature of the longest edge (zigzag or arm-
chair) has an important impact on both the IP and EA. Thus, all
other things being equal, 14 � n nanoflakes have higher IP and
lower EA compared to square systems.

Phosphorene nanoflakes show low calculated hole reorganiza-
tion energies (less than 0.1 eV) in agreement with experimentally
observed high hole mobility. Low hole reorganization energies,
compared to electron reorganization energies, are related with bet-
ter delocalization of polaron cations compared to polaron anions.
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